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ON THE CONVERGENCE OF LAPLACE INTEGRAL 
N. K. CHAKRAVARTY 


1. Introduction. 


Consider Q: the п dimensional Euclidean space А, of elements 
X = (Xr, Xn ), Xyz0. Then Г=С U {9}, Cset of cells C:(x:aq«x,«b,, 


i=1, 2, ..., n] and {ф}, the null set, is a semi-ring. If for a cell U=( a,, Б,  ... 1 
ам, Бъ), u(¢)=0 and w= 1i (b; ау), then #15 а measure on Г. By means 
=з, 


ofthe extension procedure we then obtain the o-ring A of all u-measurable 


Sets 4, where 4 is a Lebesgue measurable kernel on О. The n-dimensional 


Lebesgue measure “=(A) (countably additive), the measure of А, is totally 
o-finite and (Q, A, и) constitutes a totally o-finite measure space. 


Let F and F, be two A-measurable functions 
{xe A: a<F, Foo, a, any real number >0} 
defined on Q such that 
Fo=FonA and F,=0o0n QNA. 
Let F, be Lebesgue summable on 0: ax; €X;, j=1, 2,..., n, a subspace 


i 
of A and p=(p,, ..., ра), where p; =0;+i;, i- (—1)2, j— 1, 2, ..., n, are indepen- 
dent complex parameters. Let р.х denote the inner product of p and x and 


(L1) f; p=] e-P* Fd, x Gace. 
2 


If lim ДХ 1 p) exists, we say that the n-dimensional Laplace integral 
(1.2) { en P Fay 
о 


| converges at p to the value 
| (1.3) f(p = lim f(X ; р). 


The Laplace integral (1.2) is said to converge boundedly at p, if (1.2) 
exists and 


(1.4) If ;pl SM 


where XGA and М is independent of X. (1.1) may be termed a section of the 
Laplace integral (1.2). 
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It follows from the example given by Ditkin and Prudnikov ([4], P.7) as 
also from examples by Voelker and Doetsch [6] and Bernstein and Coon [2] that 
the convergence of a Laplace integral on a Euclidean plane at a point (p, q) does 
not imply convergence of all its sections at the same point (p,q). The same 
result obviously holds for the n-dimensional Laplace integral and the mere 
convergence of (1.2) at a point р, does not imply convergence of (1.1) for 
all XY at the same point pọ Hence for the existence of the n-dimensional 
Laplace integral we must ensure the simultaneous existence of (1.1) and (1.2) at 
the same point р. As such we are lead to consider the bounded convergence 
of (1.2). 


2. Bounded convergence of (1.2). 
Let ф(х) represent the indefinite integral 
(2.1) Ф) = | е Р" rau 
E 


where ECQ and po=( Pros...» Pno )» Pio 940 jo. 


Since e" РХ is summable on Q and therefore on E, it follows that ф(х) ` 
is finite and is absolutely continuous With respect to 


и: Фф < и and d$ = e Pe*Fdy. 

Let А = (hy, hg, ..., hy) = р-ро, so that h,;-—p;-—pjo-0j;—90jo 
Ti; —3,o)-aj-ib;, say. Thus aj>0, when re h—re(p— p,)70. 

Then (1.1) can be written in the form 

(2.2) fati p) = V “Bas 
2 

where re h > 0. 

Let &—(x,,..., <), оор = (Xo Xj» X;) With similar notations 
for В. 


m tata. 


AF represents the n-dimensional increment of F(x) from F(«)to F(§), · 
which means a summation of which the first term is F(£) and the subsequent 
terms are obtained from this by putting one or more of the 8; equal to «; and 
then effecting a change of sign foreach such substitution. 


By Лү... (F) we mean AF in which the ith, they th, ..., the Z th 
terms have.been omitted from « and В. 
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Then Young's formula for integration by parts [7] reads as follows : 


B | В; В+ 
(2.3) Ve af = A(fg- 2 \ A,(fdg) + zi А,,; (fag) 
2 4 tj 
*u Tag 
B 


- E+. +(-1)\gae 
ijk 
« 
We apply (2.3) to (2.2) and make use of the property that ¢ vanishes when 
x, = 0, 0<х; < Ху. We then obtain 
Ti 


ДХ ; p)=exp (-h.X) Ф(Х) + Zh exp( — h. X+ nX.) { $(X ; хе)ехр (А, х.) х: 


X 
+2 hh; exp (~h. X+ his; Xis) uw хх) exp (~ hu; Xes; dxe; 
29 - 
о 


ok 
B+... + HY 0) exp (-h-x)àx 


о 


(24) +, 


, 


where | H—h,...h,, dx = йху...йхьы` AXuz..54 = ах dx; ... dx,, and 
$(Xj,xGxX; з... X1) is the expression Ф(Х) in which the elements X;, X;, ..., X of 
X are replaced by x, xy, ..., Xi. 

If the sections (1.1) of the Laplace integral (1.2) satisfy (1.4) at p=po, then 
$ is uniformly bounded: | Ф | <M, independent of the x;. Hence from (2.4) 
after some easy steps . 

: x LA] Un А1 ы ым 
Q5) |ДХ;р)|< М(1+х s tx ыны T 

It follows, therefore, from (2.5) that if the Laplace integral (1.2) 
converges boundedly at po, the Laplace integral converges boundedly in the 
region for which re (p—po)z0. 

It may be noted that for the validity of the above result it is necessary 
that both the conditions (1.3) and (1.4) must haveto be satisfied simultaneously 
at pg. (See the example on P.7, Ditkin and Prudnikov [4] for the correspond- 
ing result in connection with the two dimensional Laplace integral.) 


3. Absolute Convergence of (1.2). 
The Laplace integral(1.2) is absolutely convergent, if \ | e^P* ғ | du 
о 


exists finitely. 
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Since \ е- р.х Fda | < \ | e-PX F| du «i [ерх Е|ан, 
R Q o 





it follows that the absolute convergence of the Laplace integral (1.2) at p, 
implies the bounded convergence of the integral at the same point. 


Let p = (py, Pn) and po = (Pio; ., Рао) be real and let the Laplace 
integral (1.2) be absolutely convergent when р = po (fixed). Then, evidently, the 
Laplace integral is absolutely convergent for real pa, p;, where ixj = 1,2, ...,n 
for fixed values p; = po, р; = ру. If pap; are complex and «,(p;o) and 
«;(p,o) are the convergence abscissae (see Voelker and Doetsch [6] or the 
characteristics of convergence—See Ditkin and Prudnikov [4], p.9) with respect 
to р; ,p;, respectively, and if C; and С; represent the domains 


Ce: rep.2pio 4; 3 16 P475, (Pro) 
and C;: rep,.««(p,0) 3 гер; SP, o> A; 
(4,4; are fixed real numbers). 
Then as in Voelker and Doetsch [6]; the domain of absolute convergence of 
the Laplace integral (1.2) with respect to p,, p; is determined by 
Dig=Cs U С; 


We now give to f, j all possible values і > j = 1, 2, ..., п. Then when the Laplace 
integral (1.2) is absolutely convergent at the real point p,, the domain deter- 
mined by the complex values p for which (1.2) is absolutely convergent, is 
the set 

{U Di: tx jj 12, n]. 


Let D(A) represent the set of points p for which re p >A, A-—(A,, ..., Anh 
with D[A] as the closure. Then D[A] is uniquely determined, when one assumes 
that the curves p,--x,(p;) and p; —X;(p,) inthereal p,-p; plane are, respectively, 
parallel to the р; and p, axes. For simplicity of our discussion we can choose 
D[A] as the domain of absolute convergence of the Laplace integral (1.2). D[A] 
then also represents the domain of bounded convergence of (1.2). 


4. Uniform Convergence of (1.2). 
Let L(X,Y) be the line segment 


L(X,Y)={ z | z=6X+(1-0)¥, 0<0<1 } 
joining two points X, Y of 4. 


Put р, #(x; za oe d (x 5 z) 


and grad (x; z) = (р(х; 21), ..., Бф (x ; zo). 
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Then if (X) have a differential every where ina neighbourhood М(Х) of 
X є A and Y be a point which є N'(x), we have the mean value theorem 


(4.1) (У) — ДХ) = (Y — X). grad 4(X ;z) 
(See Apostol [1] ; p. 135) 
where 2 &(z,, ... , Zn), Zp EL(Xr, ye) P=1,2, ..., n. 
If all the D,J(x ; zy) be uniformly bounded, such that 


max | D, | =, г=1,...,п and шах | У-Х | =6, we have 


(4.2) (У) - (х) | «Mis. 
Let E,, be the domain 

0 <x, <Xz, fori<s<r-1 

(4.3 Eps: Y. € x, <Х;, for s=r 

0 <x, <Ү,, forr <s <n 


Also let 9х: 0<х;<Х,, Oy: 0Sy,;<¥;, i=1, 2, ..., n, be two hyper- 
rectangles having one common corner at the origin and the common adjacent 
sides through the origin along the co-ordinate axes, the end point of the 
diagonal through the origin of one being at X-—(X,,..., Хь), while that of the 
other at У = (Y,, .., Y,). Then by considering the space included within 
Ох, Qv, we obtain, if Х> Y, the following decomposition 


If now у is integrable on Ох, у is integrable on Qy and also on each Ey, and 
we have 


n 
(4.4) ( \ = i \ #(х)4н = 2 \ vdu 
Ох i Ers 
( See Kolmogorov and Fomin [5], P. 298) 

Since ф < u, exp. (—hx.) $(x) is also so and 
(4.5 | Dr(exp (—h-x)4(x) | <Ma, 

r=1,2,..,nin Q: OS x; € Xy, j=1,2,.. n. 

Also when the sections of the Laplace integral (1.2) are bounded at po, 
(4.6) [$60] < M, 

for x; 20, j= 1, 2, ..., n. 


We now apply the formula (2.4) to the functions f(X;p) and f(Y;p), 
X2 Y, simplify each term in f(X ; p) — /(Y ; p) by the mean value theorem (4.1), 
make use of the formula of type (4.4) holding when n=2, 3,... and utilize 
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relations of type (4.2), (4.5) and (4.6) as and when necessary. Then after 
some easy reductions, it follows, when Y is large enone, that 


ІХ; р) - ДҮ; p) | 205 


SMA[e?Y + zlil uv, деж ERE posl (еее) 
i а, £4 -7 ai d; : 





(4:7) + р + | | (® zur, 
where A = шах | X; — Y; |, М =тах. of all the constants involved in the 
1 


process, 4=a, .. äp and H= h, 

We can assume that the hyper-rectangles constructed above with corners 
at X, Y and common corner at O,(X;2 Y,) are such that X is a linear function 
of Y. Thenalthough A may tend to infinity with “ Аехр(—а;Ү,) must tend 
to zero with Y;. . 

Let |А; | xK,a,, where K; are finite constants and a,36, > 0. 
Then (4.7) reduces to 
(48 ]|fUX;n-fYipl« Me "es Ku $98 1. + E oe 

t emt 

k=k, .. kg. 

The eT hand side of (4.8) is independent of p and can be made less than 
є by taking Y large enough. 

The Laplace integral is therefore uniformly convergent for 

| hi < kidi, a;0,70 ie. for | po—piol < Kki(oq—04:); 

oiio tôi, 1—1,2,...1, k; агг positive constants which may be as large 
as we please. 

We thus have the following theorem. 

Theorem : Given that the Laplace integral (1.2) is absolutely convergent 
at p,—p,o. Then the Laplace integral is (absolutely and also) boundedly 


convergent for re p; >re p,, and is uniformly convergent for re p, Jre peo tôi 
| Pi — Pio | < ki re (ps — pio); where i= 1,2,..., n and the k, are real 


constants which may be as large as possible. 

Thus the Laplace integral (1.2) which is absolutely convergent in D[A], 
is boundedly convergent in D[A] and in any compact region C [А], not 
containing A, the integral is uniformly convergent. 
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SOME MULTILATERAL GENERATING RELATIONS 
INVOLVING HERMITE AND TCHEBICHEF 
POLYNOMIALS 


S. К. CHATTERIBA 


1. Ina recent paper [4], P. A. Lee obtained the following trilateral generating 
relation involving Charlier and Tchebichef polynomials : 


(1.1) POLIT «)С,„(1; B)/n! 


0-97 -p o 90си) 
ЕЕЕ 
where p=(x+AJx*—I)z, Р'=(х— J/x*—T)z, 


and С„(х; a) - Fo (п, —X;-—5j -1); а>0 and x=0, 1, 2, ..... А 


The object of the present paper is to derive some multilateral generating 
relations involving Hermite and Tchebichef polynomials by means of a method 
which is much shorter than that adopted by Lee. It is interesting to remark that 
our method of obtaining multilateral generating relations is perfectly general 
and straightforward in the sense that one can easily apply our method to any 
m-lateral generating relation in order to obtain the corresponding (m+ 1)-lateral 
generating relation involving Tchebichef polynomial as an extra polynomial. 
The main results are contained in (2.3), (2.5), (3.5), (3.6) and (3.8). 


2. First we consider the following generating relation of W. A. Al-Salam [1]: 


© 2 2f 
(2.1) Pl „зра (Н)г"/п =т=} exp (т 


ho 


where An, аз, (Н)=Н+,(х)Н„+,(ж) - Н„(х)Н„+„(х) 


and exp (xt— $1?) = Ha(xynin! . 
Tbe following relation of Tchebichef polynomials will be utilized throughout 
the paper : 
(2.2) Т„(х)=#[(х+ Мх П)" (х Jx*-1)n]. 
2 
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Instead of using (2.2), Lee used a number of relations (viz. generating 
relation of T,(x), successive differentiation, multiplication and Rodrigues’ 
formulas for Laguerre polynomials) in order to prove (1.1). 


Now it follows from (2.1) and (2.2) that 


Ae, aia ( Tu) 


=;|> An, = : « (H) ity + ж Шур 
+ У An 7 : ЕЧ (8) , (у= „ут 1 =T] 


n=O 


(2.3) 


-xü- p,2)3/? exp 52. Pı |+@-^ Е s exp (ге )], 


where ~,=t(y+ Му“ — 1) and Pg=t(y— му? 1). 
' Next we notice that 


Q4) D Tus G)rn ! 


= (х Мх -1)* exp (t(x4- Jx?—1)) 
+(x- Jx* —1)* exp ft(x— /x3—1)]]. 


Thus we have 


У TG) tín! У (В) Дь, 1,2, 5 (Н) 


noo k=O 


= lev 1:2; (Н) L nao nt 


neo 


(2.5) _ 


=х[(1—ю,5)-%'® exp (2, +7502 |+- ost exp (65+ E]. 








where 2,—i(y-- Jy? — 1) and p,—t(y— Jy3— 1). 


3. For the sequence of Hermite polynomials (H, (x)), let us suppose 


a) 5 na Oy 
(3.1) 2% Bmin(*) Н„(у) t (gx, y, ЮТ" Hah(x, y, д} 
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where the sequence of coefficients A,, is selected in such a way that the series on 
the left of (3.1) gives rise to a generating function separated like the right 
member of (3.1), f, g, A being functions of x, y, t and let 


(32) E(x, t) = > a, Hy (а) 


nao 


be a unilateral generating relation, where a,’s (540) are arbitrary constants. 


Then 


» n 
H,(x)i" Уа A,H,(y)z* 


999: hao 


f(x, у, zt) Е n 
zz > oes s” Н„(А(х, y, 2t)) dat 


=f(x, >, 21) F(A(x, >, 21), t/g(x, >, zt)) 


Thus we obtain 


зз) Ун, (ону, 2)" mf у, 20) FÜ у, zi), Hel, у, zt) 
neQ) 


where on(y, z)= > as, ALH4(y)z*. 
Now for the existence of a relation like (3.1) we notice that [3] : 


(3.4) > ка i Н,+ъ(х) Н (у) 





n=O 
рузу 309 exp [22t— (x34- y9):? (25353 x—yt 
SES xp [ERE T- cap): 


where exp (2xt —13) = $ Н„(х)гуп 1, which is slightly different from the symbol 
7,20 
H,,(x) used in section 2. 
| Thus using A,=(2" n !)7* in (3.1) we observe that 
2 $3,2 
Хх, у, t) = (L7 19). exp [22 9 Ы xt х | 
“g(x,y, t)- (17 £9)" 
A(x, у, t) -(x-»0/( - 1)*/*, 
so that we derive the trilateral generating relation in the form of the following 


theorem : 
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Theorem 1. If F(x, t)= Хан, 1; 


nao — 


where exp (2xt — 12) Ун, L 


пто 


then 


(3.5) DH.) o,(y, 2)1% п! 


n-0 





— (1— z212)71!3 exp [95-ooc mer]. FE x—yzt t ) 


[= 2578 | —75;2)1/9* (173525178 


where e (y, z)= > (P)dn-u(2/2)*He(y), | zt | <1. 


kad 


Now we are in a position to adjoin Tchebichef polynomial to (3.5) in order 
to derive a quadrilateral generating relation. Indeed we have the following 
theorem : 


Theorem 2. If F(x, = > а„һН„(х)г"/п А 


neg 


where exp (2xt - t$)— Унт ү, 


n=) - 


then А ЕЕЕ 


(3.6) Ун, (дон, z)T, (u)th/n ! 


nmo 
2 
_l = 2xyzP, — (х®-Ьу%):®р,* 
US (1—2230,2)71/? exp у= 
PA i { 1-z 3p, 


Foo ШЕЛК 


where 9, —t(u-- Ju* 1), Pa=t(u— Аи? — 1), 


on(Ys 2)= X (Manel), | 2р | «t1 2). 


kao 


As a nice application of theorem 2, we take a, = (c), and use ше following 
divergent generating function due to F. Brafman [2] : 
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= -0 i ion — 41% tiy | 
(3.1) (1-2xt) Fo (вс, icri ci gl Tos) = Хон „(х) Уп! 


in order to derive at once from Theorem 2 the following relation : 


(35) Ўн), Әти"! 


nag 


2 


га vla —z2p,2)"-3(1 —220;% — 2p.x-F2yzp,?)7 5. 


2" 
2ху20, 20, — (x* +y? 20; J^ 1 1. s 20; 2 
XP ( з 1 ate = J: Fo (їс, zeta EU (immo || 


where 2, —t(u-- Ми? — 1), ^4 —t(u— Ju — 1) 


and оу, )= D (2)(e).-. (2/2) HQ). 


кьо 


Thanks to the referee for some comments. 
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ON (p--3-DIMENSIONAL COMPLEX LIE 
GROUP AND SPECIAL FUNCTIONS 


S. К. СНАТТВЕЈВА 


1. Introduction: In а recent paper [4], С. Е. Wong and R. N. Kesarwani have 
considered the (p+3)-dimensional complex Lie group K,,, with elements 
(1.1) g=g(t 3с; do, 045... dg) 3 7, c, a; €C, 
where the multiplication law is given by 
(1.2) g(T; с; dos Gis ..dg) g (T. 1€ 14 9,44... 3) 
=g (T+T; ete te’ 3 bo, $1... 94) 
and 


p 
(L3) ea X (стена, i o<I<p. 
km? 

Indeed, Kp +s is a generalization of 5-dimensional complex Lie group К, 
studied by W. Miller, Jr. [2]. 

Now the operators A(g), g € K,,,, defining the multiplier representation 
of K,,, on the complex Vector Space V of all analytic functions f(z) which are 
defined for all non-zero values of z, are defined by 


p 
(1.4) [A(/16) - exp (mor-+u D'az?) een" f(e*z-- etc), 
leo 


w+m, being notan integer. 


The matrix elements A,,(g) of A(g) with respect to the basis A,(z)=z* ; 
k=0, £1, +2,..., of V, as defined in [4, p 120] are as follows : 


(L5 [дд Y) ‚Ад ц();&=0, 41, £2... 
1—0 


ie. exp [moe az agant 28 


t=O 


- 5 Au (z^ 101 <1. 


la-a 
Wong and Kesarwani have examined one special case of A,,(g), viz. 
the function „Fp, from which ,F, or usual Laguerre function L{*)(z) can be 
easily studied. 
The object of the present paper is to examine the general matrix element 
A,,(g) and then to consider some interesting special cases. 
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2. General Matrix Element: Let g=g(T; с; 369,4,,...,05). Then (1.5) reduces 
to 


ho - w d3- k 
(2.1) exp((mgo--k)v4- ua; )exp(u(a,z-- a2? 4- ... 4-a52?)) (1-- c/z) zi 
= > A „(#)2°. 
la- o 


Expanding the left member of (2.1) with the help of binomial expansion 
and the following expansion [3, p. 719] 


(2.2) exp (b x-Fbax*4-...)— It+a,x+agx?+... 


where 
b, -1 0 0 
awl |%. B -2 0 0 
^ n! | 3b, 2b, b, -3 0 
ie a 
8, 61 bs 


and e;'s are to have all positive integral values inclusive of zero 

and e,+2e,+3e,+...+ne,=N, 

in a power series and computing the coefficient of z', we obtain the explicit 
representation for the matrix element A;;,,(g) as follows 


- (ett чоГ(т-1-т—ь)ь m 
(2.3) А, (2) =ехр (tot Ete) Ет) bme 
where 
(2.4) bo= 


wa, -1 0 0.. 0 
(2.5) bs 1, 2ра ua, -2 0... 0 
m'|3ua,2ua, ud, —3... 0 


ay fan qas. (uan) ™ 
! ез 


. em! Ц 
and ¢1+2e3+3est+ ..--megs — т. 


If may be noted that there is no simple expression for А; (g), where 
g7àg(T30;0o,di,... йу), in terms of functions of hypergeometric type. 
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However, if we put f,—(—1)"b,, then we obtain the following system of 
equations : 

81— паз =0 

281 —2uaa — Paua = 0 

385 —3uas — Ві.2 паз — Botas = 0 


2.6 

2 E pas bs siluas: кере xus -а—.. —fg-,ud, = 0 
(p+ 8544 — Вірна —Bs(p—1)uas-,— . —PB5ua, —0 
(0+2), +з — Papua; — — f,.2uaa =0 


By Laurent expansion the coefficients A,,(g) in (2.1) are given by 
(2.7) Ayx(g) 
1 (0+) 
= exp[(mo +k)r+u(ao+aiz+ — Fasz?) ](14- c/z) 9 **zk- 171 qz, 
where g=g(T ; с; do, 41, ... ау). 
Comparing (2.3) with (2.7) we obtain 


(04) 
(2.8) AA  exp[n(asz-h...--a52?) (1 --e/z)o*  *zk- 1-1 dy 


(-c)&-! Г(т-1-т„-®#) „m > es! ша), tt)” 
ДЕ То № > I(k--m-1--1) ei leg leg! 


where e,+2e,+3e,+. +me,=m and | c/z] <1. 


3. Special Cases: If in particular, g-—g(r; c ;a, 0, ... 0, Б), then from (2.3) 
we have 


a = (с): S T(m- l-m,-w) „үт 
(2.1) А,„ (е) exp Me E Eje wk) Fm c) 
where 
Во=1, В. = В. = E = Въ. =0, By = ub, 
Pori = Ва+а= - em Pa - 170, Bsp= e 
_ (ub) 
Вър = T 


Hence we deduce from (3.1) 


(3) Ain(g)=exp (moth) tab У to). 
mag 


[ub(=0)”]"/m ! 
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which has been obtained by Wong and Kesarwani for ,F,. This ,F, isa 
particular case of our matrix element A,,(g) given in (2.3). . 


Again in particular, if g=g(0 ; 0 ; 0, a, b, O, ... 0), then the generating 
function (2.1) becomes 


(3.3) TEE ES ou 


i-o 


Comparing (3.3) with the generating function of the  Hermite 
polynomials, viz. 


(3.4) exp Qxy —y£) “She Н, (х), 


we obtain 
0 if l<k 
4. A = Ж. b (i-k)/8 : 
(3.5) ux) [сеп Bis [s ic amen]: » if Ik. 


Furthermore, in particular, if g—g(0 ; 0; 0, a, 0, ... 0, Б), then the genera- 
ting function (2.1) becomes ~ 


(3.6) exp (u(az--bz?))7*— У Ai (De. 


1=-0 


Comparing (3.6) with the generating function of the polynomials g?(x) 
considered by L. R. Bragg [1], viz. 


o 


i 
(3.7) exp (pzx —z") - У H g? (x), 
l=0 ` 


we obtain 


0 if I«k 
(3.8) Á (g)= [carm ua 
ирт 8 Fer 


When p=2, A,,,(g) in (3.8) reduces to that in (3.5). 


if Г>К. 
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ON A FIXED POINT THEOREM OF KIYOSHI 
KANAN MAJUMDAR 


1. Introduction: In a recent paper [6], I. Kiyoshi generalized a theorem of 
К. Goebel and E. Zlotkiewicz [3] in the following form : 


Theorem 1. Let Е be a mapping of a Banach space X into itself. If Е 
satisfies the conditions 

(1) F*=I, where I is the identity mapping 

(2 WF(x)-F(y)isx«iüx-—ytü--B(unx—F(x)u--üly—F(y)l) for every 
х,у е X, where 0<«, В and 0<4+48<2, 
then F has at least one fixed point. 

It may be of interest to remark that the first part in the right member 
of (2) is involved in tbe contraction mapping of S. Banach [1] and the second 
part of (2) is contained in the contraction type mapping of R. Kannan [5]. Also 
S. K. Chatterjea [2] introduced another contraction type mapping by means 
of the metric relation 

d(F(x), F()) &«(d(x, F(y)) - d(y, F(x))]. 

Finally G. E. Hardy and T. D. Rogers [4] introduced the concept of 
generalized contraction type mapping by means of the metric relation 
d(F(x), F()) St dx, y) -44d(x, F(x)) ttad, F()) c «,d(x, F(v)) - « d(y, F(x)). 


Noticing these various types of contraction type relations, we are led to 
consider an extension of the theorem of Kiyoshi in the following form : 


Theorem 2. Let F be a mapping of a Banach space X into itself. If F 
satisfies the conditions 
(i) Е#=] where I is the identity mapping 
(ii) 1 F(x) —F(y) 1 <a ll x-y ll +81 x—F(x) ll +7 üy—F(y) || 
+3 x- E(y) i +e ip- E(x) 1 
for every x, y e X where Ox«, B, У, 8, є and «%+24(8+У+8+е+1) + 
3(B--» 9-9) «1, 
then F has at least one fixed point. 
2. Proof of theorem 2. Let x be a point of X and we put y 2 &(F--I)(x), z=F(y), 
u—2y—3. Now by conditions (i) and (ii) we have 
llz-xl = ll F(y) —F*(x) 1 <a ll y —F*(x) i --8üy—F(y) i + I F*(x) — F5(x) 1 
+6 Il y—F5(x) 1 +e 1 F*(x) — F(y) ll 
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Again, by symmetry | 
й2—х | -uFe(x)-F(y) Uu «i F?(x)—-y 1 +81 F*(x)-F*(x)i 
+? Il y—F(y) i +81 F*(x)- F(y) ll -eity—F(x) 1 


Thus it follows from the above two relations that 


Пах <« ll y—F(x) | +?” Dy-F(y) 1 EH i Ез(х) - F^(x) | 





HG i Ез (х) - F(y) 1 HI Ly —F#(x) I 


Now Il y—F4(x) 1 < t y—-F(y) i + i FD)- F*(x) 1 
< ly-F(y)i--«luy—-F(x)u--Bty—-F(vy) i +71 F(x) - F*(x)u 

+6 i y-F*(x) 1 +e t F(x) - F(y) ll 
<1у-Е(у) i +5 lx Е(х) 1 +81у- Е(у) i +71 E(x)-y 1 +7 1 у— F(x) | 


+6 ll y— F(x) 1 -+e i F(x)—y ll +e 1 y-F(y) || 
<(1+6+e) t y — F(y) ll (У) tl x — F(x) ll +(+) t y — E*(x) il 


Also by symmetry, - 2 
у= F*(x) їй = | Е? (х) - ун <i F*(x) - F(p) + i F(y) -y 1 
= | y—F(y) i + uF(x)-F(y)u 
<i y-F(y)l --«IE(x)—-yl- 
Bu F(x) -F2(x) t --v ty — F(y) ll +8 I Е(х) - F(y) ll +e tt y — F?(x) 1 


<ly- F(y) 1 +51 x- F(x) 1 FALEGI 71+ 
Bi y—F®(x) + Uy —F(y) li +8 F(x)-y ll 00у Е(у) t -eüy—F*(x) i 


Thus we have, 


в 2+0+У+0+< Quo p 2e [rade 3 
F(x) l €i уру!" (>)! +26 (iriérgr" F(x) I 


and || F?(x)—F?(x) t < il y — E*(x) ll + i p — E2(x) \ї 


Iy- 


12-х <a l у— F(x) 1 PIT i F2(x) -y ll 4527 1 y- Fox) i + 





PIY aye F(y) 1 +t 5 * | F*(x)-y Il HUE 4l y— F(y) I HT у Е (х) 1 


Also, lu ri E F(yusiuFQ)-yiü--uy-FQ)U 
E&ux—-F(x)üu-Füuy-F(y)i 


cu "n 
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Now, lz-ul < 12-х + Пих 
and 12-и 1 =2 || y-F(y) | 
. 24+8+7+5+е [ 2+8+y+8+e E 


2« B A-y 54e В+ъУ+ 8+ 
+ рту! F(x) | EErEE: y- F(y) i 


+, x—F(x) i +4 ll x- F(x) li + 1i y-F(y) i 


In other words, we have 
442+-4a(B+y+d+e) +4 
u F i <——— L E -F ll 
»- FC) <p ppp dts) AQIPIAPQ-A 7 FO 
Let G=3(F+I1). Now for any x e X, we have 


G3) - G(x) 1 = | G(y)-y 1 = I &(F-FDO)-» t = 11у (у) 1 
4җ&9--4«(8-++у-+-8-Е+<)-++4 -F TEN 
s 23H60 r3 3H) «P Erd3g 44 7 FO) 
E «434-X(E4-y--8-- e) 1 E 
2 2-3(B+y+d+¢)—4(B+r+6+¢) — 24 кенш) 
attal trtatAtl уо). 


“I= 3(B+ tite) - «(B3- Y - 04-6) – 2% 
By the hypothesis, we have 
49+-4(B+y+d+e) +1 
o<[5 NIU IJ Xx 
Thus (G^(x)) is a Cauchy sequence in X. By the completeness {G"(x)} 


converges to some element x, in X, ie. lim G*(x)—-x,. Thus G(x,)-—x,. 
no~ 


Hence F(x,)=x, is a fixed point of F. This completes the proof of our 
proposed theorem. 


I am indebted to Dr. S. K. Chatterjea of the department of Pure 
Mathematics, Calcutta University, for his kind help in the preparation of 
the work. 
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ON STARLIKE FUNCTIONS 
S. K. CHATTERJEA 


1. Introduction : Ina recent paper [1], Ming-Po Chen has considered 
the class of analytic functions 


(1.1) fiz)-z4 X ay, nel 
kant. 


satisfying the condition 
(1.2) — Izf'Gfa)-1| << 
fora given «x, Oc««l,for |z| <1. 
It is well known that if S denote the class of functions of the form 
fie: x аһг" that are analytic and univalent in the unit disk |z | «1, then f 


is said to be starlike of order «, denoted by f eSa, if Re{zf"(z)/f(z)}}t>« (|z| <1). 
A subclass Sia} of S, consisting of those f(z) for which | zf'(z)/f(z) -1| «1-« 
for | z | < | was considered by C. P. Mc Carty [2]. Also itis known that if S 


denote the class of functions f(z)=z+ x a,z" that are analytic and univalent in 
7-2 


the unit disk |z | <1, then f is said to be convex of order < (0««« 1), denoted 
by fe Ka, if Ref{1+zf"(z)/f'(z)}>« (| z] <1). 


Recently H. Silverman [3] has considered the subclass T (of the class of 
functions of the form f(z) «z-- È аы" that are analytic and univalent in the 
nog 


unit disk | z | <1) consisting of functions expressible in the form 
(1.3) flz)=z— X |a, | 2". 
neg 


In this paper we like to consider the class of functions(1.1) of Ming-Po 
Chen from the view-point of coefficient inequalities. For this purpose we make 
the following definitions : 


Definition 1. If S(m) denote the class of functions (1.1) that are analytic 
and univalent in the unit disk |z | <1, еп fis saidto be starlike of order «< 
(0<<<1), denoted by fe 5, (н), if Re f2f'(z)/f(z)}>« (|z| <1). 

A subclass S,«;(n) of S&(m) consists of those functions f(z) for which 

| zF(2)/f( -1] <l-« for |z| <1. 


Definition 2. 1 S(n) denote the class of functions (1.1) that are analytic 
and univalent in the unit disk | z| «1, then f is said to be convex of order « 
(O<a<l), denoted by fe K«(n), if Re (1--z/"(z)/f'(z2))-«(1z]| <1). 
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Definition 3. Let T be the subclass of functions (1.1) consisting of 
functions expressible in the form 


(14) f()ez- s |а, | 24, п>]. 


kenet 
Then T,,(#) and С. (п) are defined respectively as the subclasses of. T that 
are starlike of order « and convex of order «. 
2. Sufficient condition for f(z) є Su (n) 


Theorem 1. Let f(z)=z+ Ў a,zh, n1. 
kanti 


(3 [(Е-%/(1—4)]. | a | <1, 
then f(z) e S;)(#) for « є [0, 1). 


Proof. On |z| =1, we have 
(1-9) | f(z) | — | zf(2—ft2 | 


=(1-4)|z+ 5 ayz*[-| x (К- Гар | 
kanty lenti 


m(1-«)- b (k—«) | a, | 20, by hypothesis. 


lenti 

In other words, 

| 2f'(z)if{z)-1 | <1-4. 

Hence by the maximum modulus theorem we have 
(21) | af'(z)/f(z)-1 | <1l-«for |z] <I. 

So f(z) є Su(n) for « e [0, 1). 

Special case of theorem 1 was proved by Mc Carty [2] forn=1. It may 
be noted that theorem 1 relates the modulus of coefficients to the order of 
starlikeness. Further we remark that f(z)—z -[(1—«)/(k—«)]z* is an extremal 


function with respect to the above theorem since |zf'(z)/f(z) - 1| =1—4 for 
z=], « e[0,1), k=n+1, n+2, ... and п>1. 


The condition of theorem 1 is not necessary owing to the fact that 


f(z) «ze ?z"[n « Sug(n), 





whereas 
E < 41-«(1—-«)" 
n+l- i 
p: [(k-«)/(1-4)] | ax | = Ao ea 
kanti m=i , 


>2e (2-151, 
for all < « [0, 1) wl. 
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3. Sufficient condition for f(z) є S«(n) 


Theorem 2. Let f(z)=z+ Е ayz*,nzl. 
kenti 


d zs [(& ~ «)/(1—«)]. | a, | <1, 


then f(z) e S«(n) for « e [0, 1). 

Proof. It is sufficient to show that the values for z/'/f lie in a circle 
centered at w=] whose radius is 1—«. In other words, we are to show that 
Lzf(/f(z) -1| «1-« for [z| «l, which is already proved in theorem 1 
under the same hypothesis. Hence the theorem is proved. 


Special case of theorem 2 has been proved by Silverman [3] for n=1. 
Also particular cases of theorem 2 were proved by Goodman [4] for n=1, «-— 0, 


and by Schild [5] for n=1, «=. 
“Corollary. Let f(z)=z+ „2 аы, n>l, 
If „2 ШЩЕ-—«)/(1—)] | ay | <1, then f(z) e Ka(n). 
Proof. f(z) e K.(n) if and only if z f'(z) e Sx(n). 


Ф 
Now since Г =2+ X kayz*, опе may replace a, with ka, іп theorem 2. 
StL 


4. Necessary and sufficient condition for /(2) € Т. (п) 


Theorem 3. A function f(z)=z- 2 |a,|z*, nzl, is in T«(n) if and 


kenti 
only if 
® [(k-«)/(1-4)] | ax | <I. 
kanti 
Proof. The sufficiency part follows from theorem 2. Now to prove the 
necessary part we assume that 





z- Sk | а | zl 
(41) Re {zf (f) = Re 1 — *— ><, (1z]| <1). 
a z | ap | zë 
atil 


Choosing values of z on the real axis so that z/'/f is real and letting z—1 


through real values, we obtain from (4'1) 


I- z kla | z«(1- $ pal) 
kanti k 


-72t1 


which is equivalent to 


„2, [679/091 Ha, | «1. 


This completes the proof. 
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Corollary 1. If f(z) € T«(m) then | a, | &(1—«)/(k—«), with equality 
only for functions of the form /,(2) -z—-[(1—«)/(k — «)]z*. 


Corollary 2. A function f(z)-z— А Е | a, | z^, п21, isin С.(и) if and 
wil ` 


only if X [k(k-«)/(1—4)] | a | <1. 
kenta 


. Proof, The proof follows as that of corollary to theorem 2. 


5. Remarks on Starlike Functions 


We know that [6] an analytic function which is normalized by the 
condition /(0) —f'(0)—1-0, is said to be in the class of functions known as 
prestarlike of order «, 0<«<1, if f*«g« € Sx where g«(z) —-z/(1—2)?97*? and fga 
is the Hadamard product of f(z) and g«(z). Moreover a necessary and sufficient 
condition for ў to be prestarlike of order « is that the functional 


о) [fta«£ 09) / {regad} 


satisfies Re G(x, z)>1/2(|z| <1). 


Since the Hadamard product of two starlike functions of the same order 
is a starlike function of the same order, it follows that all starlike functions of 
order « are obviously prestarlike functions of order «. Hence the necessary 
condition in order that a function f(z) is starlike of order « is that 


Re G(x, z)>1/2 (|z| <1). 
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A NEW CLASS OF GENERATING RELATIONS INVOLVING 
LAGUERRE AND GEGENBAUER POLYNOMIALS 


A. K. CHONGDAR 


1. Introduction: Recently unified theory for’ obtaining generating 
functions of special functions has received much attention owing to the fact that 
a number of particular bilateral (or bilinear) generating functions for some special 
functions, for example the well known Hille-Hardy formula for Laguerre 
polynomials, Mehler's formula for Hermite polynomials and others, are available 
іп the literature. Such unified theory :сопѕіѕіѕ in deriving a class of bilateral or 
trilateral generating functions for special functions whereby the particular 
bilateral or trilateral generating functions will follow easily as consequences of 
the theory. A question in this direction was raised by C. Truesdell [7] and 
some answers are given by W. A. Al-Salam [l]and S. К. Chatterjea [3,4,] in 
connection with bilateral generating functions involving Laguerre, Hermite and 
Gegenbauer polynomials in recent years. It is interesting to note that the 
particular bilateral generating relation of L. Weisner [8], viz, 


(1.1) p72 exp [2:2] oF, [- нь 22011] 


ар 
< (83-1) à 
=S riL, у) ©; (дуу. p (1—2хг-1З)ї!* 
T 


r=0 
follows at once from the following theorem of Chatterjea on a class of bilateral 
generating functions for Gegenbauer polynominals : 
If there exists a unilateral generating relation of the form 


(12) F(x,t) = > ast" CN) 
m-0 
then there will exist a bilateral generating relation of the form 


(1.3) p-** F (Ez, 9-5 17b,(y)C*(x) 


where 
T 
b=) (or 


The importance of this class of bilateral generating relations lies in the 
fact that one can at once derive a large number of bilateral generating relations 
for Gegenbauer polynomials by attributing different values to am. 
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Now in the investigation of such class of generating relations, group 
theoretic-method seems to be a potent one in comparison with analytic method, 
because the unknown generating function can only be obtained by group 
theoretic-method, whereas the known generating function can be verified and 
then extended by analytic method. As an illustration of this statement we may 
cite the following extension of Mehler's formula by Chatterjea [5] : 


«а Sot Svr) mean meet 
wag rag . 


“(ce Manta pra pr 


which could not be derived by analytic method prior to its existence. In fact, 
the very nature of Chatterjea's formula helps L. Carlitz [2] to extend further. 














So in the present paper we shall adopt group-theoretic method to obtain 
a new class of mixed trilateral generating relation involving Laguerre and 
Gegenbauer polynomials. We shall use the raising operators of the Lie algebras 
in connection with’ Laguerre and Gengenbauer polynomials [6]. Our main 
theorem can be stated in the following form : 


Theorem: If there exists a bilateral generating relation of the form 


o 


(1.5) Обон) = Уа (x)C2(z)w" 


nap 


then there exists a mixed trilateral generating relation 


wx ) 
—w 
z—w wy 


: GÍLX , 
(i „Гур? — 2уу2--1. (l=) Jw? т) 


(1.6) i Finn (их) Cz) 





(1-w)7*7 


n=O m=0 
where 
; = “з 
min a dd ay ("a = Е yn-p L' (x) 
Finn vv.) = n-p ві" з +т-90 
peo 
* п! 
»| р\(п—р)! 
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The above theorem is illustrated by means of a well known bilateral 
generating relation (1.1) due to L. Weisner. 


2. Group-theoretic method: For the Laguerre polynomials L5? (x) 
defined by 


(2.1) (1-27*7: exp(=*4) 253 LC?) in, 


m=O 


we consider the operator R,, where 


(2.2) Кед +у* (+1) 


such that 
(23) REK (x, у)]= (0+1) Foo (х, y), where Ft (x, y) = Ш (x) у". 
The corresponding extended form of the group generated by R, is 


given by 


(24) (exp wR, f(x, у) = (1—0) 7—3 exp 1252) у (22, 2). 











Also for the Gegenbauer polynomials CÀ(x) defined by 


(2.5) (1-2zt4:13) ^ — CR) r^, 


nad 


we consider the operator Ra, where 


zz(g9— 3 ад t 
(2.6) R,=(z г: a 
such that 
(2.7) R[FA(z, £)] (n--DFX4.(z, t), where F(z, t)=C2(z)t™ 


The corresponding extended form of the group generated by R, is given by 
(2.8) (exp wRa) f(z, 1) 


z—wt t | 


ина о f( LÀ, ri 
(w Е ys Nwit?—2wzt+l ураг —2wzt-l 


Let us consider the bilateral generating function 


(2.9) G(x,z, w)- У а (x)Ch(z)w^ 


nao . 
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Replacing w by wytv, we get 


(2.10) G(x, z, юув) = У anfle (HCA) Ow)" 


nao 


= ( 
=) anFn (x, Y)FAG, t) (wy) 


ео 


Applying the operator (exp wR,)(exp wR.) on both sides of (2.10) we get 


(2.11) (exp wR,)(exp wR4), G(x, z, жур) 


= ч < pm Ф 
-УУУ аһ = Кър x, y) P F(z, t)(wv)* 


35-0 M=0 0 


o o men (22,7) 
= > > An—p(N—Pt1)m-9(n- p4-1), v”? 


nmo M=0 ро 


primp 


(т-р) їр! 


; Fnim-ap (x y) FR(z, t) 
where (a),=a(at+])........ (a-n— 1). 


But : 
(exp wR,)(exp wR,) G(x, 2, муѓ) 


(2.12) —(1-w)-*71 (071% — 2wzt -- 1)7* exp p. 
l—wy 





a ——. ld Mr. Мугу ) 
I—wy' Aw*1$—2wzt--l (1 жу) Jwt? —2wzt+ il 


So we get from (2.11) and (2.12; 


(1—w)7*71(w? — 2wz-+1)-* exp 1"). 
в( х ( 2-0 Wy | 
L-w' Jw3—2wz--l (l—w)w?—2wz4-1 


zS Jm, (W y, x) C, 


n=O meo 


min (nun) ie тъъ" үе 


where wx) X | w y x 
pP V, ) yog nip " ал-т atma? А 


on putting y=t=1, which is (1.6). 
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3. Application: Аз ап application of the above theorem we consider the 


following generating function due to Weisner : 


х?ур2 (22 — 1) | 


(1 2uz4-w3) exp[ - 269) Y oF, |- ; A+4 ; 4(1 —2wz-+w*)* 


1—2wz--w* 


е < | Gi) x 
Bl) = Dayle 00 C, 0w. 
fi«0 n " 
Putting a,= gyn- 1, »—1 in our theorem, we obtain 
D 
А wx 1—w)(z-w)- : ‚. x*w*(z2 — 1) 
p nexp|- e i 02e „мы, ») wi oF |- Atg: к | 
с^ © А 
= > Лаб, x) C (2), 
n=O -0 » 


min (2,9) 


fi4ám-99| [n тет ! (23-1) 
where fa4(w, => | E (n — p) ! yman-»T; (x), 


n-p (2d) ap nim-2p 


7*0 


and p*=(1—w)*®(w® —2wz+ 1) -2w(z -w)(1 —5w)4-w?, 


which (viz, this particular case) also does not seem to appear earlier. 


I am indebted to Dr. S. K. Chatterjea for his kind help and encouragement. 
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ON AN ASYMPTOTIC FORMULA FOR A SERIES 
INVOLVING THE EIGENVALUES OF A 
DIFFERENTIAL OPERATOR 


М. К. CHAKRAVARTY and 5, К. ACHARYYA 


1. The Problem: Let C"(R,, R:0«x < о, be the set of all real-valued 
functions, having k continuous derivatives on R. 


Consider the differential equations 


us T ри = — № 
dx 

(1.1) : 
йу _ ae 
da = y 


where р, q є C*(R) or p, а are absolutely continuous over any compact sub-inter- 
val of R, and ле C, the set of all complex numbers. Let и, у бе linearly 
independent, $—(5), and фе, the basic Hilbert space L, [0, оо). Let us 
assume further that pẹ, gẹ є D. 


The boundary conditions considered are | 
(1.2) u(0) = v(0) = 0 and u,ve L, at o 
(1.3) ог u'(0) = у'(0) = 0 and u,ve Ly ato. 


As usual we call (1.2) the Dirichlet and (1.3) the Neumann boundary 
conditions. 


The differential equations (1.1) with either the Dirichlet or the Neumann 
boundary conditions, give rise to an eigenvalue problem. 


Let p > 0, 4 > 0 be steadily increasing іп x, for x «[0, o»). Then it 
follows by the analysis of Chakravarty and Sengupta [1], that the sequence of 
eigenvalues {А} for the problem (1.1) and (1.2) or the problem (ds 1) and (1.3) is 


positive, and is a discrete collection with lim A,=0. 
543-0 


y : 
Let yp за | 2) be the eigenvector corresponding to the eigenvalue àp. 
2n 


Then „е D. 


The object of the present поќе is to prove the following theorem. 
5 
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Theorem. 
(i) Let X, and V, be the eigenvalue and the eigenvector for the system 
(1.1), with either the Dirichlet or the Neumann boundary conditions, and let 


(i) | (6) –р(х) 1,1 a(€)- 4) | K<C|£-x1(pAq)? (x) for 0<! -x| <l, 
C a positive constant and (p Aq)(x) = Min (р(х), q(x)); 


Gii) p(B, aE) < Ko exp [$1 £x] (pAQ*G)] for |&-x | 91, Ko, 
a positive constant ; 


(iv) { p? dx and \ qi dx, are convergent. 
о о 


(v) (рл) (х) > x° (рл 4) (а) for all sufficiently large x; 0 <a < о 3 


-~A 
(vi) [| p(x)-—g(x) | < Ae , A, do positive constants. 


ce 
Then (i) > Ыз is convergent ; 
n 


n=0 


1 


T NC. o l a 
(ii) as рә, 2 ое" t I, where 





rA [+ —À |. 
o (up? (uc? 


2. Proof of the theorem. 


Eao 9 
If g(é, x, K) -( 11 81 | be the Green's matrix for the “Fourier system”, 
$1 2 8, 2/ 


i.e. the system 


d?u в 

de = К? u(é) 
(2.1) 

d^ — va 

di = К? v(£) 


with either the Dirichlet or the Neumann boundary conditions, then it is easy 
to derive, that for any x ¢ (0, о), and with К? = u + p(x) , where u > 0, 
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Vis)... (NC x, K), gualés x, к) We je 





o 


tc ism K) ва) (PEP оо о) 





X Fu) 
; (2.2) =а„(х) + b. (x), say. 
And 


Jan (х) _ м х, К) gb х, x) (е) 
0 





Pan (8) 
(6) —р(х) 0 
0 q(&) — q(x) 


if 


Ante 


kc né x, K) gaa(é, x, к)) ( унем 


(е (& x. К) gaalé, x к) ° y (д 
мид Vt 0 qQ)-pQ3/ " 


о 


(2.2) =«.(х) + Balx) + Yal), say 
It can be easily verified, by the application of the Schwarz inequality, | 
that the infinite integrals involved are convergent. 


It is easy to see that the explicit form of the Green's matrix for (2.1), with 
Dirichlet's and Neumann's boundary conditions are, respectively, 


(i) with Dirichlet’s boundary conditions, 
(gi; (é z, K) = M($, 2) E, for z< 
= M(z, €) E, for z>é 

g- KU +E _ g-Kt- 6) 


where M(£ z)= aK , and E, is the unit matrix р y 


0 1 
(ii) with Neumann's boundary conditions, 
(gi; (6, z, К)) = L(6z2) Ea forz <é 
= L(z, £) E, forz » £, У 
where L(é, 2) EUR 
Therefore жы 
1 ewake _ xe-?Kv —— with Dirichlet's 


а 4K*  4K* 29° boundary conditions ; 
(2.3) \ g* (5 x, К) d£ T iia е 
1 en Ne. xen She with the Neumann 


4ks t 4gs + ORF boundary conditions, 
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In the following we prove the theorem for the system (1.1), with Dirichlet's 
boundary conditions. The same analysis holds, when we take the system with 
Neumann's boundary conditions. 


It follows from (2.2) and (2.3, with K*=u+p, and the Parseval 
relation, that 


(2.4) 


ct 
& 
т 
тт 
=, 
= 
ll 
aye 
6—73 
= 
+ 
o 
— 
ЕУ 
і 
н 
6 —— 


ax) as ш tends to 
p! 


infinity. 
A similar result holds for «,(x) in (2.2)4. 
From (2.2) — 


(8 —р(х) 0 
b, (x) x [ \ [gu £13) i idi унем 
R, 0 q(&) ~ q(x) 





--/p(é) 0 p(x) 0 
+ \ Ge gaa) ( Joa- NR e «eed 
к, 0 4(é) R, 0 4027 : 


Q3) ГБ) + Danla) — bas (x)] say, 


where К, = | 4-х | <1CR and R; - RNR,. Using the conditions (ii), satisfied 
by | p(é)—p(x) |, | a(£ —a(x) | , holding for R,, it follows that 

2 c E 

bin S — , leading to 


up? (x) 





o 5 o Ы 
(2.6) i ban{x) dx = of ut \ e \, as иу. 
b p? 
Similarly, using the conditions (iii) satisfied by p(£), q(£) holding for R4, 
(2.7) | Бан) dx = О (u73), as ni-»co. 


0 


0 


Ж р 
Again by, < p*(x) Ves dt Vo dpe pem 


8 
В, К, (в+р)? 


РД 
which leads to 


(2.8) | ban (x) dx = O(u7* ) as y>% . 


9 
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Hence, altogether, we have from (2.5) 





(2.9) | һ„%(х)ах = o( 


ut 
wrap) М + 


A similar result holds also for В„(х). 


To find { Vo* (x) dx, we have 
о 


(q(x) - p(x) 
Уо) = ӘР \ #за(& х, K) ф(@ d£) 


< (40®)—р())* 
< Че PO m (& s. K) d 


We have therefore, 


\ у? (х) dx = о[и 


|, by condition (vi). 
Therefore from (2.2) and (2.2)4, for any positive integer m, we obtain 
by using the condition (v) 


(2.10) Sm St \ Gann + O(u-1 Sm) + O(u^1), as u->oo, where 
i 2 


gw On ED 


o 
-1 . 
Hence У a is convergent, when i р *dx is so. 
nao n 


Putting K*=y+q, and proceeding as before, we also obtain that 


Ss У is convergent, when Caso) dx is so. 


n=0 


oun" 5 


Since | > |ant) b, G2] x ~ ol т, и si и | where 


0 з=о 


С dx $ 1 " : 
.I,=\ Z—— M and S= ——— . 
Е \ (ap) an 2 бой? it follows by squaring (2.2), 
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proceeding as before and making ғ tend to infinity, that 


1f 


SV yi, dx = 11, + OWS) + Ога) ноби? SÈ 10), 


as ->œ , with a similar relation for S { у? dx. 
0 


Therefore, by addition 
(2.11) S= 1, +00075) +0(и7") +O? S? 19), as woo. 
Again, proceeding similarly with К? — u--q, we obtain 


(212 S=4 I,+O(u"*S)+O(w-) +O 8# 18) as i, 


N dx 
where I,=\ (utg 


0 


Combining (2.11) and (2.12), we obtain 


Swi I, as bo. 


The authors express their grateful thanks to the referee for his extremely 


valuable criticisms and comments. 


REFERENCES 


[1] Chakrabarty, N. К. and Sengupta P. K.—On the distribution of the eigenvalues of а matrix 
differential operator—Jour. Ind. Inst. Sc., 61(B) (1979) 19-42. 

[2] Titchmarsh, E, O.—Eigenfunetion expansions associated with a second order differential 
equation, Part II (Olarendon Presa) (1958). 


Dept. of Pure Math. 


Received 
Osloutia University 


80.4.81 
Revised 
29.7.81 


Jour. Pure Math. 
Vol. I (1981), pp. 39.44 


GENERAL REAL INVERSION OPERATOR 
D. K. BHATTACHARYA 


Abstract : The paper deals with the inversion formula of Laplace-Stieltjes 
integrals in one and more variables by using a general real inversion operator 
from which similar operators used by A. Erdelyi [ 2] and P. G. Rooney [ 3] 
follow as particular cases. 


11. Introduction : 
Let f (5) = \ e*t d («(0) 


then the real inversion operator is taken as 


\, Ё, у, 
Vus [f(s)] dt, where 


Lu. ГЛ) = (Ad) Vo mar. f [ +], »>-1, (и, Ю>0. 
о 


and А, =Y 229-3 (иби) (и Ja) [Way (4)73] 


p А 
а] = J (ke x”), 


Г m Sette ГГ а 

Ѕіпсе r (jax? ; (2x2) 

ad W (x) =(2)" к (3), 

we have, 

LUI fi))- Dt K, (2k) k Y x* Y, OK x3) f [87 dx 
—the operator Ly, [ f (5)] discussed by A. Erdelyi [2]. 


i 
Again hr [f (s)] are the cases discussed by P. С. Rooney [3]. 
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-82- 


f i 
Next Let f (s.t) =| e x d {x(x, y)}, then the real inversion operator 
[^ 


oC" 


is of the form 
ey 
\ eae 


T k,k.im y 


Lf (s, t)] dx dy 


Ф 


аре prre tala a 
5 $ 


=(A4)( 
о 
AZO, >,>—1, (ив, k,)20, i=1, 2 


2 -L3 — 1 ý 
where A, I| ка 277 t ut (пху) Wy, (KE? ] 


i 
1.2. Notations. 
In what follows, we use the following notations. 
(а) А function 4(x, y) is said to be quasi-normalized on S: [o, o ; R,, Ra] 
if $(x,y) = [Pen v Й 
where, [Ф]. уь = b+, y+) + elt, y -) + elx y+) + Ф(х—,у -) 
and ¢(x+, y+) means the limit of ф(х, y) as (x, y) -> (x+, y+). 
along the line joining the points (x, у) and (xx, y+). 
(b) A function $(x, y) belongs to the class Н on S, if 
(i) for all possible rectangles consisting of lines of the form 
xzx,, yey; (121,2, ...,m; f= 1, 2, ...,n) 
the set of all summations 
х, {thy b> Deg = i-o Yi- 3 X6 Y3] 
is bounded on S. 
(ii) (xg, у) and Ф(х, уо) for some fixed. values хо, уо are also 
functions of bounded variation on S, | 
(c) А function $(x, у) belongs to the class Н, on S. if 
(i) $«HonS 
(i) (x, 0)=0=¢(0, y). 


1.3 Theorem 1.3.1. 
Let (i) «(?) be a normalized function of bounded variation in (0, В), 
К > 0, 
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(ii) Vett da} 


converges with s—» > 0, then 


lim Vit C9] dtm (+07 


[5 


almost everywhere for ¢ > 0, where «(t-+) exist. 


Proof: By hypothesis, 


fis)=s. { ent a(t) dt. 


o 
Now Le A ' [лә] -aoi x” [»«] ( үк P du} 
= (5) ani EE ( EI xax |] & joe 
[by change of order of integration, which is easily justifiable] 
- (t) (AQ. Q 09 en Pl a 275 TO ai 
E. : 4 (r+) + Ke) — uk (9) du. 


o 


ane t. a 099 etn [e Ton (13 - a p. 
y^ ti Qa, 


at?) a Y а °F) aca) 4j A -®{#+( Р} en IZ 


(15 и" лаа 


- f -pfe - 
=t.k rn (Ai). pe e i (2 j u di . «(u)du 
о 
(differentiation under the sign of integration being permissible as by hypothesis 
6 
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{ e78! , 109+) «(r)dr converves uniformly and absolutely for s > y). 
о 


eT uae ni 


К +1 - (7+2). ao 
(у.е) (a o s {x(t+)-+<(t—)}er™ 


tna 
i 
Qkp(u-- 1)? 
(assuming that the asymptotic evaluation is justified). 


LAE) +) 
2 ? 


as К -> о, 


4 0. 


Let us now justify the asymptotic evaluation. 


Let I, and I, be respectively the integrals 


pt V Pa P") u V *9 кдн 


о 
and Tt \ oe HE) vO ads 
1+5 
We choose ky > vt, then for k > ko, 
„рк w, quo] \ еН) ) eme E] 


1+8 


| uU?) | du 


"E. «iw, Lao 87 [90693] 


_ Nr — ho i) й, [шд | du 
i 


+ 
AQ.E Hw, uo] e, »22«n 
АА. pU 
00 as k>. — 
Similarly it may be shown that | I, | -» 0 as k — cc. 


Thus the theorem is completely proved. 
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Theorem. 1.3.2 І 
Let (i) «(x,y) bea normalized function belonging to Н, оп.5 


c 


(ii \ \ eM as, yy 


о о 


converges with s = », > 0, ѓ=у, > 0, 


g y 
; " À ; Въ, Bas Ур, Ра 
then, lim pono NE ‚ 1)] dx dy -i[«]. 

$ (Kas ka> (o, a hi, kg; By [f(s )] à у al los. yt 


almost everywhere, where (x+, y+) exist. 


Proof: By hypothesis, we have 
f(s, t) est \ i QE «(x, y) dx dy 
о о 


Therefore, Eo 


Uf(s, t)] = (k,ks/xy) \ \ e ure hy у). 


о о 


A. Biv Ba, Уз, Ра 
Бу, у ty 


Y 


eons : + y hp nn. n . [a ig dz, du e 


= toy) Be, | uot rmm aa 


o 0 

g^ iex zn zone pp. di 

voy ^ | . | g 
oe romaa 

о о u 

= (ay) к, I p OED Cay une nen 
REGALE ELLE ELEM 
0 0 


Ati Att 44-1 
1 > ky 2 


~k {uham +I) Gs HË m [w, | ae) 


e (4k) + 


44 "DUK Bhaachara 


2 _ РА 
{<(и, -.)-«(u, y—)} du. e 7^ (y М {2К»из(пь-Е1)} 3 as ka — © 


9k, À-1 =1 sl „+1 
X y 


2 Ac i 
"hn t бива 1). е ‚ (46) 2! E 


=W: ) ~ а ~ 263 — 4H, - 
x (vy, 42 y (9, +2) 2 9k. ^ 2k [d ya moa) 2n 


2 at 
Henne] Ы , 
as ki оо, ka оо. 
Ы ТЕ 
The same result holds when ka>, k1-»«. 


This completes the theorem. 


Remark: Similarity of the results of theorem 1.3.1. & 1.3.2 obviously 
reveals that such real inversion formulae may be generalised to functions of и 


variables. y 


The author expresses his grateful thanks to the referee for his valuable 
comments and suggestions. 
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- FIXED POINT THEOREMS 
K. M. бноѕн 


In this paper we shall prove two fixed point theorems which are extensions 
of a theorem of A. A. Ivanov [1] and a theorem of S. Reich [2]. 


Theorem 1. (Extension of Ivanov's theorem) 


Let X be a non-empty metric space and Т: X—X, be a self-mapping of 
X. ЕХ is T-orbitally complete, T is orbitally continuous and for every distinct 
x, y in X there exist real numbers a,(i=1, 2...7) such that 


(1) а:4(х, y) +аза(х, Tx)--asd(y, Ty)+a,d(y, Тх)+а, (х, Ty) 
d(x, Tx) d(y, Ty) 
+agd(Tx, Ty) +a, 222) AY 1) > 9, 
ed( y) Li d(x, y) 2 


where, 
(2) а. +аз+аз+а, ат < min (0, -(a,+a,)}, 


(3) atatt Ts < 0, 
then T has a fixed point in X. 
Proof: By the symmetric property of metric, we can easily obtain 
(4) adi, y) ааа d(x, Ta) +aly, Ty) | 8528 ду, та) а Ty) | 
J-agd(Tx, Ty) +a, dn д» ы» 0. 
Since x and y are arbitrary, let y=Tx. Then from (4) we have 
(5) ааа, Tx) 8 E^ [ a(x, Tx) Т», Tex) | +48 ats, T») 
: -Fasd(Tx, T2x)-Fa,d(Tx, Тах) > 0. 
Now we consider the following two cases : 


Case (i): When а-а, z 0, then d(x, 1?x) < d (x, Tx)+d(Tx, Тэх) 
and we obtain by virtue of (5) 


(6) (а. 222 et) d(x, Tx)+ а-аа ааа а tar) 


(Tx, Тах) = 0. 
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Since a,+a, > 0, it follows therefore from (2) and (3) 


2а:+а,+а, aetas- dg dg а, а, 
fece eet TU TEE Pru PIER e 


or, (а: + Set 4а 42a а (бакаа а. аьа +a) "10 


or, —(2ai-Fasd-ag4-a,--asS)(ag- ag Ра, Fas 4-284 4-2a4)^* < 1. 
Now from (6), we have (2a,+a,+da,+a,+a,) 20 
Thus we get 
(7) 0<— (2а, +а, Һа, а, tas) (datasta, +а,+2а, +2а,)7+ < 1. 
- Combining (6) and (7) we have, 
d(Tx, T?x) < ~(2a,+ag+a,+a,+a;) 
(dgta,t+a,ta,+2a,+2a,)7* d(x, Tx). 


со 
By induction it may be shown that {T"x} isa Cauchy sequence. Since 
no 


the metric space X is T-orbitally complete, Lim T®°x=u eX. 
71 © 


Next we shall show that u is a fixed point. 
Since T is orbitally continuous, we have 


Tu=T Lim T®°x=Lim T®*t1x=n, 
n>% пэ 


„which implies that и is a fixed point of T. 


Case (ii): When a,--a, < 0, then - 
d(x, Тах) > d(Tx, T?x) — d(x, Tx) and then we obtain by virtue of (5) 


азга, _а,+а aatas, latis : 
(8) (attuata) ду, Tx) + (924 atas a sra) 


.d(Tx, T®x) > 0 


By similar argument of case (i), it may be easily shown that 
— (2a, +а,+а-а, –а,Ҳа,+а,+а, +а, +2а, +2а,) «Y 
Thus from (8) we have 
2a,+a,+a,—a,-a, > 0, 
so that ` 
Em O<- Qa, taa tag- a, — as) (as tasta, tas 2057 204) * « 1. 
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It follows therefore from (8) that 
d(Tx, T?x)« — (2a, Ка, а, -а, –а,)(аа+а, +4, +а,+2а,+2,)7* dix, Tx). 
The remaining part of the proof is similar to that of case (i). 


Remark: Putting a,—0 in theorem 1 we get the theorem (1) of Ivanov 
[1] asa particular case of our theorem. 


Theorem 2. (Extension of Reich’s theorem) 

Let (X, d) be a complete metric space and Т: X—X and let t: X—set of 
real numbers be defined by (х) = (х, Tx). If for any x, y є X, 

(9) d(Tx, Ty) < a, t(x)-Fas t(y) +a, d(x, у)+а, d(x, Ty) +a, d(y, Tx) 


where as are non-negative real numbers and a,+a,+a, < 1, 
(10) 7 is lower semi-continuous 


(11) there exists a sequence {xa} C X such that 


t(x4,)—0 as п->оо, 
then T has a unique fixed point in X. 


Proof: Let {xp} be any sequence with t(x,)—>0. 
Now for m > n, 
(xs, Xm) < d(x,, Tx +4(1х., Txm)-Fd(xm, Txm) 
<4(х„, Їх) +а(хт, TXm) +a (х) на (хь) +a, (хь, Xm) 
+a, (х2, TXm) +a, 0х, Тха) 
<(1+а -F a5) t (х) (1-а, +а,) t (х) t (ags tastas) ахь хы). 
Thus 
1+а, аг. - t(x, 0+; ғараз. - (ха). 


—7üg-— 


d(Xn; Xm) S 1 


Since ¢(x,)—>0 as л—>оо, there exists an integer N such that 


< u-24-72,—a4) € (1—a5 —a,—4a4) 
а) а а 800 tem) Ea e URN, 


where e > 0. Thus {x,} is a Cauchy sequence. 


Hence x4—x e X. Since г is lower semi-continuous, 50, ¢(x)=0 and then 
Tx=x. Uniqueness of the fixed point follows easily. 
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Remark: Putting а, =а;=0, in Theorem 2 we get the theorem of S. 
Reich [2] as a special case of our theorem. 

I am indebted to Dr. S. K. Chatterjea for his kind help in the preparation 
of the paper. 
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BIANCHI AND VEBLEN IDENTITIES FOR THE 
PROJECTIVE CURVATURE TENSOR OF A SEMI- 
SYMMETRIC AFFINE CONNECTION IN AN 

AFFINELY CONNECTED SPACE 


B. BARUA (nee Gupta) and Аѕокв RAY 


0. Introduction. 
Let Vy be an N-dimensional affinely connected space with a symmetric 


; LE : i 
affine connection Г;,. An affine connection L;, given by 


(0.1) Lj Tye toj be 5 -- 

where ¢, is а covariant vector, is called а semi-symmetric affine connec- 
tion [1, p.36] in Vy. If Bini and Lu are the curvature tensors with respect 
to т ала Ei respectively, then 


(0.2) L 


HT = Bic) 9; — б bj, + 8j (ban — фы) 


where 
(03) фур = Vid; t Фф = Vrd; + Фф, 
v and V being the operators of covariant differentiation with respect 


to the connections Г] , and Li , respectively. 


The projective curvature tensors for the connection Is and Li , are 


given by 
(04) wi, = Bi, + ai в OE: - ôf Bix) 
jkl Biki NH kt + оў k "ji 1 Pak 
2 


and 
1 
(0.5) Pj, = Lin + xui 85 wa + ub lis 7 5} Lys) 
2 
tae Mi — б м) 


where By, = Bio Li, = Lire 
284 = Bin — Bus, 245, = Lir — Ly, 
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It is known that the curvature tensor of any symmetric connection satisfies 
the Bianchi identity and the Veblen identity [1, p.56] which are 
(0.6) VmBi,, + Vi Bhim Vi Bim = 0 
and 


(0 7) Vn Bj, + V; Bhir + Vk Bs * Vi Bu = 0 


The Bianchi identity [2] and Veblen identity [3] for the projective curva- 
ture tensor in a Riemannian space are 


(0.8) Vn Wis + Vi Wim t Vi ш 


1 i yt t yt i pt 
Е xis v.s Wini + 8, W +ô, Wis] = 0 


jim 
and 


4 5 $ 
(0.9) Vin Wis, Vi Wan T Vr Wim t Vi Weems 
1 ‘ i бон i at П 
Е усэ! (o. Wini + 85 Vain + б, Wiin + 85 Wing | = 0 
In this paper analogous identities for the projective curvature tensor 


P d of a semi-symmetric affine connection in Vy have been derived. 


1. Bianchi and Veblen identities for the curvature tensor Lj, ^ 


1 


From (0, 2), we get 


(1.1) rf 


i i 
ЗЕТ + Ly; + Li, 


-25 (Pin — Фа) + ôp (Фа — Ф) + 91 (Фи; — Ф): 


Therefore, Li,, + Li,, + Li, = 0 iff Фф; = $p, for N > 3. But 
from (0.3), this condition is equivalent to V; ¢, = V; Ф; which implies that 
$, is a gradient vector. Thus 


Theorem 1. The curvature tensor of a semi-symmetric affine connection 
satisfies 
* i і n; : А 
Lini T Leirg T Li, =0 iff $; is a gradient vector. 


In the remaining part of this paper $; will be considered as a gradient 
vector. 
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Let w, be an arbitrary non-null covariant vector in Vy. The generalized 
Ricci identity gives 


(1.2) Vi gwe — Fi Faw = wi Ly Ж AN mots = Fama 
Operating both sides by M we get 


(13) 137,7; - [ICA A = (Fiw) Leak + WV AR 
-— AGI ws — (ViVaw 0$; + (V jwi)(V ide) — (Vaw)(Vi$)) 


Permuting j, К, 1 cyclically and then adding all possible expressions 
obtained from (1.3), we get, by virtue of (1.2) 


(14 Vi(VsV,w. — УУ) + УУ — ViV mm) 
t Мури = Ў, Уи) 
= (iw), + (Viw) Lys + (Viw) а 
+ (у oe + V, РИ + VL “ip + 2w(o,L' tap T 9L i + nL, ;) 
Applying generalized Ricci identity to VV. we get 


(1.5) ViVi(V m) = VaVi(V iw) = (oL, + (Faw) La 


= (FV swe) dy = (ViV ws 


Adding the expressions obtained from (1.5) by all possible cyclic permu- 
tations of j, К, | and using the resulting equation in (1.4), we get, by virtue of 
Theorem 1, 


(Ӯ wi) L, yy + (Ун); + (Viw) L3 
MAE SS + Ve +714) 
+4w.(¢,Li iik + д; ui + Ф141) 
=20(7 зи) Д, + (ую) + (Уже), ,} 
+» (Мид, + Уз + Vu Lii) 
From the above equation we get 
(L6 (Filip, + 4) + (91, + 46s Li.) 


b» e | VaL. 4,141) = 0 
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Put 

(1.7) Lige = eLis Lis = eLis X, met ray 
Then | 

(L8) V,Li,, = e*(Vibl,, + 44,0461), Vila; = et (аз + 4Ф14;) 
Substituting from (1.8) in (1.6), we get 

(1.9) Viliss Vil, Vul, = 0 


This is the Bianchi identity for the curvature tensor A of the semi- 


symmetric affine connection (0.1), for which Ф, is a gradient vector.. 


From Theorem 1, and (1.7) we get 


t i 
Li + Lu. 


F L = 
Applying V, we get 
t = Ft = Ft 
(1.10) Vil = Viljir + Vila 
Similarly, 
(1.11) Vil z Vib T + Vil ui 


Applying (1.10) and (1.11) in (1.9) and using (1.9) again in the resulting 
equation, we get 
(1.12) Vila + Sab F Vilija + Vili a 

This is the Veblen identity for the curvature tensor L? jkl of the semi- 
symmetric affine connection (0.1) for which Ф; is a gradient vector. 


2. Bianchi and Veblen identities for the projective curvature tensor PS 
From (0.5) and (1.7) we can write 

(2.1) Pia Se PA 
By virtue of (2.1) and (1.9) we have 


(2.2) VP iu + УР + УР, = (У + Уу + УХ) 


E 

+ ma (VOL, + Lys) — VIQO Lir + L4) 
da IIa d hg = VIE p I 
+ [Р {VaN Lir + Las) — УМ, + DH 
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Mi b t and / in (1.9) and applying the result to 
Lu s L5 T Ens = 0, we get 

(2.3) “Wider Viu; + Vis 70. 
Again, iis t and l in (2.2), we get, by virtue of (2.3), 


(2.4) Vabis = Noi EE VN Tus TOL) c Vi (N Lu + La). 
Applping (2.4) to (2.2), we get 


(2.5) VP, + УР, + ЎР; EE ae te Pr. 


ij ND 


+ o$ Б.) = 0. 


ilj 


This is the Bianchi identity for the projective curvature tensor of a semi- 
symmetric affine connection for which Ф; is a gradient vector. 


The Veblen identity for the projective curvature tensor of a semi- 
symmetric affine connection for which ¢, is a gradient vector, is given by 


(2.6) WP V; as + 9}, + VIP, 





—VaG; P, д; Pact Pij + Об Piu) = 0. 


The calculation is same as for the Veblen identity (1.12) for the 
tensor Li,, 


Acknowledgement : The authors wish to express their sincere gratitude 
to the referee for his valuable suggestions. 
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ON THE PRODUCT OF FUZZY SUBSETS 
M. K. CHAKRABORTY and Miri Das 


1. Introduction. 

Since the introduction of the concept of fuzzy subsets by Zadeh [8] in 1965, 
many researchers have contributed to the development of the theory in various 
directions and the theory has been found to be extremely fruitful in the application 
field ([1], [2], [3], [4], [6], [7], [9]). We know that if U be the reference set, any 
ordinary subset A of U can be represented by the corresponding characteristic 
function fA mapping the elements of U to the set (0, 1}. If instead, a function fa 
maps U to the closed interval [0, 1], the parallel notion is called a fuzzy subset 
of U and will be denoted by A. Equality, inclusion, union, intersection and 
complementation are defined as below 


Def. (i) A=B ==> fa(x) = fa(x) for all x « U 
(i) АСВ +> а(х) < (х) for all x є U 
(Н) AUB ==> max [fa(x), fa(x)] for all x є U 
(iv) АПВ == min [fa(x), fa(x)] for all x « U 
(Vv) А = 1 — fa(x) for all x є О. 


The notion of fuzzy subset and the above definitions obviously generalise 
the theory of ordinary subsets of a set. 


The notion of fuzzy relation among members of an ordinary set and some 
immediate consequences have been brilliantly studied by Kaufmann [5] and some 
further developments in this respect have been made in [2]. A fuzzy relation 
in an ordinary set S is a fuzzy subset of the product SxS. The product of fuzzy 
subsets has, however, not been defined so far. Tn this paper we shall introduce 
this notion and shall derive some theorems showing thereby analogies and 
departures from ordinary set theory. 


2. Product of fuzzy subsets. 


Definition. Let U be the reference set and [0, 1] the membership set. 
Let A and B be fuzzy subsets of U defined by the membership functions fa and 


fg respectively. The product AxB is the fuzzy subset of U x U defined by the 
membership function 
faxe : faxe(x,y)=min [fa(x), fa(y)] for all x,y € О. 
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Example: Let U={a, b, c, d}, 
A: fa(a)="l, fa(b)="2, fa(c)=0, fa(d)=1, 
B: fp(a)=0, fa(b)=1, fp(c)=1, fg(d)="5. 
Then AxB is the fuzzy subset of UxU defined by the membership 
function fA«s which maps : 
(a,a)>0 (b,a)>0 (c,a)>0 (d,a)—>0 
(a,b)-2"1 | (b,b)—Óo 2 (с,Ь)->0 (d,b) 1 
(a,c)--1 — (bc)—2  (ec)50- (@,0)->1 
(a,d)>1  (b,d)o72 = (e,d—0 (d,d) 5. 
This is a straightway generalisation of the cartesian product of two 


ordinary subsets of U. 
The following results follow directly from the definition. 


Theorem 2.1. (i) A x B Li B x A 
Gi) (A x B) x Ç= Ax (Bx O 
(11) А x¢=¢ X А = ф, where $ is the null fuzzy set. 
(iv) faxu (х,у) —fa (x) for all pairs x,y of U. 
We give below some more results that hold also in case of ordinary set 
theory. 
Theorem 2.2. (1) ACB—A xCCB x С 


Gi) (AN В) x (С x €) n (B x D) 


x €) U (B x D) 


— 


n 
(iii) (AU B) x (CU D) # ( 
à) (AN В хс= (Ахоп (Вх 0) 
C x (A N B) = (C x A) N (C x B) 
(У) Ax (BUC) = (A x B) U (А x C) 
(B U C) x A= (B x A) U (C x A). 
Proof. (i) A C B implies fa (x) < fp (x) for all x in U. 


faxe Guy) = min [fa (x), fe (¥)]] 


x for all x,y « U. 
faxc (х,у) = min [fa (x), fc (y)]) n 


Now, 
and 
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Case I. fA (x) «fc (у). 
Then fa (x) < їс (y) and fs (). 
Hence fa (x) < min [fs (x), fc (y)]. 


Hence тіп [fa (x), fo (у)] = fa (x) < min [fs (x), fe ()].- 


Case П. fc (y) < fa (x) < fp * 


Obviously, min [fa (x), fc. (y] = min (fg (x), fc (y)]. 
So, A х Cc B x С. 
Similarly, CXxACCXx B. 


(ii) flanm ego) б® у) = min [min (fa (x), fa (x), min (fc (у), fo (у))] 
= min [fa (х), fa (x) fe (у), fo O) 
= min [min (fa (x), fc (y), min (fa (x), fe (y))] 
= flaxcintaxD)s (35 y). 
(iii) fuumxiup) (x, y) = min [max ЧА (x), ев (ж), max (fc (y), fo (9l. 
Ќдхслисв хоу (x, y) = max [min (fa (x), fc (y)), min (fa (x), fo (y))]. 


Taking fa (x) = 1, fs (x) = 0, fc (y) = 0, fo (y) = 1, it is clear that the 
two membership functions are not same. 


(iv) (A N B) x C= (A N B) x (CN © = (A x ©) N (В x C) by (ii). 
Similarly, C x (АП B) = (C x A) N (C x B). 
(у) faxguo (x,y) = min [fa (x), max (fs (у), fe (у))]. 
"fama xe (x, y) = max [min (fa (x), fg (у), min (fa (x), fc (у))]. 
There are six possibilies 
fa (х) > fe (y) 2 fc (y) 
fa (x) 2 fe (y) > fa (y) 
fs (у) > fa (х) 2fc (у) 
в (у) > бс (у) > fa (x) 
с (у) > fa (x) > fs (y) 
fc (у) > fs (у) > fa (к). 


ку 
б? гш? 


In all the cases the above membership functions are identical. 
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Definition. The difference, disjunctive ‘sum, algebraic product and 
algebraic sum of two fuzzy sets have been defined respectively as follows [5]. 

А-В-АП Е 

АФВ = (АПВ у AN B. 

A.B by the membership function fa (x). fs (x). 

A +B by fa (x) + fa (x) — fa (х). fs (x). 

The following theorem contains ‘the departure from the theory -of 
ordinary sets. ( SLE 


Theorem 22. (i) (A – B)xC & (АХО) — (BxC). 
(ii) (A @B)XC ж (AxO 6 (Bx). 

(iü) (A.B)xC у (A.O)x(B.O). 
(v) (A * В)хС æ (АХО) * (BxO. 


Proof : (1) ЁА-в)хс (x, у) = min [fang (5), fc (1 
| = min [fa (x), 1—fg (x); fc (y)]. 
and faxce- axo (x,y) = min [min (fa (x), fe (y), 1— min (fa (х), fc (У))1. 


Taking fa (x) = °5, fs (х) = 1, fc (у) = °5 the non-identity of the above 
membership functions are established. 


(i) (AeB)xC-[(An B) (А n B]xC 
= КА п xC] U КА П B)xC] byth.22 . 
“= [(AxC) п (BxC)] U [(& хс) n (Bx C)] 
by th. 22 
99 fa @ в)хс 06 у) = 
max [ min (fa (x), 1-fs (x), fc (y)), min (1— fa (x), fe (x), fc (у))], 
and (АХО) @ (BxO- 








Ах) п {вх©)] и (AXE) п (ВхО)1. 
So fax cg Bx o (070) = | | | 
max [ тїп { min (fa (x), fc (у)), 1— шіп (fs (x), fc (y))}. 
min ( 1 —min (fa (x), fc (y)), min (fp (x), fc (у))}]. 


: On the Product of Fuzzy Subsets 59 
The non-identity of the two functions is proved by taking 
fa (x) = '9, fa (x) = °8, fc (y) = 73.. 
(iii) fac (x, y) =min [fa(x).fa(x), fc(y)]. 
йахсуахо) (x, у) min [fa(x), fe(y)].min [fa(x), fc(y)]. 
Take fa(x)="5, Їв(х)=°5, fe(y)="1. 
(v) fazane (х, У) =min [f (x)-Ffs(x) — fa (x).fa(0), fc(y)]. 
faxoiexo (x, y) =min [fa(), fc(y)]H-min [fa(x), fc(y)] 
` —min [fa(x), fc(y)]-min [fa(x), fe(y)]. 
Take f4(x)=1, fa(x)=1, foly)="5. 


Remarks. In ordinary set theory equality holds in all the cases stated in 
theorem 2.3. Algebraic product and sum reduce to intersection and union when 
the sets are ordinary. 

К^ 
3. Conclusion. 


Fuzzy relation between two ordinary sets has been extensively studied 
([5], [2]). With the introduction of the product of two fuzzy subsets, a natural 
possibility has developed to think about the concept of relation between two 
fuzzy subsets that can be defined as a fuzzy subset of the product. Reflexivity, 
symmetry etc. may then be defined and corresponding results obtained in this 
direction will be presented in a future publication. 
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KINNEY'S FUNCTIONS IN STUDY OF SOME 
PROPERTIES OF THE CANTOR SET 


D. K. GANGULY 


1. Introduction and Notations : 


For any x € [0, 1], let x= > 3 ч 5 for every i. 


ъ=] 


Kinney [3] defined two functions f(x) апа v(x) by the relations : 


oo oo 
J= 500 and (x)= > на where f,(x)=28(x¢, 2) and и(х)=20(х, 1) 
$71 iei ` 
with the properties that 6(a, b)=1 if a=b and (а, b)=0 if azb. It follows that 
x-f(x)--iw(x) and f(x) 6 с and v(x) € C where C is the Cantor set for any 
x € [0, 1]. 


To avoid the ambiguity, we make the convention that any ternary 
representation of x in [0. 1] should not end with a chain of 2's but we take 
f(1) 31 and »(1) =0, by definitions. 


It is known that the Cantor set C possesses the Steinhaus property as 
well as the Randolph property і.е. for any d € [0, 1] we can find a pair x,, Xa 
of Cantor points such that x4—x,--d and also a pair y,, Ya of Cantor points 


such that 2472s = 4, ([1], [4], [5]; [7]. 





A set Е is said to be an (SD) — set if its distance set fills an interval about 
the origin, whose length is equal to the diameter of the set E [2]. 


A set E defined in [0, 1] is said to be symmetrical if x and (1— x) both 
belong to E. 


Cantor set C is an (SD) —set and is also symmetrical. That the Cantor 
set C possesses both the Steinhaus and the Randolph properties has been shown 
by the above mathematicians. 


I propose to give here another method of the proof of the same proper- 
ties, which seems to me to be shorter and direct, compared to the proofs given 
earlier. 
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Theorem (Randolph). Every point between 0 апа 1 is the arithmatical 
mean of at least one pair of Cantor points. : 


Proof: Let f(x) and у(х) be the Kinney’s functions defined in [0, 1]. 
If x is any point in [0, 1], then x—f(x)--v(x) zi m T (1) 


29 0 
апа x= У E s ) Jes every i=1, 2, 3,......... 


=i 





oo 
It follows that, f(x) => fx) and (х= У ы 
iel 


where f(x) =26(0, 2)=0 апа v:(x)=28(0, 1) «0, 
when х;=0. 
"Thus (х) у(х) 20, when x;—0, 

Again fi(x)=26(1, 2) 20 and у,(х)=25(1, 1)=2, 
when х; = 1. i 

Thus f(x)+ve(x)=2, when xi 1. 

Finally f(x) =26(2, 2) 2 and w(x) - 242, 1)=0, 
when %=2. 

Thus Л(х) у(х) =2, when x;=2. 


Therefore, Tom) 5 OO н) S a 


where а, = fix) -+vi(x) —0 ог 2 for every i=1, 2, 3......... 
It follows that (х) = (х) у(х) € C for every x € [0, 1]. 
Now from (1), we have 2x=2f(x)-+v(x)=f(x) +4f(x) у(х) Sf G9) +(x). 


Thus x TO 09 where f(x) € C, (x) € C and x is any point in [0, 1]. Hence 
the theorem. 


Corollary (Steinhau's Theorem) : The distance set of the Cantor middle 
third set C fills the unit interval 0 < d < 1 [i.e. C is an (SD) — set]. 

Proof: The proof of this theorem follows from Randolph's theorem and 
a theorem given by Bose Majumdar [1] stated below. 


“A necessary and sufficient condition that a linear symmetrical set E 
defined in [0, 1] may be an (SD) – set is that it satisfies Randolph's property". 
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[In fact, if d € [0, 1], then taking 1—2x=d, we get 0 < x <t $ and hence 
by Randolph's theorem x fe voto where /(х) ЄС and ¥(x)€C and thus 
d—f,(x) – (х) where f,(x)=1—f(x) € С]. 

2. Inelementary books on algebra and trigonometry methods are given 


for solving equations and also constructing equations when roots are given. 


In the following particular case, we propose to show that we can construct 
equations whose roots are precisely all the numbers of the perfect set C and no 
number outside it. | 


Theorem : Each of the equations (1) f(x)=x and (2) v(x)=0 are satisfied 
if and only if x € C, where f(x) and v(x) are Kinney's functions defined in [0, 1], 
and C is the Cantor set. 


Proof: The condition is sufficient. 


We are given any x € C. It isto be shown that x is a solution of each of 
the equation (1) and (2). 


Let х= 3i where = ( Л ) for each і= 1, 2, 3...... 


ең 
S AG) Se vila) 
= x 
Then лә 2 єл апа у(х)= 27 e 
Now, fe(x)=0 and у,(х) «0, when a, =0 
Again ў; (х) —2 and v,(x)=0, when a, —2. 
ard and om for every i—1, 2, 3...... 





з=] fen 
nd Vilx) У 
а v(x) = 2 - з =. 


Hence every x € C satisfies the equations (1) and (2). 
The condition is necessary. 
Let x € [0, 1] be such that /(x) =х and у(х) =0. 


Then we show that x is necessarily a Cantor point. 


64 D. K. Ganguly 


со 
= VL) у(х) 
Let f(x) У BE, у) D ARD, 
fel iei 
99 0 
where x= Li «et 1 ) for every i—1, 2, 3......... 
3* 2 
°=1 


Now, if «;=0, /,(х)=0 and v;(x)=0 

if «,—1, fi(x)=0 and э; (х) -2 

if 4«,—2, (х) -2 and v,(x) =0. 
Thus f,(x) 2«, if and only if «;—0 or 2. 
and v,(x)-0 апд only if <; =0 or 2. 


oo со 
It follows that f(x) = х implies that T4 da = at 
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which implies that «;—f.(x) for all positive integers i and this happens only 
when «,=0 or 2 (and never 1) and this implies x € C. 


Therefore f(x)=x implies x € С. Similarly v(x)=0 implies that 
oo ^ 
^ -0 which implies that y,(x)=0 for all i—1,2, 3,......... and this 


$1 
happens only when «,=0 or 2 (and never 1) and this implies that x € c. 


Hence the theorem is completely proved. 


Corollary: Kinney’s function f(x) has the following property on the 
set C, viz f [153] « fies) tiles) for any two points x, and xg belonging to 


C (This property of f(x) is some what similar to that of functions convex 
downward). 


Proof; Let x, and x, be any two points of C. 


NE 
Then Ха). > se ai=( ) for every i=], 2, 3...... 
irL 


oo 
and Лха)=ха= > A b= ^ ) for every i=1, 2, 3...... 
imi 
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Hence 
о deb. о 
2 [4 
(1) uc c ae E zi 
-1 -1 


We now write xc is where x, € C and x, € C. 





Then 


Fa (x) 
(367 


EN 
СЕ жы. 


te1 


oo 
where x= У ЗЬ by (1) 


íci 


c, 70 and thus /; (х) =0=с; 


c,=1 and thus (х) «0 < с; 


b,—2, 
If 0,—2 
c,=1 and thus f(x) -0 < c, 
b= , 
If a,=2 
| c,—2 and thus f; (x)=2=c; 
b,—2, 


In any case, therefore f,(x) < c, for every i=1, 2, 3... ., 


Hence for (2) f (5r) - А00 =) by (1) 


"L 
This proves the theorem. 
Note: We know that any point x € С is the middle point of a unique 
pair of points x,, x, where x, € C, х. € C [6] 


That is, Macy where x E с, x, Ёс, х. €c. 


zata) < flea) fog) where Xi» Хз 


Hence by above corollary f(x) «f [e 


and nth are all points of C. 
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L?.CLASSIFICATION OF A VECTOR-MATRIX 
DIFFERENTIAL EQUATION ` ` 


PRABIR KUMAR SEN GUPTA 


1. Introduction 


Let M.denote the formally symmetric, second-order matrix differential 
expression given by, for suitably differentiable real-valued vector function 


S= (fu f, 


~4(,4 
i +4 4 y f on [a, b) (1.1) 
ds aito 


where the coefficients p, r and q; (j— 1, 2, 3) satisfy the following conditions 

(i) p(x) and r(x) are real-valued and absolutely’ continuous on all 
compact sub-intervals of [a, b) and р(х), r(x) 20 (x є [a, b)) 

(i) q; (j=1, 2,3) are real-valued and continuous on [a, b) with q,>0 
and q,g, — q$20 

—o <a<bso, 


. Moreover if P d1» da» 4a are summable in the whole interval [a, b) then 


the differential expression M[/] is said to be regular at all points of [а, b) ie if 
& є [а, b) then the intial value problem f 


M[f1-0 
AG =A, (pf .)'(£) =C 
(8 =В, (7%) =р 


оп [a, 6) can be solved for arbitrary constants A, B, C, D:_ For this result see 
the existence Theorem 3.1, Sen Gupta [4] ; otherwise, M [.] is said to be singular 
at the open end-point b(or if Р= о). 


The vector function U= (u, у)? is said to be a solution of (1.1) if u, v, pu’ 
and ry’ are absolutely continuous on all compact sub-intervals of [a, b) and 


— (pu) t- qiu qsv—0 } 
—(rv')'+qqutggv=0 
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2. Preliminaries 
` The Green's formula, for any two vector functions f=(f,, fs)” and 
g (gi, ga)? sufficiently smooth, takes the form 
b 


| мга - &" MIS Ia» = 1816) — Lela) 


when the bilinear form [/g] (.) is given by 
[/#] (x) =р(х) fi (х) в". (х) —р(®) f^i (х) gs) +1) Га) а(х) r6) S'a) g(x). 
It is well known that, if f, g are the solutions of (1.1) then [fg] C) is 


independent of x. 


3. L*-classification 


A vector function f(x) which satisfies the differential system (1.1) is said 
to be a L?-solution of (1.1) if 


(лла < w 


holds. (i.e when each element of the vector function is square-integrable) 


It was proved in Chakravarty [1, 2] and Sen Gupta [4,5] that the 
differential system of the type (1.1) i.e a pair of second order differential systems 
can have at least 2 and atmost 4 L?-solutions. 


M ['] is said to be in the limit —2, 3 or 4 at infinity according as (1.1) has 
2, 3 or 4 linearly independent solutions іп L*(0, оо), (the Hilbert space of vector 
гоп йз with integrable square). 


Theorem I. Let N(x) be a positive, non-decreasing function such that 











A € dx 3 dx А ` 
(i) i Он? \ Jg; diverses (3.1) 
(ii) lim CO converges, (3.2) 


further, for all sufficiently large values of x 
— AA 
let кесш >—К N(x) (3.3) 
1 


(K is a positive constant) 


Then the differential system (1.1) is not limit —4. 
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Proof. To prove the theorem it is sufficient to show that the differentia. 
system 


M[U]-0 |^ — (M 
has at least one solution not belonging to Z*(0, oo). 
Multiplying the equation (3.4) by UT = (и, v) and dividing by N we get 
_ 41и? +2qquv+- дәу? _ _ (pu')'u+(rv')'v 
N N 


Integrating both sides, 


® © @ € 


È quu? 2gauvtqsy? p _ [puu' trv pu'*-ery? ,, ( (puu rvv)N 
eee dt рт |" PUES dt (pun IN dt 
(3.5. 
But, 
€ = 
_{ qiu? 2qsuv-t qv? je E3 da, |? 9193 — 3 ys d 
\ N ук+) TUE »jat 
ска < K| var | [using (3.3)] 
. a a 
= К, (say) [Supposing U€ L*[O, «)]. 
Hence from (3.5) 
риш + гуу | x pu’? + ry? Cp uc rvy')N’ 
M ү. y —AMUu we Ivy Juv -% (3.6; 
Ki? | N |.) ү“ \ а dts (ух) g? GS 
We now show that if the solution (и, v) € L* [O, <=), 
then the integral 
(pm dt converges. 
Conversely, suppose that this integral diverges. Then the function 
z 'а | ^2 
LC pu? +гу F 
H(x) eee dt (3.7: 


а 


is positive, monotonically increasing and tends to + о as х — о. 
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Now using Cauchy—Buniakovski inequality and the condition (3.2), we 
have, for a sufficiently large ‘a’ and for x >a 


ба| ЧУ ronem а 
| 


«x (usys jara ЖЕЕ" yn P 


а 





© 


g 
1/2 4 "2 2 1/2 
a4 y? pu*-ry* 
CK, {\ urta  (j ema] 
a а 

СИЕ" А < Ka JH(x) : a 

where К. is a certain constant depending on p, r and N, and 
Ек, (\ ие) а)" 
eo 


. Applying these results in (3.6). we get 


| K, Bo) - | P&P |" -к, VEG) ( х), 
Since Н(х) -> « as x — œ, the last inequality can hold only if 

2 рит» `o ` for large x 
ie. puu ry» О (as N » O) 
on Tw5-w 2 = 


Two cases may arise : 


Case (i) uand w are of opposite sign. 
Then Ри is negative since P0, and hence уу is positive, 
which indicates that v and у’ have the same sign for sufficiently large x. 
Case (ii) u and и have the same sign. 


Thus either u and я’ or y and у are of the same sign. In either case one 
of the two integrals 


en dx and (e dx 


fails to exist, contradictory to the hypothesis U € L? [0, o») : 
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Thus 
Vett. dx exist for U= (u, v)" € L° [0;-00) 


> 


so that 


d M Pv Verver (0, e). (3.8) 


Now let Fj (х, А) =(/;(x, А), gj x, A))7, ј=1, 2, 3, 4, be the four linearly 
independent square-integrable solutions of the system M[f]=)f. It is well 
known that Р; „= [7 (х, X) f(x, 3)], js k=1, 2, 3, 4; ју is an integral function 
of à independent of x. The Wronskian for the system is then given by 


ИО) =W (Fi, Fs, Fas Fe) = Р,» Poe Pas Po, P1, Pas 


which is equal to some constant c (not equal to zero), since the four solutions 
F,, Fas Ез, Е, are linearly independent: Therefore at least one of the P,;,50. 
Say Р, 2^7 Ку 0 


i.e. Bhi fa —p fa fatt ga ga -rt ga gs =k (3.9) 


case (i) if pr, dividing both sides of (3.9) by J/pN and taking moduli 
we obtain 


D LI P + r ^ 
| A A MA 1+ J B MM + | gs Iga! | + 
r , lk] 
tue [] gal > JpN (3.10) 


за pr, we have Ten”! «^I and hence using (3.8), 





jl L°? [0, ә). (3.11) 
Now integrating (3.10) over (0, œ) and utilising the results (3.8) and 
(3.11) we see that 


(LEL converges, 
NpN 
which is not possible due to the condition given in (3.1). 


case (ii) if r>p we divide (3.9) by „FN and utilise the results 


тор, р , 9 © 
i Iv bd] € D Qe) 
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to show that 


‘lkl 
“1 converges, 
\ JIrN 

contradictory to the condition (3.1). 


Thus the assumption Р,, 30 implies that both F, and F, cannot be 
square-integrable. Since at least one of P;,, 540, all the four solutions F;, (j=1, 
2, 3, 4) of the system cannot be square-integrable. 
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CHARACTERIZATION OF GROUPS 
M. K. SEN 


In this short note we shall give a characterization of groups in terms of 
two binary operations. 

Let С be a set with two binary operations » and o, satisfying the following 
two axioms ! 

(1) (a0b) *c=50 (c*a), 

(2 ao(bx*a)-b. 


Lemma 1. If a o a=a and b о b=b in С, then a=b. 


Proof. b«a-(bob)*a 
=b o (a » b) by (1) 
=a. by (2) 


Hence a=a 0 a=a o (b*a)=b. 


Lemma 2. If ea=a жа, then a о eg=a. 


Proof. a o (a * a)-a. by (1) 
Hence a o eg=a. 
Lomma 3. If e,=a жа, then ea O a= Ea 
Proof. a=a о (a жа). | by (2) 
a*a-(ao(axa)*a 
=(a * a) o (ажа). by (1) 


This shows that e, O eo e,. 
Lemma 4. e, is independent of a, that is, e, —b » b for every b in G. 


Proof. Let ey—b ж b. As in Lemma 3, we can show that e, О e= 
£» Also we have ea о eg=e,. Then from Lemma 1, it follows that £a 7 £y. 


Let us write e for e,. 


Lemma 5. еж b-b for all b є G. 


Proof. ewb-(eoe)wb 
=e o (b » e) by (1) 
a by Q) 


10 
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Lemma 6. boe=b for all 5 « G. 


Prof.  boe-bo(bwb) by Lemma 4 
zb. by (2) 
.Lemma7.  b*e-eob forall 5«G.. 
Proof. b*e-(boe)«e by Lemma 6 
= ео (ewb) by (1) 
= ео ђ. by Lemma 5 


Lemma 8. аж (Бос) = (аж Б) ос forall а, Б, се G. 


Proof. аж (Бос) = (аое) ж (Б.о с) by Lemma 6 
= eo((boc)»a) by (1) 
= eO (c o (a » b)) by (1) 
= (со (а* Б)) же | by Lemma 7 
= (aw b) о (е xc) by (1) 


= (а ж Б) ос. 
Theorem. Ifa binary operation іп С is defined by ab=(e о a) * b for all 
a, be G, then G is a group. 


Proof. Leta, b,c «G. 
(1) Associativity : 


(ab)e = (eo((eoa) «b)) *c by Definition 
= ((boe)*(eoa) ж с by (1) 
= (b *(e0a)) *®с by Lemma 6 
= ((b же) оа) *с by Lemma 8 
= ao (с + (b ж e)) by (1) 
»-a0(c *(eob)) by Lemma 7 
` = ao (сое) *(eob)) by Lemma 8 
= q0(eo((eob) *c)) by (1) 
= a0 (((e ob) жс) же) by Lemma 7 
= (eoa) ж ((ео Б) жс) by (1) 


a(bc). 22 by Definition 


ll 
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(2) Left identity : 
eb — (eoe) «b 
e o (b * e) 


=b. 


ll 


(3) Left inverse 1 
(eo(eoa) *a 


ll 


(e o aja 


((e0 a) же) жа 


i 


= (ao (e *e)) *a 
= (aoe) жа 
=а*а 

= е. 


Hence G is a group. 


49 


by Definition 
by (1) 
by (2) 


by Definition 
by Lemma 7 
by (1) 

by Lemma 5 
by Lemma 6 
by Lemma 4 


Note 1. With respect to the operation ab=(eoa) *bfor alla, Б e G, 


G is a commutative group if a * b=b o a for all a, be G. 


Proof. Suppose a * b=boa. 
Then ab=(e0a) *b 
—b o (e o a) 
=b o (a + e) 
—(eob)*a 
=ba. 


by Definition 
by Assumption 
by Lemma 7 


by (1) 


Note 2. Let С be a group. If we define a ж b=a™1b and a o b—ab^?, 


then G satisfies both (1) and (2). 
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ON A TYPE OF SEMI-SYMMETRIC CONNECTION 
ON A RIEMANNIAN MANIFOLD 


M. C. CHAKI and ARABINDA KONAR 


Introduction. 

The present paper deals with a type of semi-symmetric metric connection 
V on a Riemannian Manifold such that the curvature tensor R and the torsion 
tensor T of Y satisfy the conditions 1) R(X, Ү)2=0 and 2) (Vy) (Y, Z) 
= В(Х) T (Y, Z), where B is a l-form. The nature of curvature restriction on 
the manifold induced by the introduction of such a connection is determined. 
Further, it is shown that if for a semi-symmetric metric connection the mani- 
fold is a group manifold, then the manifold is of constant curvature. 
l. Preliminaries. Let (M, g) be an n-dimensional Riemannian manifold with 


. n . . o . . . . „ 
Levi-civita connection V. А linear connection on (М, g) is said to be semi- 
symmetric if 


T(X, Y)2z(Y)K-m(X)Y [1] we (1) 
where 7 is a 1-form. 


Then we have 


VXY = VxY m (Y)X - g(X, Ү)р w 
where g(X, P)=n(X) for every vector field X. 4 (13) 
Further, if К and К denote the curvature tensors of WV and V respec- 
tively, then 
R(X, Y)Z=K(X, Y)Z-«(Y, Z)X--«(X, Z)Y 
—g(Y, Z)AX+ 2(X, Z)AY e (14) 
where « is a tensor field of type (0, 2) defined by 


«(X, Y) e (Vg) (Y) —m(X)a(¥)-+411(0)g(X, Y) TN 
and A is a tensor field of type (1, 1) defined by 
g(AX, Y) 2 «(X, Y) „. (1.6) 


for any vector fields X, Y. 
Moreover, we have 
9 
(Уут) (У) = (Vym)(Y) - n(X)n(Y)o-n(0) g(X, Y) a (1.7) 


We shall use the above results in the next section. 
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2. A Special type of semi-symmetric connection 


We consider a type of semi-symmetric metric connection V whose curva- 
ture tensor К and torsion tensor T satisfy the following conditions: ` 


R(X,Y)Z-0 DCN 
and (УТ) (Y, Z) - B(X) T (Y, Z) a (2.2) 
where B is a 1-form. 


From (1.1) we have 
^— (€T) (-(-0 7 (Y) | 2 Q3) 
From (2.3) we get 
(Vxc?T) (Y) (n= D (Yxn) (Y) . сш Q4) 
Again from (2.2) we obtain | 
(ухСїТ) (Ү)=В(Х; (CT) (Ү)=В(Х) (1—1) л (Y) 
z (n— 1) B(X) т (Y) i (25) 


From (2.4) and (2.5) we get 
. (Уут) (Y) - B(X) л (Y) | (2.6) 


Using (2.6) we can express (1.7) as follows : 


B(X) л (Y) - (Vm) (Ү)—т(Хул(Ү)-Ел(р) g (X, Y) 


Hence 

(Vf) (Y) 2 B(X) 7 (Y)--1(X) т (Y) -n(0) g (X, Y) К (2.7) 
Using (2.7) it follows from (1.5) that z ‚ 

«(X, Ү)=В(Х) л (Y) -4 т (P) &(Х,Ү)- а (2.8) 
Now, 

g(AX, Y) -«(X, Y) - B(X) т (Y) à (р) g(X, Y) by (2.8) 


=B(X) я(0, Y)+g(—5 7 (р) X, Y)=g(B(X)p, Y) 
+#(— 7 (P) X, Y) 
-g(B(X)e-3 т (P) X, Y) 
Hence АХ=В(Х) p—47 (0) X — (29) 
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Using (2.8) and (2.9) we can write (1.4) as follows : 
R(X, Y)Z=K(X, Y)Z--B(X) [n(Z)Y - g(Y, Z)P] 
+В(Ү) [-7(Z)X-- g(X, Z) р] 
+n(P) [e(Y, Z)X - g(X, Z) Y] .. (2.10) 
Since by (2.1), R(X,Y)Z=0 it follows from (2.10) that a 
K(X, Y)Z=B(X) [g(Y, Z)o—n(Z) Y] 
—В(Ү) [g(X, Z)p—a(Z) X] | 
—7(P) [g(Y, Z)X—g(X, Z) Y] .. (2.11) 


+ 


. Hence we can state the following theorem : 


Theorem 1. If a Riemannian manifold admits a semi-symmetric metric 
connection whose curvature tensor R and torsion tensor T satisfy the conditions 
(2.1) and (2.2), then the curvature tensor of the manifold is given by (2.11). 

Let us now assume that B=0. Then (2.2) takes the form 

(VxT) (Ү, Z)=0 ... (2.12) 


Thus when (2.1) and (2. 12) are satisfied, (2.11) assumes the form 
K(X, Y)Z= —п(р) [g(Y, Z)X - g(X, Z) Y] ve (2-13) 


From (2.13) it follows that the manifold is of constant curvature. 


Hence we have the following Theorem : 


Theorem 2. Ifa Riemannian manifold admits a semi-symmetric metric 
connection for which the conditions (2.1) and (2.12) are satisfied, then the mani- 
fold is of constant curvature. 


Now in virtue of (2.1) and (2.12) it follows from a known result [3] that 
the connection V determines a simply transitive group. Since in such a case the 
manifold is called a group manifold, the above theorem may be stated alterna- 


tively as follows : 


If a Riemannian metric admits a semi-symmetric metric connection for 
which the manifold is a group manifold, then the manifold is of constant 
curvature. 


Theorem 2 expressed in its alternative form was proved by Yano in [3]. 
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CLASS OF UNIVERSAL ALGEBRAS VALUED 
ONTO THE SAME UPPER SEMILATTICE 


S. P. BANDYOPADHYAY and S. CHANDRA 


1. The valuation of a universal algebra has been introduced and studied 
recently [1,2,4], In fact, it has been defined as a mapping of the universal 
algebra into an upper semilattice. It has been observed [1] that the lattice of 
convex subalgebras of a universal algebra is isomorphic to the lattice of convex 
subsemilattices of the upper semilattice onto which the universal algebra is 
valued epimorphically. 


In the present paper, the authors have studied the class of universal 
algebras which are valued epimorphically onto the same upper semilattice. It 
has been shown that these are exactly those universal algebras which have the 
same upper semilattice of principal convex subalgebras. 

2. Let A bea universal algebra with Q as its domain of operators and 
let P be an upper semilattice. 


A mapping N : A->P, of A into P, is called a valuation if, and only if, 


(i) N(ay... dn о) < N(a,) U ... О N(a,), where a,, ..., a, € А; 
wp EQ | alon) =ne | (nis called the arness of the operator wp). ` 
(ii) if wo € 2 | п(оо) = О, then N(O,) < N(a) ¥ a E A, where О, is the 
element of A specified by a. 
A subset Q of an upper semilattice P is called convex, if, and only if, 
«€C€Q,xtC€P,x«x-xtcQ. 
A subsemilattice Q ofan upper semilattice P is called a convex subsemi- 


lattice of P if, and only if, Q is a convex subset of P. 


Let N : AP, be a valuation of a universal algebra A into an upper semi- 
lattice P. A subset B of A is called convex if, and only if, 

(1) b€B,a€ A, N(a) < N(b) -»a€B, 

(2) a,b€B,N (с) =М№а) U ND), ССА ә CEB. 

A subalgebra В of A is called convex if, and only if, B is a convex subset 
of A. 


The valuation N : AP is called epimorphic if, and only if, for each 
«€P,uacA|N(a)-«. Inthis case, we say that the universal algebra A is 
valued epimorphically onto the upper semilattice P. ^ 


11 
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3. Let P be an upper semilattice and « € P. 
Let P(x)={6 E P | 8 < 4}. 
Proposition 1. P(«) is a convex subsemilattice of P. 


Proof. Indeed, 6,7 € P(«) ә 8 & «4» < «©. 
zBU»sxx-BU»tcP(xu. 

Also, 8 < Y 1» CP(4X), ЄР 
5 <L? S45 д@Р(«). 


Thus, P(x) is a convex subsemilattice of P. P(x) will be called the 
principal convex subsemilattice of P, generated by «. 


Proposition 2. The set L> (P) of all principal convex subsemilattices of P 


of P will form an upper semilattice isomorphic to P. 


Proof: Let P(x), P(8) € L (P). 


Then Р(х) ={у EP | » < «py and P(f) -[8 CP | 6 < Bj. 
Now P(« U B(u€P| & «& « U 8} 
Obviously, P(«), P(8) С P(« U 8). 
Now let P(«), P(8) С P(»). 
xr, BL >a U B SS a U BE P(Y) 
=>P(« UB)C PC»). 
-Hence P(« U8) =Р(«) U P(£). 
Further, «—P(«) is an isomorphism. 
4. Let N: A—P,bea valuation of a universal algebra (A, Q) into an 
upper semilattice P. 
Let x € A. 
Let A(x)={a € A | N(a) < N(x)] 
Proposition 3: A(x) is a convex subalgebra of A. ; 


Proof: Indeed, a,..... a, € A(x), о, € Q | n(o,) n1 
z»N(a,...... Ann) S,N(a1) U...... U N(2,)«N (x). 
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Also w, € 0550, € A. 


=N(O.)<N(x)—O, € A(x). 
Thus, A(x) is a subalgebra of A. 


Further, b € A(x), 4€ A | N(a)<N(6) 
=>N(a)<N(b)<N(x)—a € A(x). 
Also a, b € A(x), N(c)=N(a) UN(d), c é A 
=>N(c) < М№х)=әс € A(x) 
Consequently, A(x) is a convex subalgebra of A. 
A(x) will be called the principal convex subalgebra of A generated by x. 
Proposition 4: Let №, A-»P be an epimorphio valuation of the universal 
A onto the upper semilattice P. Then the set L^ (A) of all principal convex 
subalgebras of A will form an upper semilattice. 
Proof: Let A(x), А(у) € L* (A) 
Then A(x)={a € A | N(a)<N(x)}, A(Y)={b € A | NO) <N). 
Let A(x, y) - ic € A | N(c)<N(x) U N(y)} 
As N is epimorphic, qz € A | N(z)=N(x) UN(y). 
Then, by proposition 3, A(z) is а convex subalgebra A. 
Evidently A(x), A(y) & A(z). 
Also, if A(x), A(y) & A(w), then N(x), N(y) < N(w). 
N(z)=N(x) UN(y) < N(w). 
Thus A(z) is the least upper bound of A(x), and A(y). 


5. Let A be a universal algebra with Q as its domain of operators and P 
be an upper semilattice and N : A—P, be an epimorphic valuation of A onto P. 


Theorem 1. L^ (A) = Lò (P). 

Proof: Let P(x) & L5 (P), where < € P. 
As N is epimorphic, д x € А | N(x)=4. 
Then A(x) € L* (A). 


If y € A | N(y)=«, then A(x)={a € A | N(a) &«]- A(y). 


84 S. P. Bandyopadhyay and S. Chandra 
Define P(«)f— А(х). | ` 
Thus, fis a mapping of L^ (P) into L^ (A). 
Evidently, f is a bijection. 
Further, P(x) C P(8).in L* (P) 
< pin P. 

€P(«) f © P(A) f in L} (A). 

Hence the theorem. From proposition 2 and theorem 1 follows . 


Theorem 2. Let (A,, Q,), (As, Qa) be universal algebras and P,, P, be 
upper semilattices and let N,: A,—P, and М№,:А,-+Р, be ерішогрһіс 
valuations. 


If L^ (A,) = LÒ (As), then P, = Py. 


Р 
Theorems 1 апі 2 completely determine the class of universal algebras 
which are valued epimorphically onto the same upper semilattice. 
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MY FAVOURITE PROOF OF MEHLER'S FORMULA 
S. К. CHATTERJBA ` 


The following formula of Mehler 


(1) Ax Н,(х) Н„(у) = (1 — 19)7!* exp 20:60 |. 
| 


where H,(x) is the Hermite polynomial defined by 


п=0 


2 H,,(x) t^/n! = exp (2xt- #8 

(2) 2 n(x) inl p( x 

is well-known. Besides the usual proofs I prefer a proof of Mehler’s 
` formula from the linear generating relation (2). Му proof is based on some 
integral formulas, which simultaneously serves as a key to other bilateral 
or even trilateral (or trilinear) generating relations involving Hermite 
polynomials. 


The said integral formulas are the following 


[^] 


(3 H,(x) = exp (- D?|[4) (2x)^ = \ e7?’ [2(x--iv)]^ dv; D = d/dx 


eg taino dy. ie 


298 


а 1 
(4) е ERE 


-0 


Now we have 


10 «|> [24 GI m) dy 


Мт -o kag 
<= ob < i 4 Еты IY 
ue Do ir HG) \ • [2 (p-Fi)]* dv 


= > I H,(x) H(p). (inversion justified) 


S. К. Chatterjea 


Thus we can write 


ll 


ll 


(5) 


e th 
> ERT Н, (x) Н, (у) 


k=0 
keines]. 

-0 k-0 
Ur \ exp [=v + 2xt (yi) - 1? (y4-iv)] dv, 


Ф 


which is a generating. integral equivalent to Mehler's generating series. This 


method 


serves a new technique for adjoining a Hermite polynomial to any 


generating relation involving various special functions of mathematical physics, 
but it may happen that the generating integral is convergent or divergent. Some 
divergent generating functions were already seen in the works [3,4, 5,] of 
Fred Brafman. ] 


From (5) we obtain finally 


— 3p (2xyt — 1%у*) 


ll 


o > 


P 
> крт HO BO) 


k-0 





op ey) \ exp [—»? .(1—:2) + 2it (x— yt) v] dv 


-8 


exp Qxyt-12y2) € (у) Де 
A quce) xP [- whe ume э] 4 


_ P(x-ytn)? 
Ја) ‚ exp | [n | 


2xyt — (x? 4-32? | 


— 48\~-1/2 
(1—{°) ехр [ Ip 


which is (1). 


Similarly starting from the generating relation 


(6) 


Hab a exp (251—1) Н, (x—t), 


п=0 


My Favourite Proof of Mehler's Formula "EE 


we derive 


- n 
> Xu На+ь(х) H,(y) 
feo 





© 


T = A) exp [ —v?--2xt (j-Fiv) —£2 (y-Fiv)?) Hy (x—t (y--iv)) d», 


which is an equivalent generating integral for the generating series. We know 
that the generating function for the generating series is 


comen e rst] v а) 


Thus we obtain the following integral formula 


(8) "M exp [—»* (1 —12) + 2it (x—yt) v] Hy (x—t (y-Fiv)) d 


o 


= Gc eye р [26507] н, (s 


which does not seem to appear before. А 
Now it may be of interest to point out that starting from the generating 


relation of E.Carlitz [6] 
x k 

G0) У Нн) Has) 
kag ` 


= (1 —[%)у-(т+п+з1)/я ехр [222—020 2? |. 


1-12 
min (mn) —ft 1 
х—1ў y-x 
P 2* p! (т) ) (9) t" Hy, (Sar pss Hy-+ (i= ios]: 


we derive in the same manner 


ao У € no) Baan) Het) 


ко 
= _1_ i e (1-25 (x-Fiy))-e* %+1)/8 


2yzt(x + iv) — (y? + 223)? (x + iy)? 
ERE [ 1—1? (x--iv)? 1. 


4 - S. К. Chatterjea 


mit (m,n) 


OE FOO CEH) Bae (222955. 


Tmo 


z—t (xiv) у 


A particular case of (10) is worthy of much notice. Indeed, using m=n=o 
we obtain the following trilinear generating integral for the Hermite polynomials 


о 


ш) 2 н.) B0) HG) 


keo 


i e? (1 — t$(x-- iv) 8)-2/2 exp [2 ei a RE] dv, 





zo 

Мт 3, 

which may be compared with the remark made by R. Askey [2] and W. A. 

Al-Salam and L. Carlitz [1] in connection with the trilinear generating function 
for the Hermite polynomials. 
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ON A GENERATING FUNCTION OF FENG 


S. K. CHATTERJEA 


In a recent paper [2], C. C. Feng has derived the following main generating 
relation involving modified Laguerre polynomials 


(1) expl- ay xz)exp (— 321-2, y asse 1s ара г)", 


SP (ез + asta) (1+а, арал) 








= (ав)? ч (43 ,)" $ (Aga)! ч (a,,)* (— 1)*tm*»(g — k) (rie А 
2 2 Е! ў 


р! т! I! 


(Bes m) Mm „р 1 
Jn-l+p (x)y 2 , 

—, 
3 


by replacing £ by Js 


nbyz E and fi (x) by u(x, y, z) in the linear differen- 
tial relation | 

(2) xD? у%®) (x)--(1-x-n-8) Df) (х)-Еп/#) (x) 0, 

and by following the method of Eb. Weisner [3]. 


It may be of interest to remark that the result (1) of Feng follows easily 
with the help of the following unilateral generating relations : 


9) eQ-979 ле (1-2 ) = У OEM gun, gen 


n=O 


( ff) = Sos Qm 


fti70 


б) (1-8-#-°7/Ф (1-03) = D T Bm fem) 


m=0 


(9 еец) = D sem (9. 


kmo В T 


6 | S. К. Chatter jea 


Furthermore using the following result of our work [1] 


(7) e"(wy-1)* Le ( $2 (x-y) w = са y— 1) | = NE PE Euer г етә) 


meo 


we can deduce a relation analogous to (1) by means of (3) and (4), viz. 


8 o Ф Ф 
(8), (и k4- 1) y-?21E c (s 
(8) 202.2 АЕТ ао, 
9*0 1-0 kao meo 


zexp(yt(x-y))1—-4u—y7)*^* f P[(1—4 7y7*)(x—y-Ft3)]- 


The very nature of (8), in the left member of (8) implies that another 
result analogous to (1) can be put in the form 


(9) > car > & (eJ? xc "Ert (= 1)*#™9(8) (и 1-1). 


f ae ( x) yr’ z?- -1 


= exp [—assxz и (1—а432)](1-а, y 32)". 
73 PE 7 cP dos 
Л» [a yay asso pt 2 ]]. 

Now the generating relations (3) and (4) are mentioned in [3, p. 45]. 

Also the generating relations (5) and (6) can be easily deduced from the 
results of the present author [1]. In fact, in [1, p. 369] we notice that 

—f)*L™ - = ` (-5— mn -m) ? 
(10) (1-5*L*? (x(1-2) > Sm Lim (x) gn, 
m-9 

To prove (5) we make use of the relation 

(1) /Ф (х) = (-1)* BEF (x), 


so that we have 


pue x: nf P" (x) 


тео 


= (D^ У E. Om Lye (x) 


m=0 


= (—)° (1—:)7#-" 1—#-» (х(1—)) 
Е (1— 279-5 f (^ (x(1- 1) ). 


On a Generating Function of Feng 7 
Again we notice that [1, p. 370] 
up um V" rem 
(I2) e" L® (x-y) = D5% m (x). 
mo 
Thus we can prove (6) as follows 


S5 ® (x) = (—1)" xs L-8-w (x) 


k=O 


=(— 1)" LEP ™ (x—1)—et f (x—1). 


We are now in a position to prove the result (1) of Feng in a quite easy 
manner. Indeed, we have by virtue of (3) 


ges a вн eg (= Diete (8-а). 
m-o 1=0 
Jepi (x) р" -k91 
m eT 01372 (+а„„д)7#-* V ' (= Saly)" (— 925) ideale) 


k=0 moo i-0 


‚ (8— k)a Оаза) 78! f OM (x(L-Pas 52) ) 
Next using (4) we obtain 
Right member of (1) | 


Tas) 


= @742s 98 (1-Fa54 z)-97^ 5 XE lig Оаа, zy Mag, zl 2 | 


т\ MC аш 
k-Q m-O 
(6-0) fO (14ans z) (0з) 
Again using (5) we derive 
Right member of (1) 


© 2 ; к 
zog 01:82 (1--ау» Vda, fue (—а,» (Hia Уйа ZU 2)1у) К 


k-0 


(кет [rte 


8 S. К. Chatterjea 
Lastly using (6) we obtain 
Right member of (1) 


= exp (— ааз xz) exp (-Ss (14-2, s 9-455 2) (14-24, Ptaa ZP. 
(В) i а.а. аза 
Sf [(1а, >+а„, 2 (x+ y + T J]. 
which is the left member of (1). 


Next we consider the result (7). It follows from (7) by virtue of (11) 


SE > Be r^ wy T f emt fx) 
n-ktb 


meo p=0 
(13) 
= ey | cot) 7 en (x-y) (9-10) 
e ( y ) T ( y |. 
Thus 
(B) (n—k-- 1), »"7? tht E 
S a kn MLM gaming (x) 


9-0 [=O k=O meo 





keo 1=0 


— ow {2 (n-k+1); (у \ (ta(y-1)\* 
e (221 УУ kl бы) ( y E 
fO) (600-0) 
n-kti y 
Using the relations (3) and (4) successively we obtain (8) which is analogous 


to (1). 


Finally if we consider the series 


(ав)? ч (a, 2)" $ аа (CA (= permiso (B). (n —1-- 1)». 
120 2 | 


1 ! 
2% р: — m: 


B-kt кє - 
ен уш 
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and first sum the series over k, then we obtain 


ential ем з" Ics бы) (—1)™*? (8), (n —1-1)s. 


pmo 





yom (+ аз ) ут 29-1 
y 


n=} +p 


Then we sum the above triple series by means of (3), (4) and (5) and obtain (9). 
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ON AFFINELY CONNECTED GENERALISED 
2.RECURRENT SPACES 


KAMALAKANT SHARMA 


Introduction : Generalised 2-recurrent Riemannian Spaces were studied by 
A. K. Roy [2] who denoted an N-space of this kind by G {*Ky}. In the present 
paper we call an affinely connected space Ly with куйше, Connection Di je a 
generalised 2-recurrent space if 


(1) Vo Vn В ‚ = Тар Bina t Po Уһ ВА, 


where ҳу denotes covariant differentiation with respect to D. and T4, isa 
covariant tensor of second order and £,, is a covariant vector. An N-space of 
this kind shall be denoted by АС (*K,]. It has been shown that if such a 
space of symmetric connection is decomposable and T,; + 0, then-one of the 
component spaces is plane. A sufficient condition is obtained in order that 
such a space may be an affinely connected коштын space. | 


Defining an affinely к space as a generalised роботе, 2-recurrent 
space if (1.1) Vo Va Wi, = T Wi + p Vm Wifi ‘and ‘denoting an 
N-space of this kind by A СР {*K,} it is easy to see that'every A С {#Ky} is an 
AGP (?K,,] but the converse is not in general true. {n this paper:a necessary 
and sufficient condition has been obieined that an À ч Р PKy} may be 
A G {*Ky}. = 


1. Decomposable A С {?Ky} 


If two spaces Lyr and Ly-x are given with co- ordinates х“ : («,8,» 21,2, ...,M) 
and x^: (A, B, C = М+1, ., № and the connections Ге, and Га, then the 


Bo? 
Ly with co-ordinates x^: @ b,c = 1, 2, ..., №) and connection Га, = (P$,, 


Га} is called the product. of Ly and Ly.,. An Ly that is a product space is 


said to be decomposable [1]. A geometric object in a decomposable Ly is 
decomposable if and only if its components swith ` respeét fo ‘the special 
co-ordinates are always zero when they have indices from both ranges and the 
components belonging to the sub-space Ly (1-м) are functions of х“ (x4) only. 


In a decomposable Ly, 82,1, By, and their covariant derivatives are 


* decomposable. | | 
We now consider a decomposable А G {#К„}. 


12 Kamalakant Sharma 


Since (2) Vm BY,, + Vis B s + Vi Bi as = 0, we have 
Vs Vn Ві, + Va Ve Bhim + Va Vi Bing = 0. 

Using (1) this gives, 

(3) Te BE, + Ten Be im + Tin BS 


jki 


m, = 0 by virtue of (2) 
Put m=P, n=0 iij, k, l = 4, В, У, ё 

Then from (3) we get, Т, В, + Tyo В, + Tso В, = 0. 
Whence (4) Ты BY, =0. 

Next, we put m = 4, n = b 3i, j, k, l = v, р, от 

Then, Tas BY,, + Tos BY, + Tra BY, = 0. 

whence (5) Ta, В?,, = 0. 

Now, рш m = *,n-« 1l j. k, l = «,B,v,6 

Then, Тш, BY,, + T, Ве, + T, BS, = 0 

Whence (6) T,.’ Ве, = 0. 

Finally, we put, m = 4,n = т'; i j, k,l = v, р, о, т 

Then Tay BY, + Toy BY, + Tre BY, = 0 

Whence (7) Tay BY, = 0 | 

If Ty; # 0, one of Т, Tag, Tex’, Ta,’ must be non-null. 


=0 ог В) ~ 0. 
Є 


1 Kn 
Hence, either B Ns 


875 


We can therefore, state the following theorem : 


Theorem 1: Ifinan A С (?K,], Т,; = 0 and the space is decomposable 
then one of the component spaces is plane. 


Henceforth, by an A С {*K,}, we shall mean a non-decomposable space. 


2. Recurrent A С {?Ky}: Suppose that in an AG {*K,} the tensor Tmp has 
the form 


(8) Т = Ve Xm + Xm Xo—Xm Вр 

where ym is a covariant vector field. 

From (1), we get,’ 

(9) Ve Vm BS, = (Ve Xm + Xm Xp — Xm Bo) BS, + Bo Vm В} 
If possible, let (10) Vin Bio = m Bf. + Нім 

where H*,,,, Е 0. 


On Affinely Connected Generalised 2-Recurrent Spaces 13 


Ve Vn Bi, = В, V p Xm + Xm Ve BY, + Ve Hj eam 
= (Ve Xm + Xm Xp) В}, + Xn Hj, T Ve Н} кт 


From (10) we get, 


Again from (9) 
Ve Vm Bf, у = Bp Xm B*,; t B, Bist (Ve Xm + Xn X — Xm By) Ві, 
= (Vp Xn + Xm Хь) Bj, + Be Hi ue 
Hence, 


(11) Ve H 5 n + Xn н! -b H =0 


jkiP S EN 
If the differential equations (11) have no other solution than the zero 


tensor, then Hf, ,,, = 0. 


But this is contrary to the hypothesis in (10) . 
Hence, from (10) it follows that the-space is recurrent. 


From this we get the following theorem : 
Theorem 2: If in an A G {*K,} the tensor Tmp has the form 
Trp = V p Xn + Xm Xp — Xm Bp 
and the differential equations 
Ve Ни + X Hau, Н fiin = 0 


have no other solutions than the zero tensor then the space is an affinely 
connected recurrent space. 


3. Condition for A GP {*Ky} tobe A G {Ку} 
It is easy to see that every AG {2К,} is an AG P (?K,] with the same 
vector and tensor of recurrence but the converse is not in general true. Hence 


in this section we find a necessary and sufficient condition for the converse to 
be true. 


Let us consider an A G P {*K,} with symmetric Ricci Tensor. 
Then, 


1 


3 "i 
Wii xi Biri + NE $i (Bii — Bj). елт 


[9$ (N Bj, + В;;,) — 91 (N By; + B,;)] 
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1 
N-1 





i " 
reduces to Wy; = В, + (дь By, — 91 Bj) 


putting this value in (1.1) we get, 


(2) (У, Vn В}, - B; Vn Bj, - Tw Bhan) 
tu 1, т 195 СУ» Vn Bj; — 8; Vn 8j; — Ты Ву) 


= ài (Vp Vn В; = 8; Vin В;ь T T. B;)] = 0 


Let us now suppose that this space is affinely connected generalised 2-Ricci 
recurrent space. 


Then, Ve Vm B;; = 8; Vn By, s T Bj; = 0 
Hence from (12) we have 


V, Vn Bias ~ B; Va Bhar ТВ = 0. 


AP jkl 


i.e. the space is affinely connected generalised 2-recurrent space. 


Conversely, it is easy to see that every affinely connected generalised 
2-recurrent space is affinely connected generalised 2-Ricci-recurrent space. 


Hence, we deduce the Theorem : 


Theorem 3: An affinely connected generalised projective 2-recurrent space 
with symmetric Ricci-tensor is an affinely connected generalised 2-recurrent 
space if and only if it is an affinely connected generalised 2-Ricci-recurrent 
space. 


Acknowledgement: The author acknowledges his grateful thanks to Prof.. 
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ON SOME TYPES OF AFFINE MOTIONS IN AFFINELY 
CONNECTED GENERALISED 2-RECURRENT SPACES 


KAMALAKANT SHARMA 


1. Introduction: Let Ly be an affinely connected space of N-dimensions with 


a symmetric affine connection Гі, and let Bi, (=-Bi,,) be the curvature 


tensor. Then the space is said to be a generalised 2-recurrent space if the 
following condition is satisfied : 


(1) Van Vn Bi, = ать Bout + Ba Vm Biri 


where V denotes covariant differentiation with respect to Г} and В, amn are 
respectively a covariant vector and a covariant tensor. Such a space shall be 
denoted by AGÍ(?K,l and 68, ам, wil be called its vector and tensor of 
recurrence respectively. 


We now suppose that the space admits an infinitesimal co-ordinate 
transformation i 


а 7 at = xt + EF (x) аг 
(8t b:ing an infinitesimal constant) satisfying the condition 
(2) ӨГ}, = Ve Vi É + Bip EO 


where £ denotes Lie-derivative with respect to the above transformation. Such 
transformations are called affine motions. 


Takano and Imai [2] considered some types of affine motions in bi-recurrent 
spaces. The object of this paper is to study some types of affine motions in 
АС{?К,}. 

2. Some formulas in ап AG{*Ky} admitting affine motions : 


Since the space is assumed to admit affine motions the conditions (2) must 


be integrable. The condition of its integrability can be written as £ в, = 0 
or as | 
(3) E Vai Bis, ~ Bj, Ve Et + Bi, V, £ 


+ Bi, Veg + Bii У; ё = 0. 
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Interchanging m and n in (1) and then subtracting it from (1) we get 

(4) Ам Bi = В; Bias 7 Bear Bina — Bj, Bion ~ Beat Binn 
— (Bs V m BY, bm Vin Bipi) 

where Amn = Amn — Gam 
Putting V; ё* = Bima f/"^ where f™" is a non-symmetric tensor, multiplying 
(4) by f" and summing over the indices m and n, we get 
(5) СВ, = В Vib! = В, Vi È- B! Ve ét = Big Vi ё, 
where C=A,,, f^. 

With the help of (5) we can express (3) as 
(6 £ Bi, = iV: Bis, -CBj,, 

Since £ Bfp, = 0, we get 
(0) СВ, = E V: Bin 

Differentiating (7) convariantly and using (1) and (7) we have 
(Vm С) BE, + € Vm Ві V. &£ « Ve Ву + E (Vm Ve Ву) 

=V m E . Ve Bip, + (ањ + C Bm) . BE, 

or (8 С.У, Ві, + (Va € — C Bm — & aim) В, = Vn Vi B i 


Now, multiplying (8) by 2% and summing with respect to m, we get 
(9) C.E Vn BEL, -(É" V.C — Са - A) B, = Vs ё. Vi BEL, 
where d = & В, and А = £ £^ a, 
It 15 known [3] that under affine motions the operations of £ and V аге 
interchangeable. Hence 
0 = 27у В}, = Vn £ . Vi Bui HE ais BEL, + Bm E Vs BEL, 
-Vg у" Bj * VIE Va Bins Vr. Vim 8 HV, $i. Vm Bit 
=Vm ё. Ve В, + (EË dimtC Bu) BE, — У. Vn BEL, 
+ Vi È. Vn Bly + Ve fs Vm BE Vi £C. Vn BS, ( using (7) ) 
Transvecting this with £" and using (7) we get 
(10) é” Va &£' . Vi Bj,, + АВ, + C. d. Bf, 
= Civ, $t. B,, - V; E. Bi, — Va &. BY, У. BH] 


= C? Bfp, (by 3). 
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From (9) and (10) we have 
"Ул С=0. 
ог 


(11) £C =0. 


3. Affine motions corresponding to a concurrent vector field : 


We now consider an affine motion generated by a vector field é! which is 
a concurrent vector field. Then 


(12) V; £* = Кӧј where К is a non-zero constant. 
From (12) we have v, V; £ = 0, 
whence 
(13) gr Ве. = — VIV, БЫ + Vive 5% = 0. 
Differentiating (13) convariantly and using (12) we get 
(14) k Bij, + E Vn Bf; = 0 
Again differentiating (14) covariantly and using (1) we get 
k Vo В] jr + К Vm Bii + £^ (amn Bi + By Vin Beye) = 0 


ог, К (Vn BY, + Vn В, — Bn Ву) = 0, ( using (13) and (14) ) 
whence ` 
(15) `7» В! р + Vin Bi = Ё, Bj in 


Now, operating V ; on (15) and using (1) we get 
ал Bj. + dni Bii + В (Vn Bi, + Vm ВА) 
= Pn У Ві. Вір Vi Bn: 
Next, using (15) we have 
(а, + By В, — Vi Bn) Bhs, + am Biip = Bn Vi Ві, 
Transvecting this with £" and using (13) and (14) we get 
E" ag; Bi; = E" By Vi В}; = — k Bn Bh, 
Again, transvecting with £" we get 
E" a4; $" Bagg — — k (E^ Ba) . Ву, 
which reduces in virtue of (13) to 
k.«. Bt, =0. 
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Since k A Oand Ві,, 4 0, d = 0 ie. £" В, = 0. 

Hence we can state the following theorem ( cf. [1] ): 
Theorem I: If an AG{*K,} admits an affine motion generated by a concurrent 
vector field £* then £*, is pseudo-orthogonal to the vector of recurrence of the 


space. 
4. Affine motions corresponding to a special concircular vector field : 


Next, we consider an affine motion generated by a special concircular vector 
field £* given by 


(16) V, 6 = $ (x) 9f 
where $(x)(» constant) is a scalar function of co-ordinates x*. 
At first we show that in this case the following relations hold 
(i) on" = 0 ($m = Уһ Ф) 3 (ii) 26 + C= 0; 
(iii) А + 3¢6C =-C.d=-C£€ В, 
Proof of (i) : 
Operating Am on (16) and putting 4, = Vin $ we get 
Vn V4 Et = bm 8j 
Also from (2), we have 
& V, у; --BhIO8 = 0 
Whence, £n, gm, à! = 0. 
Since 21 # 0, 2" ф = 0. 


Pooof of (ii) : 

From (3) it follows that 
(1°) | ove Bj =- 2ф Ba it 
Using (7) it may be replaced by C в, =— 26 Bf, 


Whence 2$ + C = 0 [since B$,, æ 0] 
Proof of (iii) : 
Operating Vm on (1^) we obtain 


(E! dim +CBm + 2%) В, +34. Vin В, = 
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Multiplying this condition bys£" and summing on т, we get 
(3éC-- A-F C. d) Bi, =0 (using (7) and (i) ) 
or, A+3¢C=-C.d, where A = £ £^ dym 
This completes the proofs. | 
Now, we discuss the case of affine motion generated by a special concircular 
vector field £*. 
We have from Bianchi's second identity | 
УВ}, Vy В + Vi В, = 0 
Covariant differentiation of this, use of (1) and this identity give 
amn B$ 44 + ак Biim Harn Ві, = 0. 
Multiplication with Z' yields 
dmn Bip, Ё — aya Bim, E + ayn E Bing = 0. 
Applying (2) we get ae 
(17) arn ё Bing = amn (Vy V4 &*')—ак» (Vn V; €) 
7n» Фь 0$ — Aun фт 8} = (Am Pr- arn Pm) б} 


| "Now, we have to consider the following two cases : 


Case I: dın EÊ #0. CaselI: ayn &'=0. 
Case I: | | 
Since Bias Bis + Ві m=O | - 
we have | Qin ge Bj in + din È Bias + ain É ВЕ ,=0 
Using (17) this can be.expressed as 
(mn d$ — Aen Фп) at + (Ain Ф; — ajn $x) af (ayn $m— Ama $3) à; =0. 
Whence, contraction on i & j and summation over these indices yield 
(N —2) (amn Ф — ара Ф) =0. 
Hence, for N > 3, amn феа, $m 
whence, using (i) we get | | E 
amn E” $4=0, 


But dmn 2750 by assumption. So, Ф, =0, that is, $ is a constant which is 
contrary to our assumption. = азл 8e Ss 
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Hence, we deduce the following theorem 1 
Theorem 2: There does not exist in ап AG{#K,} an affine motion generated 
by a special concircular vector field £* given by ү; 4 =ф (х) ðf ($beinga 
non-constant scalar) if a;n £? р 0. 
Case II : 
In this case, we have form (17) 
Amn Фе = Ann Pm 
So, amn £^ by = apn E” Om 
Since $4540, it follows that 
апа Ё" = B bm 
for a suitable scalar function џ. 
However, according to (i) we have, 
amn E^ £^ —0 
whence, A =0. 
Consequently, from (ii), (iii) we have 
3% +4 = 0 [ since Ф 0 so с50 ] 
Whence, ф= – 5 d= —& (£t 8,). 
Hence, we deduce the following theorem : 


Theorem 3: There exists in an AG{#K,} an affine motion generated by a 
special concircular vector field £* given by V; = (x) ði if aj, &' «0 and 
then $ (х) = —$ (c! fi). 


5. Affine motions corresponding to a recurrent vector field : 


We now consider an affine motion generated by a recurrent vector field £*. 
Then V,£'—4; (x) f where 4, is not a gradient vector. 


In this case (8) becomes 
C. Vm В, + (Vn C-C fmm ai) Ві, 
— Vn £ . Vi Bh = dn & У, Bi, Ф. C. Bf,, (using (7)) 
Hence, 


VaBi =i [$n C-Vin С + C Bm + B atm] Bii, C#0. 
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This shows that the space is:a recurrent space of first order with 


2 [4m С- V& C + C Bm + а], C#0, as its vector of recurrence. 


In this case the condition (2) becomes 


(18) Et Vy oy +E 4; = - Bf, e 

Multiplying this by £ and summing over k and using Bi, £^ El =0 we get 
(19) Vedi t<d;=0 [Sine g 40] — 
where a= Ek ppe 


Contracting i & k in (18) we get 

Bye & = 4 4, + £ Vy Ф; which reduces in virtue of (19) to 
(20) B; = 0. 

Again contracting i and / in the Bianchi’s identity 


Bj, + Bi, + Bi = 0 we get 


(21) Bin- Buy + 5, = 0 
Using (20) we obtain from (21) 

(22) Bj; & = Bh, & 
Again contracting i and j in (2) we get 

Q3) Vit + Bh, E = 0 
From (22) and (23) we obtain 

(24) Bi; df—— V, « 


Contracting i and 1 in £ Bj,, =0 we get 
O=£ By, = V, Buy Bis £6. 6; Bjit£* oy 
or (25) CBj;,-$,. Vx «—0. (Using (20) (24) and (71)) 
Multiplying (25) by $f and summing over j and using (24)-we get 
—C.Vy«-«. Vy, € that is, (C--«). Yy «-0 
Therefore either (i) С+<=0 or (ii) V,«-0 
In case (i) «540 because C0, Hence from (25) we get —« .Bj,=¢; Vy < 
Whence 


(26) В,к= — $n < where “=t VE ©. 
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In case (ii) it follows from (25) that B,,=0. 


Hence we can state the following theorem : 


Theorem 4: [ап AG {°K p} admits an affine motion generated by a recurrent 
vector field £? given by V, &*=9,(x) é (Ф; not a gradient vector field) then the 
space is a recurrent space of first order and В,, £^—0. Further the Ricci tensor 


B, ; is either identically zero or is of the from B,,- – ф; <; where <; - V; X. 


Again, differentiating (18) covariantly, we get 
(27) & Ve Vy dete € Vu Ф;+Фь E Ve Ф FE фу Ve Putty Фь be € 
—-Bj,, be € - E Ve В), 
Also, differentiating (19) covariantly, we get 
(28) £* V, У, bithe & Vi by toy Vette V, ф,=0, 
Contraction on i & k in (27) yields 
E V, Vy baths E Vy Ф FX Ду Фф E Vi pitao di 
—B,, £ 4$, £ A, By, 
Combining this with (28) we get 
(29) —$, Vi «Fé, & Vi pita $; Ф 5B, E Ф HE V, Bye 
Again, covariant differentiation of « — £* $, gives 
Et Vié,- Vi 4-44 Vi KS Vi 4&-«.d,- ` 
So (29) reduces to 
(30) B,,£'. Ф, V, B;,=0 
Differntiating (30) covariantly, we get 
(31) ét $, Vn Bye + Bye É Vm 6i + Bye Фф, bm + du ё Vi Bj, 
+ & (aim Bj i +В V; В;,)=0. 
Again from (30) 
(32) Bj, Ф; méton & A; В,,=ф„ (By, Et $, +6 A, By] =0 
Hence (31) reduces to 


Et $, Am By, + (Gm + Vn Ф) Bjs & + & Ba V; Bay = 0 
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Using (32) we get from the above condition | 
(33) (amt Vm ФФ; Фъ— Б Фу) В;, §*=0. 


Since B,, g'=0 (by (20)) the tensor amt V ¢:—¢0 $& — B, Ф; may be 
equal to zero and may not beso. However, we suppose that 


(34) aiu Am $1791 Ф Ва $10, 
Hence, £! amt E! Aq Ф,—<& (65 Bg) 
ni (Aim Vn Ф, —-$, $m — ВФ) =0. 


Therefore, the vector of recurrence 


Ks [$m C- Vm CHC By £ au] 
eg lh» (C + 2) + Bm (C + )- Vs (C + «)], C#0. 


By virtue of case (i) i. e. C + « = 0, Km reduces to 
(35) Ky= — $m 


Again, by virtue of case (ii) i. e. Y, «—0, Km reduces to 
(36) Kei [#m (C + 24) + f (C+ )- V, С], Су. 


Hence, we deduce the following theorem :— 


Theorem 5! Ifan A С {°K} admits an affine motion generated by a recurrent 
vector field £* given by V; & = ф; (x) & (Ф; not a gradient vector field) then 
the space is a recurrent space of first order and B}, £‘ = 0. Further, the Ricci 
tensor B,, is either identically zero or is of the form B,;= — Ф; 4;, where 


<; =; у; <. In the former case, the vector of recurrence of the space is — $m, 


while in the later case it is d [Фи (C + 24) + Bm (C + X) - Vm C], C0 pro- 
vided dimt Vm Ф — $1 $n — Ва Ф = 0. 
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ON PARTIAL DIFFERENTIAL OPERATORS 
FOR F(—n, $; Y; 2) 


SARAMA DAS 


1. Introduction: In the application-of Lie algebra toa special function it is 
usual to find two operators (called the generators of Lie algebra) which raise 
and lower the index (or parameter) of the special function under consideration [1]. 
The object of this paper is to present two partial differential operators, viz. 


-1 д = д = 
= x(1- a С. 1.0 L — yut 
A = x(1—x) yu xyzu Toy Э уи 


= -1 a, -1 uwi? v1.0. -1 
В = x(1—x) yz u ay ОТ АУ 2 Эу хун з a + yz au 


-(1—x) yz ut, 
such that A raises the index п and at the same time lowers the parameter y of 


F(—-n,81v1x), while B raises the index and lowers both parameters 8, у of 
F(-n,B;vix)atthe same time. 


In other words, we have, 
(1.1) A[y*z& u? F(-n,8;»1x)]2(»-1) р" zu?” F(-n-1,83»—1; x) 
Bly” z? u* F(—n, £1»; x)])-(»-1) y"*1z97* y'7* F( -n—1,8—-1j1»—1;x). 


The extended forms of the transformation groups generated by the operators 
A,B are given by 





и+ау 
(12) exp (@A) f (x, p, z, u)= s Fo Es n eto) 
zu-r by (1—x) yzu 
exp (bB) f (х,у, z и)= — у ai | I TE, y" 


, 


Zu— bxy „zt (1- 2), 
ou zu — bxy 


The introduction of such operators for F(—n, 8 ; У; x) helps us to derive 
the following generating relations : 


аз) 1-0" (1- х2)- °F (- n Bs 74x poe =) 


-> Cr De P (Lm, Byy—mix)t", 


meg 
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where |: | < min (t, | x ] 71). 


(L4) (t--xr)87?-* (1--£(x-1)*7* F(-n, 8;v 3 x+xt (x—10)) 


- С» is r4 n F(-n—m,8—-m;v-m;x)t" 


m=O 
where x1, | ¿| тіп (| x |73, | t—x | -2,] x] -*[1-x |) 
Furthermore, we have proved the following general theorems on generating 
relations for hypergeometric polynomials F(— n, B 1 » 1 x). 


Theorem I: If there exists a generating function of the form: 


F (x, j= > a, F(—n, 81» —n12) t^. 


T= 0 


- Then, 


(1.5) > F (=n, 63-13 x) e, (y) t". 


703909 


- E 1—-t yt 
4-1 zm B EL LH 
—(1-t1) (1— xt) P(e xj] 2), 


where 


(= yd Du. 


on (9) = a, CET 


kao 


y. 
Theorem II: If there exists a generating function of the form : 
F(x, y, => ay, F(—n, В; -n ; x) Bn (у) t" 
fie O 
where gn (у) is any arbitrary polynomial, then, 


(1.6) = F(-n, В; Y-A; х) op (у, 2) 1" 


` ma 0 


=e - Bioy ut 
а-о а-и к пы,» ү] 


where, 


On (y, 2)= У, , ee gx (y) z*. 


кыо 


On Partial Differential Operators For F(—n, B ; Y ; 2) 


Theorem III: If there exists a generating function of the form : 


G (x, = У a,F(-mBivix)t*t--— — 


= 0) í =.) 


then, 





ал) (1-3) (1-2) G (xE, и) = „йу 


tlm 0 
where 
"n 


On (x, д= Dar E Dee F (n ВуУ—п+ К.) х) DO 


kmo in 


Theorem IV: If there exists a generating function of the form : И = 


F(x, j= > a, F(-n,B-n;y-njx) t? 
n=O 


then, - 2 ре». min к n s e 


(1.8) $e n,B—n1y—n5; x) o, (y) t 


n= o 


^4 


= ee Te Fern G- 1), petits) | 


1+(x—Del* L. 


iud 


Me 


Theorem V г If there exists a generating fanction of the form: 


F (x, 9,0) = Ў an F(- m 8- СЕС г 


med ~ 


where gy, (y) is any arbitrary каны! of y, then, 


(1.9) $e m B-niy-n; 3) 04 (993) 


nag 


= (14x08 (+ G- D 977 F [etap LEND 


1+(x-1) 


4, 
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where 


ол (У, 2) Pp k ortki Dasr £x (p) 2* 


Theorem VI: If there exists a generating function of the form : 


G (x, = а, Е (п, рузх) а" 


nao 


then 





(110) (1+ху)#—* (1+ (x-1) y)7* О|х+ху (x-1), ZS) 


© 


= > eg (x, t) у", 


9-0 


where 


(- (+1) = À PET * Г 
On (Xt) = > FETE Flom B-mbk ; v-n+k; x) t 


2. Derivation of the operators : 


We know that F(— n, 8, v, x) satisfies the following relations : 
(2.1) 4 F(-n, рууда (153): (Bx 7D F(-m B1 912) 
+(¥-1) F(-n—-1, By 7—1] x)] 
(2.2) 4 (=n, By vy х)= x *(1—2)7* [[x(8-n—-1)—-»- 1] F(-2;81 yj x) 
+(v-1) F(-n—-1, 8-13 »-1; x)] 


Let A=A, T + Aas д poo 2 -F A, 2 Т Ao be an operator such that 


A[y” zê u” F(—n, В; » ; x)J=an Ри 28 uy'*tF(-n-l,8Bi»—-1jx, 
where each A, is a function of х, у, z, и and independent of n, f, y and a, is а 
function of n, B, y but independent of x, y, z, u. With the help of (2.1) we have 
(2.3) Aly” 2? u” F(—1,817 1 x)] A, x *(1—x)7* y" ze u” (Вх -у —1) 

F(-n,817;x) + (7—1) F(-n-1,8;5»—1;2)) + p^zPw F(-n,Biv 5x) 
. {Aa ny7* + A, Bz7* + A, иі + Ao}. 
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In order to make the coefficients of F(n—1,8; » —1, x) у" zP uv 
independent of x, y, z, и, we choose A, =x(1—x) yu^*, so that (2.3) reduces to 
Afp" 22 uv F(—-n,B;v1x)]o(v- y?*1 28 uv? F(-n-1, Bj y-14 x) 

+ [(Bx—»-4-1) yut + Ag пух + A, Bz7* + A, yum? + Aol 

.p” zzu*F(-n,Biv 1x) 


In order to make the coefficients of у" zê u” F(—n, B1» 1x) zero we choose 
A.=0, A= —xyzu t, A,=y, A= – уи. 


Thus we get 
-1 0 -1 0 д А 
24) А = x(1- 12 — zu"! .9. y L — yy 
(2.4) x(1—x)yu ac WA рае yu, 
for which 


(2.5 A[p"zPw F(-n8;v;x)e5(»-1) у" z? uv: F(-n-1,8;»—11x) 
Similarly, we have on using (2.2) 


- д 


= -1 0 = -1 0 
2.6 B = 1-х} 1 1v. 2 1 1 Кд 
( ) х( x)yz u + ху? 2 и = xyu 


+ угт? 2. - (1-х) yz t wt, 


for which 
(2.7 Bly" 22 uv F(—n, ВУ; x)] 
= (y—1)y"*1 28-2 yr? F(—n—1, B-1$ 7-15 x) 
3. Extended form of the groups generated by A and B: 


Let 4, (x, у, 2, и) be a function such that A¢,=0. Then on solving 
А ф,=0 we get a solution as $,— yz^* u(1—x), so that A reduces to 


A’ = x(1—x) yum 2 — хуц! 22 Ty x Thus A=$;* A’ à, 


Now let X, Y, Z, U be a set of new variables for which 
(3.1) A’X=1, A’Y=0, A’Z=0, A’U=0, 


that A red 2, 
so a reduces to ax 


Solving (3.1) we get, a set of solutions as 


i-x x 
X= 4 Y=; xd ums $e 
р’ » Z 2? (1—x)u’ 
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from which we get 


2 RYU d or 
sxo 7 


Then 


1 " 
züzxyoy “ХҮ 
e*4 f(x, У 2, и) = фт? (х,у, Z, u) е [Ф, (х, у, 2, и) f (x, y, z, u)] 
4i д 
=Ф;* (x, y, z, u) exp (a-2-} к, (X, Y, Z, U) 


=фү® (x, у, 2, u) 81 (Х+а, Y, Z, U). 


On calculation we get 











3.2 a4 ; =U- utay zu jd я 
(3.2) e%4 f (x, y, z, u) ra ЙЕ ул! y, CIS uta] 


Similarly, Вф,=0 givesa solution $,—x? yu^*, so that B reduces to B' 
and В-=ф51 B’¢,. For the new set of variables X, Y, 2, О, such that 
(3.3) ВХ=1, B'Y-0, B'Z-0, B'U-0, 
which gives a solution as, - 


_Z+XY¥?U | -Z , _ XY? U4Z 
ЛЕНУ 08 | у= XYU ,z—--XYU,u Xi Yi gi 





Now 
et f (x, y, 2, и) = p3} (x, y, Z, и) e"?' (6 (x, y, 2, u) f (x, р, z, и)] 
Thus | 


ba CAE NES zu--by (1-х) — yzu | zu—-bxy 
(24) e? f (x, y, z, u) ami l TE ee, 


Zu--by (1-x) 
u —— j’ 
Zu — bxy 


4. Application of the operator А”: 
I. First we notice that 








B 
1) eu [уз 28 yy ЕС = уһ zu | y 
(4.4) е [y^ 2? uv F(—n,837 1 x)] io bua (u+ay) 





-1 -8 ' 142 
epe) (42x) (вон в), 
5 14-——x 
д с ; u 
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On the otherhand, DRE EN 


= а" E 
(4.2) e*4 [y^ zo. Е (-п, В; у; M=> -4 A" [y^ 28 uy F (—n,81y i x)] 


m=O _ 


= Е 1)" (-74- D), y^*" 22 иу F (—n—m, B; у-ту х). 


mag 





Equating and using the substitution 2 =t, we get 


=A- = -B — fy: 1-/ 
(43) (1-2-2 (1-0) d nBirixq-L) 


m=0 , 


= У Ce Dm F(-n-m, 8; ym} x) m р 


where | / 1 < min (1, | x | 73). 


Now making use ofthe relation (4.3) we shall derive the following general 
theorems on generating functions : 


Theorem I: If there exists a generating function of the form: 


F(x, )- У аһ F(-1,81»-ni1x) t^ 


n=O 


then 


(44 Ў F(-1, 83 7-15 x) oa (0) 
nmo 
1- 
where ; - "JU 


Е-+-1)»-ь 
а (у) = Sa бза SB t ee yt 


k-o 


= 1-: i yt | 
={1—Д”-®{(1—эзд)-858 y ) 
(1— 0771 (1— x) F(x La rl 


Proof: We have 
> F(-n,8;»—n;x) o, (y) t^ 


"-0 


2 mn 
E > * Cre Deck y F(—n, By y—m3 a) P" 
520 k=0 $ 


` 
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= > a (on? D СЕ) poa nk By y-n-kix) t 


k=0 n=0 





=(1—)7-1 па) Say F F(- k,Biy-kix 425) ( m ) 


k=0 





= E 1-1 yt 
-(1 у-1 B vr d oie 
=( 5p (1— x£) F[s jew ig |. 


Theorem II: If there exists a generating function of the form : 


F(x, y, => a, F(-n,8;y-niyx) 8n (y) t? 


0-0 


where 2, (у) is any arbitrary polynomial, then 


(4.5) > F(-n, B;v-nj x) Oy (y, z) 1" 


^=0 


(10у -x- "rs 1— =,» ih) 


where o, (y, => an CE pss. gx (y) z* 
k=0 ы 


Proof: We have, 


>, F(-n, 8; y-n} x) On (0, 2) tn 

n=0 
= Ѕ x (—yT kc lai k 7а E % 
225 (n-k)! gx (У) 2 F( п,В;у n;x)t 


>S ay gx (у) (zt)* Y cre. УЕ) F(-n-k,Byy-n-k3x)t* 


k=0 n=O 





-(1-2v1 ni £x G) F(- B: vix 127) (27 | 


k=0 


-(ü-9r3 (1- xt)" P(x iE, y, i5 
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П. Next we shall use the operator A to derive another general theorem on 
generating function. 


Theorem III: If there exists a generating function of the form: 


G(x, )=> ay, F(—n, B3¥ 3x) 1" 


n=O 


then 


(4.6) Q-5»7* (1=2p)-# G(x 





1-y ) = < n 
I? 2 On (x, t) y 


where 


f > 
в (х, у= > ay DA F(-2,817—-nk; x) t* 
< 


Proof: We have, G(x, д= > а„Ё(—п,8;У;х) f^. 
n=O 
Replacing ¢ Бу ty and multiplying both sides by z’u’, we have, on 
applying the operator e^4 to both sides, 


© 


е8 [G (x, ty) 28 uv] = ex a, F(—n, 8 3-7 3. x). 1^ у" z? «| 


nao 


The left member becomes 


me (x ay" o) Cz 








и+аху ° (u+ay)”. 


On the other hand the right member becomes 
2 dp t? roe А" [y^ 28 y» F(—n, B 1712)] 
тео meo wee 


© 


de һ (7a). = nim „В „уп EI ye il 
an P 5 (OLH Dm yn zP un F(-n-m, Byy-mi x) 


neo med 


© © 


=>; > аһ-т E067 (a (-?--Da y^ 28 иу F(—n, By ¥—m; х) 


nug m=O 
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25 y* 5 An—m (2t Da F-n, 8; Y—m| x) ка|" 28 uw 


5-0 mag 
Thus 
- ч 142 y : 
(1+2) (i xy) СЕ ЕЕЕ £t) : 
u u a ч 
l4— xy 
u 
=> On (x, t, u) y^, = 
nmo - 
where 


< - 1) m А а nek 
On (x, t, и) = ay Cr Dae F(—n, By y—n+k 3 x) th —— 
х (n=)! | < 


Putting — = 1, we get 


757: (L-ay)-* G(x EZ, ty) = San ду", 


n=O 
where 


аһ (x, = рр is CH F(-n,8B1Y—n--k | x)t*. 


5. Application of the operator ‘B’ : 
I. . First we notice that 


ъв [y^ „8 = ve = 2и yzu ^ | zu-—bxy |? 
(5.1) e [ут zf u F(—n, 817i 3]-— E57] [zh 


fu Еа | "(^ 8:7; х zutby 073) . 


On the otherhand, 


(52) ез» [yt 2° wy F(-m 8575 x)]= D iy В" ут zu Fn B37 52) 


meo 


-> i-m. (-¥+ Da yt" дв" и" F(-n-m, Вт}? т ; x). 


mag 
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Equating (5.1) and (5.2) and using the substitution — =t, we get 


(5.3) (U4-x0)877? (1—14-xt)v71 F(-n, B5Y 5; xxt (x—-1)) 


=> C24 Du F(-1—m,8—m;?-m;x) t" 


т=0 А : 
where |z[ 4min(Ix|7t5,]1-x|7*,1]x|7*] t-x171). 


Now making use of the relations (5.3) we shall derive two new general 
theorems on generating function. 


Theorem IV: If there exists a generating function of the form : 


F(x, )=> аһ F(—n, B-n3y ¥—n jy x) 1" 


naO 


then 


(5.4) > F(-n,8-n; у-ту) On (у) 1% 


n=0 


= (Lai) (obey Fees е Ecco 


where S dee 


= (- "n -k yk 
on (У) х^ C pe y 


Proof: We have 4. = 


> F(-n,B-n;Y-nix) e, (y) " 


^ , ANA 
-У a, СЕ ъв ук F(-n,B-ni*—n|x) t" 


nwo k-0 _ ue M ; А ысыр, 
-Ša (- atthe Ep -k,B-n-kiY-n-kix) 
k=O - PT 


Б Ушу Зн rca k-n,8-k- ates -k-n;x)rm 


^ kao n=O 
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D 


= (14x) (L0 (ext). D as F(-k, ВРЕ хх (x 1) 


kag 


pt (1+хї) js 
"l1-(-0:X 


= (1х0 f- 7t xt) F[xext (x-1), = wee | 


Theorem V: If these exists a generating function of the form: 
F(x,y, j=) a, F(-n,8-n1Y—-nix) Za (y) t* 
nmg 
where ga (у) is any arbitary polynomial, then 


(5.5) >, F-nB5-niv-nix) on (y, 2) f^ 


nmo 


= (14-xi)7* (1-2 t+ xt) F[x-+at (x—1), p, E n g . 


where, 


n 
On (Y, => а; EE eck gx (9) 2% 
kno 


Proof: We have ` БИ 


ъ= 0 


> F(-n,8—-ny?-n|ix)o, (р, 2) 1" 


eo 


5 
= У Oma р, (9) 2t Fn, Bony Y=n } x) и 


neo keo, 


= D ay COCHE Di. g, (y) ze m F(-n-k8-n- ki yn ki x) 


mimg 
=> ay (zt)* gy (y) bi СЕЕН. 
куо nag n 


.F(-n—k,8—n-k4Y—n-kix)t 
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= (146 х1) 27У (1-14 xt)’ 2 ay gx (у) AES. 
.F(-k,8-kjY-k;xtxt (x—1)) 


zt (1+xt) | 


= Boy (1— = IY үче” Чү 
(14- xt)*7* (1—t--xty7?. Е|х-+Ех(х—-1),у, IT (x-1t: 


П. Next we shall use the operator B to derive another new general theorem 
on generating function : 


Theorem VI: If there exists a generating function of the form : 


G (x, j=> a, F(-n,Biv 4x) г" 


nad 


then 


(5.6) (1++ху)#77 (1-y4-x)'7* о(х+ху (x-1), 


-> аһ (x, f) p^ 


n=0 


Tes) 


where, 


on (x, t) = PL "Ede F(—a4,f—-ntkyy—nt+k 5x) t* 


Proof: We have 


G(x, д= > a, F(—n, 83% x) i? 


nao 


Replacing ғ by ty and multiplying both sides by zf и”, we have, on 
applying operator e^? to both sides, 


&*? [С (x, ty) z? u"] =e? p a, F(—n,BiY 1 x) t^ y? 28 ur | 


neo 
The left member becomes 


T 2и зиро)" [н zu+by (1—x) ]* 
zu+by (1— x) Zu — bxy 


Кс Zu-- by (1-х) tyzu 
[= “zu ° zu-bxy ] 
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On the other hand, the right member becomes 


€ 





[F(—n, 83 | x) i* y* 28 u] 


n-0 m-0 
=> > аһ 1" ACEPUT (pe F(—-n-m,8—m;v—m;x) 
pmo meo т 
ynim 28-т цу" 
- У > anem [m (Y+ Dn (-b)” y? g8-m ы?" 
= ! 
nao mmo m 


.F(-n,B-mi Y-m3x) 


eo % 
=z? yy Ээ" У dop аданы: yel). tthe Aa 


nag ma g FEN 
F(-n,B-miY—m]| x) i7? 


e 


=z? цу > On (x, 1,2, u) y^, 


neo 


where 


on "TP. as Dn P Dn 7 )" F(- nj B-m;?%—m; x) i” 


kao 


-5 dy кд (- m F(-n, pe -nEkjyY- NEREA) АА (3^ 


Equating and using 22-1, we get, 


(1+ xy)*7* (1- y -Exy)"^* С|х+ ху (x-1), ES "EA 


о 
=> On (х, t) у", 


n~o 


where 


on (5 )= NUM F(-n B-n-kiY-nk рх) £* 


вто 
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ON A PAIR OF GENERATING RELATIONS FOR SOME 
SPECIAL FUNCTIONS FROM THE VIEW ОЕ. 
LIE-ALGEBRA 


Asir KUMAR CHONGDAR 


1. Introduction : Starting from the infinitesimal operators R and L, the elements 
of Lie-algebra for a particular special function, which raise and lower the 
indices of the special function, we can generate the finite operatore (exp a R), 
(exp 6 L) of the corresponding Lie-group. Now since any element of the said 
Lie-group operates on the function in the following ways: 

(1) it shifts the argument of the function 

(ii) it produces an infinite sum of functions with unchanged arguments 
but with shifted indices, 
the desired generating function can be obtained by equating the two results. 


The composition law 
(exp aR) (exp bL) = exp(aR + bL) 
will hold or not according as К, L commute or not. In case when [R, 1.];50, 
we shall operate (exp aR) (exp bL) and (exp bL) (exp aR) successively on the 
function concerned in order to derive a pair of generating relations for the 
function. This method was already suggested by S. K. Chatterjea [1]. 


The object of the present paper is to follow the method of Chatterjea in 
order to derive a pair of generating relations for the Laguerre and Bessel 
polinomials seperately from a different view point. 

2. Laguerre polynomials : From the second order differential equation 

xD?*y + (1+4—x) Dy + пу=0, (D = d/dx) 
for the Laguerre polynomials, we notice that 
(2.1) RIPE (х) у = - Lt (x) р 

LL (а) 7 = (п + a) LE (x) у, 
where 

д -1 д д 
И) R =; ——— — у, L = 1. — qe cd 
(2.2) d c xy ox Oy 
and [R,L]- 1 ie, [R,L] 0. 
6 
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(2.3) 
(2.4) 


(2.5) 


(2.6) 
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We shall now apply the operator (exp aR) (exp bL) to (L™ (x) у). 
We have 
(exp aR) f (x, y) = f (x + ay, у) 
(exp bL) f (x,y) = e у (2 OEP), y). 
Thus we get 
(exp aR) (exp bL) (100 (x) y*) = e7*" (y--b)* LC? (to) 010). +ау : orb) |. 


On the other hand, 
(exp aR) (exp bL) id (x) »*) 


== oe Se B? (nd pH D, yt? ШД*-®+® (x), 


meo 


Equating the above two results we get 


(— ай" 24 b? (n--4 —p-- 1), pe? L&-9*m (x) 


т" 0) 


= oe (b+y)* LY | aa. (2+6) |. 


Next we shall apply the operator (exp bL) (exp aR) to (LC? (x) у“). 
First we observe that 


(exp bL) (exp aR) (Lt? (x) y*) = e7alutd) (y+b)* Lis) (rem wt). 
On the other hand, 
(exp bL) (exp aR) (159 (x) у) 


= E: i-o» 2s Las (п1++&+т—р-Е1)„ yr? Listm-2) (x), 


m= 
Equiting the above two results we get 
2] 
m "m vi 
(can? > Ir prem p 1), y“? Lemon (x) 
pmo p 


m! 
meg 


= geutb (y4-b)* tet (x-ray) o 
` n y . 
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It is interesting to remark that in particular when b=0, both the relations 
(2.5) and (2.6) reduce to the well-known generating relation [ 2, p 373]: 


о 


nm 
(2.7) IBI Lj" (x) = еу L® (x-y). 


mag 

Thus the pair of generating relations (2.5) and (2.6) can be considered as 
the extension of (2.7). 
Bessel Polynomials : From the second order differential equation : 

x?D*y + (ax + 8) Dy-n(n--«-1)p = 0 


for the Bessel polynomials, we notice that [3] : 


д a д x? 9 nx—p 
A = aes Sees _ А =a. XLI E 
(3.1) Е = xy ax Ty ay +(a-Dy, L 3 or 2 


and [R, L] =—-8 іе. [R, L] = 0, 

such that, | | 

(3.2) К(Ү К (х) y”) = (п + «-1)Ү + (x) p***, 
B (ҮГӨ (x) p*) = 8Ygon (x) ут. 
We shall apply the operator (exp aR) (exp bb) to (YS) (x) y*). 
We have eT 

(3.3) (exp aR) f (x, y) = (1—7ay)7***. f (x/(L—ay), p/(1— ay) 


Q4) (exp BL) f (x, у) = (1-6]" erem у (59. y]. 





Thus we get, ka 
(exp aR) (exp bL) (Ү © (x) у") 
= (1—a0y1-*-9 (y руу" perm gb8B(-ag)ty y CO ху 
(1—ay)17*7^ (у – Бх)" у<% е Ү т ina 
On the other hand 
(exp aR) (exp bL) (Y$? (x) »*) 


$ (BB) a^ 


LI PHAP- Da Yen ttm (x) pem, 





9-0 mmo 
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Equating the above two results we get, 
(3.5) (1—ay)17*7* (y — bx)" еа YO (xy/(y — Бх) (1—ay)) 


NS (bg)? 


p! p (п+<*—р—1)„ ү-н (х) yoratm, 


pmo т=0 


Now we shall apply the operator (exp bL) (exp aR) to (Y“ (x) у"). 
First we observe that 
(exp bL) (exp aR) (ҮҢӨ (x) y^) 
= (1-ау)*—*—* (y — bx)" y*7* etf ҮСӘ (xy/(1 — ay) (y — 6x) 
On the other hand | 


(exp bL) (exp aR) (YS (x) »*) 





= -E -BAP (nta D), YeD (x) унт, 
m=0 2-0 DE de : 


Equating the above two results we get, 
(3.6) (y—bx)" (17 ay)1-*7" e*?!v YUO (xy/(1—ay) (y— bx) 


o 


2 2 ZOOM. (n--& 1) 9-9) (x) ута, 


1 [v 
p=0 meo me wp 





Notice that in particular when b=0, both the relations (3.5) and (3.6) 
reduce to the well known generating relation [4, p 50] 


om eye m ccc gems 
mag 


Thus the pair of generating relations (3.5) and (3.5) can be considered as 
thé extension of (3.7) 


I am thankful to Dr. S. K. Chatterjea for his constant encouragement. 
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ON ORDER AND TYPE OF AN ENTIRE FUNCTION 
REPRESENTED BY DOUBLE DIRICHLET SERIES 


R. K. Das 


1. Introduction: The growth properties of an entire function represented by 
Dirichlet series in one complex variable have been studied by a number of 
mathematicians. But the study of the growth properties of an entire function 
in several variables represented by multiple Dirichlet series has not yet been 
done adequately. The main purpose of this paper is to extend the concepts of 
order and type of an entire function represented by Dirichlet series in one 
complex variable to an entire function in two variables represented by double 
Dirichlet series and to express them in terms of co-efficients and exponents. 
We also construct some entire double Dirichlet series with given pair of positive 
integers as an order point and with given type and discuss the convexity of a 
few sets involving the order of entire double Dirichlet series. 


Consider the double Dirichlet series 


(L1) Лз, за) = D ам, EXP (5)-F satis) (5; 05 irj, j=1, 2) 


fiim 1, 
where amn € c, the field of complex numbers, 1s, Hy's are 
real, OS à, <А, < ...... <A OO, 0 € un, <и, <... < us о. 


A. I. Janusanskas in his paper [4] had shown that if 


(1.2) liml98 "9 Jim 108 29 

moo Àm mo fn 
then the domain of convergence of the series (1.1) coincides with its domain of 
absolute convergence. P. K. Sarkar in his paper [5] had shown that the 
necessary and sufficient condition that the series (1:1) satisfying (1° ) to be 
entire is that 


; log | amn | 
1.3 —LUma = o0, 
пз) EUM Amt n S 


2. Definitions and notations: We indicate the elements (Sı, Sa) 
(Res,, Resa) etc. of c? by their corresponding unsuffixed symbols s, Res etc. 
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For (p, r) є R? (2 dimensional Euclidean space) we say that, 
(0 pers p; <г;,ј = 1,2 

(П) p<rep<rbutpyrr 

(H) p&r ep <7y,j = 1, 2. 

Let F stand for the family of all double Dirichlet series of the form (1.1) 
satisfying (1.2) and (1.3). Then f « F denotes an entire function over c?. 

Corresponding to a f є F we define the functions : the maximum modulus 
M=M, and the maximum term =g; on R? by 

М(о) = M;(c) = max { | f(s) | : s e c°, Res = о} 


ula) = u;(co) = max {| amn | exp (o1, + Calin)} 
(nn) eN? 


where N is the set of natural numbers. 


We define the product order and type of an entire Dirichlet series over с? 
ín the following way. 


Let fe F and P, C К? be the set of points < e R? such that for every 
< є P, there exists a 0° = (o9, o2) such that 

log M(c) < exp (0,4, + oaa) for о 2 o°, c e R? 
The closure P, of the set P, is called the product order set of f. The boundary 
86Р, of the set P, is called the product order of f. A point рє dP, is called a 
product order point of f. We say that fis of infinite or finite product order 
according as P, is empty or non-empty. Evidently for any 

Pe8P,, P 20 = (0, 0). 
For brevity hence forth we shall call product order simply as order throughout 
this paper. 

It follows from the definition that the set P, satisfies the following 
condition : 

<Р, then {x : «' eR?, «' >> 4} C P, and 

if xe 3P, then («': «' eR?, < << 4} P = ф 


Next let us take an order point p (>> o) є Р; and denote by T, (P) the 
set of all T e R such that 


log М(о) < T exp (0,0; + 940.) for ez 000), ocR? 
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Then the infimum of the values of T for which the above relation is satisfied is 
called the type of f w.r.tthe order point P. fis said to be of normal type if 
type of f is finite and > o and of minimum type if type of f = 0. Also, f is 
said to be of infinite or (max) type if T, (р) is empty. 

Theorem 2.1: Let fe Е. Then ро = (0,, 0,) е R3 is a product order point 
of f if 


lim sup 


М, 1 [^ 

n à "n-lo 

Py 108 An + Ps tm 
cda —log | amn | 


= 1. 


Proof: Let us suppose that 0<« < 1. Then we -have two sequences {Мм} 
and (u,,] with mp > o» as p — oo and n, > оо as q -> œ such that 


log | amn | > —(1—¢)72 e» log 44-"* log n, Mor m = m and п = ng 


Since the inequality M(o,, og) > | amn | exp (о, + Calin) holds for all 
3,, бз and m, n it follows that for all c, and сз and m = m, and n = n, that 


log M(o,, оз) > log | amn | + Cùm + Oslin 


2-(t-9) р log MEER log А + ом + бщ 


= zo. — (1—е)-1 log ы + aa [oap —-(1- €)" log ua 


Taking o,p, = (1—e)~* log (e №) | 
баб» = (1—е)”® log (e п„) 
we have с,0, — (1—9)^* log X, = (L-e): 
© саба — (1—9)71 log us = (1—е)® 
and е1 @—) ш, Ха 


е?аРа (1-9) =e ln 


еб1б1 Geo. da d ебаРа (1-9) Mn 


eP, Р; e Pa Ps 


еб101 (1-е) еба? (1-9) efi (1—e) 


Ы 1 M , 750 fi. 
“, log M(e,, оз) >. ер, (l-e) T e Pa (1—*) zi e P, (1—«) 
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log log M(a) > 9,/, (le) 
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— leg [e P, (1-9)] 


. leglog M(s) > 2,0, (1—*) _ log [e p, (1—)] 
суру + сар» 90; + стаз 01P4 + 05s 
lim sup log log М(о) lim sup сур, (1-е) у 
(1,93) ос SPa + стр» (т\, 74) 0,0; + сара (See [t]) 
(A) 
Again, we see that 
2^ log м + 58 log DER 
———— ————— «Lt: for m > то, n2 n 
—log | amn | o o 
-åm „юм 1+ 
t Am Paip Pa im us] s for m > mo, n > no 
a AÀm = Ln А 
"s [am| < № RÀ. рь P for m > mo, n > n, 


mo 


Now M(o,, оз) < [> 


Del 


т, 


fol 


p bo 


clearly 


» = О[ехр (04i ози) 


>< 


4 Te motl N-RO+L 


t ES Am 
0,(1+6) 


5 


№ 


Timo n»»no 


= > > exp p 


m>mo n>no 


> exp p Amt Фай» — 


momo ть 


e 


$2222 GÀàI 


Femori meh 


Mat 9-301 


| amn | ехр (04 Am+ Celin) 


> T 2 (say) 


by 
Р.(1+є 
| exp (o43Àgd- 0444) 


79 


À 
exp [оа - (t0) (= log №69 log un) | 
Py Pa 


Am 


P, log META log us 


1 HI 
14-2e ( ig: 
Xm log Am n log ty 
Py Pa 

i+2e 


x log мр 1ов E 
аро) 
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(21) < max exp [очаи = (15273 (t Log лаа og ty) 


(xm, Fn) 
Am 
-— 2 jo £? lo 
x € Jl i D 
т>то fino (ESAE 


Since the maximum of the expression 
exp ЕЕ (1+2) (е log dnt 5 log tn) | is attained at 
1 2 


Am=e72 exp {0,0,(1+2«)} and и. -e7* exp {o,/,(1-+2c¢)} and the maximum value 
of the expression is 


exp Pi exp (eo 022 }+ te exp foapa(1 +209} 


< exp [rz eno oio 29) exp esos (12-29) | 


zs 2e) 
where p=min (P4, Pa) 


Since the series on the right of (2.1) is convergent, 
1 
> < А exp (саг) Ue «P. (1-29) +ехр сара(1+2) | 
4 


where А is an absolute constant. 


Further to estimate 3, it is noted that for all values of m and n, Я some 
tive const. k s. t 


log №. Un k. 
—log | amn | 


Therefore, 


<> > exp (encor) - E 2 Eo oa Àm ET новы] 


Ps 
mmo "-1 


=0 [exp (сыш) > [exp (04^ m 2 Ха 108 dal 


р. 
т> то 1 
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«o [exp (tno). pon [exp (ыла ов) 


Рі 


х Sexp [- 430-97: 30308 Ds ов àm 
1 


m»mo 


(kte) 72 An log \ | 


But the maximum of ће expression exp forin- n 
1 


is attained at \,=e7? exp [o,P,(k+¢)] 


Hence bn <0 [exp (сен )] exp [+02 ехр {рн || 


since > exp | 409-97 ма орлы | is convergent. 
r 1 


mmo 


Similarly > & О [exp (rs Ano)| exp pue exp [ора 
8 


Substituting these values of b3 (1 i « 4) in M (¢,, су) 


[1 
Mio) < >+ D+ D+ У 
e^t (k--e)7* 
Py 


«Oo [exp (с. Ао +o attno)| +0 [exp (Palino) | exp [ exp түр, (+) 


+O [exp (wo) exp [eee exp [арак 


+А exp [ries eno (rio 2929) +ехр (rara(t-+29)}] 


1 E 
=A exp frar с, 0: (1-29) exp sapali +20)|} [14-O(1)] 
log M (01, сз) < log A 


+ [exp oP, (1+4+-2«) + exp сб (1+2«)] for a > c? 


1 
ep’ (14-29) 


1 x 
= eP (125) [exp сүр, (14-2c) + exp ть (14-2:)] for c > со. 
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7. log log M (ri, ба) < log a pn + log [és CH9 +. oranti) 
for e > o°, 
1 к А 
« log ер 02) + log 2 , eibi + 2¢) if 0, > Ра. 
,, Jim sup 108 log М (оз, оа) р .. (В). 


(ту, 04) O1P4 + сб» 


Combining (A) and (B) we get the result. (See [2]) 


Theorem 2.2: Let Р > > о be an order point of f and let 7(>0) be the 
corresponding type of the function, then 


1 
2) | аль | е9 i Х|? 


(т, oy) (m, nro e. ез? 0485 
* RA 
ГР 
(ii) т< lim sup | p | dmn | 
(m, n)-- e е 
h Xx (т.п) X= max. (n B) 
MOREE p T» hs 


Proof: Let T > т (20). Then there exists a ceR? such that 
log M(c) < T exp (о,0; +030.) foro 2 с" ‚.. (А) 


By Cauchy's inequality 


M (е) 
| aan | < EXP (1-03) for all с and (m, n) eN?, 
inf. 


"| I< 9:0: t - afa) 
oe Onn с 


. exp(Te 


2с exp (о;л ња). г (m, n d 


which by ([4] Th. 3.4) is equivalent to the fact that 


| e. Т.е? + сы xie Е 


xlP 
| amn | < е” + Tolin 
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for (m, п) e N?-J 


(er: eras + сарат tle 
xlP | 
$ etim + cun 
for (с,,са) > (09, 99) and (т, п) е N*—1. 


1 , 
© X om F Colin xe «eT 2710 + сабз 
+ p | Amn | e 


for (ту, са) @ (c2, c?) and (т, п) є N3—J. 


1 s 


1 


| | amn | grim + р: 
D < T 
e. ePi + TPs 
for c z со and (m, п) « N®—J. 
Since т is the infimum of the values of T for which (A) is satisfied 
Є 7 
А : ; сМ F 93|? 
© „= lim sup lim sup Y | amn | &^* stn) 


US — (съ, са) (m, n) 
e. е°1Ёх + оа 


so (i) is proved. 


1 1 
ius PM ( Or mt aln yx[p - е7101 (еа ud P; ий у 
А е7101 toss] ез? coss : 


X LET (e. 2-0.) 


=e m =e ni 


с.Р. Рз (s- ма) 
=e Nm з Py 
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1 


Tmt Тай» Јр 
найын Lb <i ifX-"» 


Similarly 
errPitTsPs P Р. 


1 


x ЕГА 
lim sup 5! amn | Х | 


(m, п)->® е 


Construction of entire functions with given integral order point and with 
a given type. 


Theorem 2.3: Let (4,, <.) «М? and a«R, be given. Then there exists an 
entire function f represented by a double Dirichlet series such that («,, 4a) is an 
order point and ‘a’ is the corresponding type of f. 


Proof: Let us consider a double Dirichlet Series 
«C fea)! 
Дз, = > (z exp (ms, иа), m—tX,, n— tka 
i-1 
: eal! 
Since а,„а = (©) when т=1{«<,,п=1«% 
=() otherwise, 
f satisfies the condition (1.3) and hence it is entire. 
Now (0,, Pa) is an order point of f iff [?] 
X jog X 
lim sup p log p 


(т, п)  —logl amn | = 


n m n 
: . max [—, —J]log ma (z, A 
ie. iff lim sup А A ee Ps 1 





Pal _. 
i-o t log t —t log (ea) 
t max (s. =) log t max (s. ta } 
i.e., iff lim sup Pi Pa Pı Pa =] 


{Пор t - log (ea)] 


i-o 


max s. 22] [ton t+log max (s. | 





ie. iff lim sup 1. Р, Раі 2 1 
t>o log t [1-19 62] 
log £ 


i.e., iff max G. ze] - 1. 
£4 Pa 
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For given (4,, 4a) «№ there exists an entire double Dirichlet series whose 
order pts. (24, Pa) satisfy the condition : max s. 5») =1. Evidently («,, «,) is 
L 2 


an order point of f. 


Next let us calculate the type of f. corresponding to the order point 
(xis <). We know that corresponding to the order point (0,, Pa) the type т is 
given by 


1 


x | amn | eran teat) хі 
t= limsup  limsup ^ 


(e, 05) — (m,n)- e. ePi RP. 


№ Hs 
э 


Now X-max 
p P, Pa 


| =max per a) =f 


«xi X, 


~j 


t 
| exp (01141 +00) 
S. t= limsup lhm sup tif! 5 0 0 73 
(c, 0,)99 t>o €. exp (14, сака) 


t K exp (е. o3) 7 


= lim sup lim sup =a, 


(01, 0,)-9 {>= 2, eXp (0,4, 0а) 


so the theorem is proved. 


Definition: The set [es xa) 1 (41, 49) є R$, E ij є D, is called 
1. 2 
the reciprocal order set of f є Е and is denoted by руї 
Theorem 2.4: The reciprocal order set 07: of some f e Е is convex. 


Proof: Since log M (c) is a convev function of « [2] so for any t e R2 
and s e В? and any » € [0, 1] Í 


log M (At, +451, Ма аза) < à log M (5, ta) +u log M (s1, Sa) 


where #=1—). 
Now let us take two arbitrary points a and b e p;. 
Now let us set, 
Tili and 5 ubi і= 1,2 


t; = —————— = 
5 Nag + Bb; i Mg + ub, 


On Order and Туре of an Eñtire Function Represented etc. 57 


AT Ay uc,b, — с 


Then М, + Us, = M. Uu "n d ub. 


1i 


Similarly, At, + 655 = Ca 
Since a,b € P;, log M (t, ta) < exp (tb, + taba) for t > to 
and log M (sz, Sa) < exp (s,a, + 55a4) fors> So 
“. log M (c1, оз) < X log M (#,, ta) + u log M (s,, Sa) 
X A exp (tb, + taba) + u exp (s,a, + Saag) 
for t> to 5 ў 5, 





са, Б Talab | cid Talab | 
= x 14491 Sataa — 14,6 28 90g 
a erp (таа. dg + Uba + wexp [7 + ab, Mg + Uba 
for о > o? 








u 
p ba 


Consequently for any л and џ, \ 2 0, и > 0, х+и= I the point 


= di A S Ша i с> 0° 


(> Eo u m. +£) i.e. any point of the segment joining the pts. 
b, bU аа 


(5,71, Бах) and (a,7*, a47*) of p,7* is also in р;-:. Thus 9,7* is convex. 
The above theorem is equivalent to the following : 
The set p’; C P; where ?', = («34 € R2, « € 7j) is reciprocally convex. 
Theorem 2.5: ‘The set ?'; of some f € Е is convex, 
Let a = (a,, dg), = (b,, ba) E P's and let C = pa + qb where p z 0, 
а >0,р + а= 1. Since the set 6’, is reciprocally convex it follows that 


- , Pp j= 
d = (dı, da) € 0'; where 7, 2 p 1, 2. 


Now for j — 1,2 
(c; — dj) (pb; + qa;) = (р? + 4%) (а; bj) + pa (aj + b3) — a; b; 
= (p + q)° aj b; + pq (a; — bj)* — aj b; 
> (р + 9)? a; b; — а; 5; = 0 
which shows that c = d and hence c € /’;. 
This implies that the set р’; is convex. 
8 
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ON BIGROUPOIDS 
M. K. SEN 


The purpose of this note is to characterise a certain classes of monoids in 
terms of the corresponding classes of bigroupoids. 


A monoid is a semigroup with identity. An involution of a monoid із а 
unary operation ¢: S — S satisfying the following axioms 


(1) (xt) =x (2) (xy)*=p'*x? 


A monoid is called a monoid with involution, if we assign an involution 
to it. 


An algebraic system (B, *, o) of type (2, 2) which ís taken into considera- 
tion here, always satisfies the following axiom B. Let us call this system 
bigroupoid. 

(B хо (у ж2)=(20х) жр. 


1. Bigroupoid with identity. 


Definition. An element u of a bigroupoid S is called a left (right) identity 
of S, if it satisfies 
(uy) : u *a—a(ug1a0u—a) 
Lemma 1. Let u be a left identity and v be a right identity of a 
bigroupoid S, Then (i) v * u=v and (ii) v o u—u. 
Proof : (1) veu=(vor) *u 
=y O (и ж у) (Бу В) 
=у0у 
=p. 
(i) vouzvo (u жи) 
—-(uov)su 
=и жи 
=u. 
Lemma 2. Let u be a left identity and y be a right identity then 
а *u-voaforallatcS. 
Proof : а жи=(а0у) *u 
=y о (и * a) 
=p Od. 
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Proposition 1. 


If S contains a left identity u then there exists atmost one 
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right identity. 
Proof: Let v and у, be two right identies. Then 
V. =U * Y, (by uz) 
=(u 0 v) * v, (by ug) 
=v O (р, esu) (by B) 
=p 0 у; (by Lemma 1) 
=y. (by up) 


Proposition 2. 
one left identity in 5. 


Proof : 


Definition. A pair (и, у) is called an identity element of S if u is a left 


If S contains a right identity v.then there exists atmost 


uy 


Let u and и, be two left identities of S. 


=u, ov (by up) 
=U, O (и * y) (by uz) 
=(vOu,) *и (by B) 
=u, * u (by Lemma 1) 
=н. (by uz) 


identity and v is a right identity. 


Proposition 3. S contains atmost one identity (u, v). 


Proof : 


Definition. 


Lemma 3. 


Proof : 


Lemma 4. 


Proof : 


у, =7,, 


(а) Jy(x *p)=y *x 


Ju(x o y) 


This follows from Proposition 1 and Proposition 2. 


Ju(x) =х ж u and J,(x) «v o x. 


Let x € S. From Lemma 2, 
у(х) 2x *uzv o х=], (x). 
Hence 3J,—J,. 


(b) Ju(xop)=y ox. 


Ju(x жу) =7,(х * р) =ро (х * y) 


=(р оу) *x (by B) 
=p жу. (by uz) 
=(хор) *u 

=p 0 (и * x) (by B) 
=рох. (by uz) 
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Lemma 5. J,(x)-—x. 
Proof : JA. 0.()) —J4, (x) ) 


=(уох) ж#н 
=x 0 (u жу) (by B) 
хоу (by uz) 


=X. 


Lemma 6. Let S be a bigroupoid with the identity (и, у). Then 
(а * Б) ос=а * (boc) 


Proof: Іеї a, b, c be three elements of S. Then 
(а ж Б) oc=J,(c o (a * bd) ) (by Emma 4 (b) ) 
=J,( (b o c) *а) (by B) 
=a * (boc) (by Lemma 4(o) ). 


Theorem 1. Let S be a bigroupoid with the identity (u,v). If we define 
a.b=J,,(a) « b, then (S, T4) isa monoid with involution, where'u is the identity 
of this monoid. 

Proof! Let а, b, с be three elements of S. Then 

a.(b.c)=a. (Jalb) ж с) 
=J,(a) ж (Ju(d) * с) 


=Ju(a) * (I,(8) * c) (by Lemma 3) 
=J (a) * ( (vob) * c) 

=J,(a) * (bo (c *v)) (by axiom B) 
=(J„(a) ж b) o (c * v) (by Lemma 6) 
= (у о (J,(a) *Ь)) «c (by axiom B) 


=((Боу) *J,(a) ) «c 
=(b *J,(a)) *c 
=IJy(Ju(a) ж b) *c (by Lemma 4) 
z(a.b).c. 
Hence associative property holds in (S, .). 
Now for any a € S, we have 
u.a=J,(u) жа = (ижи) жа = ижа = а, and 
а.и = Jala) жи = (а +0) *#и = а (by Lemma 5) 
Hence и is the identity element of the semigroup (S, .). Let us now show 
that J,, is an involution in (S, .). Letx€ S. When J,(J,(x) ) = x (by Lemma 5) 
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and (а. b) = Ju(Ju(a) xb) = b ж1,(а) = 7.(7.(2)) ж Jala) = J,(b) . Jala). 
Hence J, : S— S is an involution in (S, .. Hence the theorem. 

We can also prove the following theorem : 

Theorem 2. Let (u,v) be the identity of the bigroupoid S. If we define 


a.b = ao J,(b) then (S,.,J,) is a monoid with involution where v is the 
identity of this monoid. 


Let us denote by S, the monoid obtained in Theorem 1 and S, the monoid 
obtained in Theorem 2. 


Theorem 3. S, and S, are isomorphic to each other. 


Proof: Let us define a mapping f from S, to S, by (и) = aoufora є 
S,. Then, 


f (a.b) = (a.b)ou 


= (aoX,(b)ou (by the definition of a . b in S,) 
= (aoJ,(b) )ou (by Lemma 3) 

= (ao(b«u))ou 

= ((uoa) ж Б) ои (by axiom B) 

= (uoa) * (bon) (by Lemma 6) 

= Jala o u) « (bow) (by Lemma 4(5) ) 

=(aou). (bon) (by the definition of a . b in S,) 
= f (a) . f (b). 


Let a, b € Sj such that (а) = f (Б). Then aou = bou. From this 
Ja(a o u) =J,(b0u). Then by Lemma 4(5), uoa-uob. (иоа) жу 
-(uob)sr. 


This implies a o (v жи) = bo (у ж и). Then by Lemma 1, aov = Боу. 
Hence а = b if f (a) = f (Б). Leta€S. Then(voa) «v»€S. 
Now f((voa) жу) = ((voa) *v) ои = (voa) * (рош) = (voa) xu 


(by Lemma 1) =a o (иж у) = aov = a. Thus it follows that f is an isomorphism 
of S, onto S,. 


Note. Let S be a monoid with an involution. If we definea ж b = atb 
and a o b = abt where at denotes the involution of a, then we can show that S 
is a bigroupoid with identity. 
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2. Bigroupoid and Group. 


In [(2, P 73] we have considered a bigroupoid S that satisfies the 
following axiom : 


G:ao(b жа) = bforalla,b€S 

Some results abount this system are listed below t 

Lemma 7. [(2) Р 72] аж a—bxbfora,b€S 

Lett и= ажа = ЬжЬ = сже = ога, 5, сє 5. 

Lemma 8. [(2), P72]u * d= dforalld€S. 

Lemma 9. [(2),P 7]dou = d for all dé S. 

Theorem 4. (2), Р 73]. LetS bea bigroupoid satisfying the axiom С. 
If we define a. b = J, (а) « b for all a, b € G, then G is a group. 

3. Regular bigroupoid. 


Definition. An element a of a bigroupoid S is said to be regular if 
а = (aoa)* a. If every element of S is regular then S is said to be a regular ` 
bigroupoid. 

Definition. An element a éS is said to be left (right) idempotent if 
a*a=a(aoa=a). 

Leema 10. In a regular bigroupoid every left idempotent is a right 


idempotent and conversely. 


Proof: Let а be a left idempotent then аж а = a. Now aoa= 
ао (аж a) = а. Conversely, assume that a is right idempotent. 


Thenaoa=a. Hencea x a = (а оа) +а = ао (аж a) = a. 
Lemma 11. Ina regular bigroupoid a o a and a * a are idempotents. 


Proof: We have ао (а * а) = a. Then (aoa)* а = a. From this, 
ао ((аоа) ж а) = аоа. This implies (a o a) ж (aoa) = аоа. Henceaoa 
is a left idempotent. From Lemma 10, ít follows that a o a is idempotent. 


Again a o (аж a) = a we find that (ao(a« а)) ж а = ажа. 


This implies (a * a) о (a * a) = a a. Hence а ж ais aright idemptent. 
Then from Lemma 10, it follows that a * a is an idempotent. 


Theorem 5. A bigroupoid is a group if and only if it is regular and 
contains only one idempotent. 
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Proof. Suppose that the bigroupoid S is regular and contains only one 
idempotent. Then from leema 11, it follows thataoa = ажа = Бор = Бж Б 
forany а, € S. Hence ao (рж a) = (аоа) + b = (БоБ) + b = Бо (Б ж Б) 
= b. This shows that S satisfies the axiom С. Then from Theorem 4 we find 
that S is a group. Conversely, suppose that 5 is а group. Then ао(рж а) = b 
for any Б є S. Hence ао (аж a) = a. This implies that S is regular. Then 
from Lemma 8 and Lemma 9 we have a * a is the identity of S. Let e be an 
idempotent in S. Hencee — eoe — ex e. This showsthat e is the identity 
of S. Hence S contains only one idempotent. 


A semigroup S with an involution ¢ is called [(1), P 370] a t- regular semi- 
group if it satisfies the axiom 


х= ххх 


If we define a * b = a* b and ao b = abt, then (S, o) isa regular 
bigroupoid. 


Definition. А bigroupoid S is said to be commutative if a + b = b o a, 
for any a, b € B. 


Theorem 6. A commutative regular bigroupoid is a disjoint union of 
groups. 


Proof: Let E be the set of all distinct idempotents of a commutative 
regular bigroupoid S. Suppose e € E. Let G,—ía € S: e ж a=a and there exists 
a’ € S with the properties (i) a’ « a=e (ii) e ж a’=a}. 


Since S is commutative, we have e * a=a o e=a for alla € G,. 


Suppose a, b € G,. Then e « (a ж b)=(e0e) « (а ж b)=e о((а ж b) же) 

=e 0 ((b o a) s a)=e o (ao (e «5b))-eo(aob)-eo(b x a)=(a0e) «b 

=(e xa) «b-—a + Б. Since a, b € G,, there exist a’, b' CS, such that 
a’ ж ae and b’ x b—e. 

Now (a! ж b) «(a ж Б) =(Б'о а) «(ax b) а o ((a ж b) x Б) 

=a’ o ((b oa) + b')—a' o (a o (b' «5b))—a' o (a o e)=a' о (е жа) 

=a’ oa=a «a'-(aoe) «a'-eo (а «a)-eoece. 

Also e ж (a' ж Б’) = (ео е) «(a x b')=e 0 ((a' ж b) xe) 

=e o (eo(a' x b’))=e o ((b'oe) жа'=ео (b' «a)-(a'oe) «Db 

=a’ ж б, Hence a жр є С, for all a,b€ G,. Since aob=b «a, it 
follows that a o b € G, for alla, b € G,. Hence G, isa bigroupoid. Let f be 
an idempotent of S such that f є G,. Then e « f—f and g + f—efor some g € S. 
Also e «g=g. Nowf=e «f=foe=fo(g «f)=(fof) «g-f «g-(foe)«g 
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=e o (g «f)=eoe=e. Hence С, contains only one idempotent. Also it is 
true that С, is a regular bigroupoid. Then from Theorem 5, it follows that G, 
is a group. Let a € S. Then (а о a) « a=aimplies that e=a o a=a o ((a оа) жа) 
—(aoa)isanidempotent and e «a—a. Also е=а0 а=а «a. Hence ag G,. 
Let e, f be two dstinct idempotents of S. Suppose a € С, f) G;. Then there 
exist г and г, such that ¢ « a—e,e ж 1—1, t, ж a—f and f. « t,—t,. Now from 
t x a=e we have f o (t жа) -f o e. Hencef o e-(aof) «t—a «t (since a € Gy) 
=(аое) жі (ѕіпсеа Є G,)-eo (t x а)=е o е=е. Then e=f о е=е ж f= 
(foe)sf-eo(f «/)-e о f=e о (t,«a)-(ao e) «t —axt,—(aof) «t, 
=f 0 (tı «a)=fof=f. This is a contradiction. Hence С, f) Gy«é when 
esf. 
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COMMON FIXED POINT THEOREM 
IN 2-METRIC SPACES 


KANAN MAJUMDAR І 


Introduction: S. Gahler [2] introduced the notion of 2-metric space as 
follows : 


Aset X is defined to be 2-metric space, if there exists a real valued 
function d: Xx X x X5 R* satisfying the following conditions : 
(i) to each pair of points x, y (x = y) of X there is one 2 € X such that 
d (x, y, z) #0 
(ii) d(x, p, z) = 0 only when at least two of three points are equal 
(ii) d (x,y, z) = d (x, z, p) = d (p, z, xX) = + 
(iv) d (x, У, 2) < а (х, ys u) +d (x, uy z) +d (u, y; z). 
In the work of I. Keyoshi [3] we find the following definitions. 


Definition 1: If d (x, p, z) is bounded, the 2-metric space is said to be 
bounded. By its diameter we mean Sup d (х,у, 2) . . 
х,у, 2, 6 Х 
Definition 2: If d (хь, x, а) converges to zero for all aé X we say that 
the sequence {x,} converges to x and x is a limit of {x,}. 


Definition 3: If in a 2-metric space X, d(x, хь, a) > 0 (m, n > œ) 
for all a € X, the sequence {x,} is called a Cauchy sequence. 


If in X, every Cauchy sequence is convergent, X is called complete. 


Also in the 2-metric space, the notion of continuity of a self-mapping may 
be given as follows : 


Definition 4: If in a 2-metric space X, d(x, xo, а)-> 0 implies 
d (Tx, Txo, a) > 0 for all a € X, then we say that T:X- X is continuous at 
X= Xos 

Here we shall prove a fixed point theorem which is proved for а 1-metric 
space by B. Fisher [1]. 

Theorem : Suppose S and T are continuous mappings of the complete 
and bounded 2-metric space X into itself. If S and T satisfy the condition 

а (S*x, Ty, a) < C max [d(x, Ty, a), d(y, Sx, а), d(x, y, a)] 
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for all x, y, a in X, where 0 < C <1. Then S and T have a unique common 
fixed point и. 


Proof: Let x be any arbitrary point in X. Then 
d(S*x, T7x, а) 
< C max [d (5"-2х, T*72x, a), d (5%1х, T"7?x, a), d (S*7?x, T*-3x, а)] 
< C? max [4(5%* x, T*-? x, a), d(S?-? x, 17-5 x, a), 
d(S*-* x, T*7? x, a), d(S*^* x, T*7* x, a), 
d(S*-3 x, T"-* x, a), d(S®-* x, T*-* x, a)] 
and so on, till powers of S and T do not become negative. 
Since X is bounded, 
M=Sup [d(x, у, а), х,у, a € X] < «=. 
For arbitary e > 0, choose N so that СЯ M < «/3 
“, dS" x, T" x, a) < e3for n, r > 2N 
and so d(S* x, S" x, a) < d(S? x, T” x, a)--a(T* x, S" x, a) 
+d(S* x, S" x, T" x) 
< 2¢/3-+-d(S" x, Е" x, S” x) 
< 2:/3--C* M 
< 2‹/3-‹/3=є 
for m, n, ғ Ў 2N. oes 
‘Hence {5% x} is a Cauchy sequence in the complete 2-metric space X and 
so has a limit u in X. Since S is continuous Su=u and so u is a fixed point of S. 


` Similarly {T* x} is a Cauchy sequence in X and since d(S"x, T^ x, 2 
< e[3 for n > 2N, the sequence (T^ x} also converges to и. 
As T is continuous, Tu—u and so u is a common fixed point of S and T, 


If possible, let w be another common fixed point of S and T. Then 
d(u, w, a) =d(S* и, Т? w, a) 
< С max [d(u, Tw, a), d(Su, w, а), d(u, w, a)] 
=C d(u, w, a). 
As C < 1, u—w and so the common fixed point is unique. 


Corollary: Let S and T becontinuous mappings of the complete and 
bounded 2-metric space X into itself satisfying the inequality 

d(S*x, T2y, a) < C max [d(x, Ty, a), d(y, Sx, a)] for all x, y, a € X, 
where 0 x; C « 1. 


Then S and T have a unique common fixed point. 


Common Fixed Point Theorem in 2-Metric Spaces 69 


Proof: Since d(S?x, Т?у, a) < C max [d(x, Ty, a), d(y, Sx, a)] 
« C max [d(x, Ty, a), dy, Sx, a), d(x, y; a)] 
for all x, y in X, the result follows from the theorem (above). 


Acknowledgement : I am indebted to Dr. S. К. Chatterjea for his helpful 
discussion during the preparation of this paper. 
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ON THE DISTRIBUTION OF THE EIGENV ALUES 
OF A DIFFERENTIAL SYSTEM . 


N. K. CHAKRAVARTY and SUDIP KUMAR ACHARYYA 


Abstract: The object of the present paper is to investigate certain 
asymptotic relations connecting the infinite series expansions involving eigen- 
values associated with the differential system (— D?--P) U —AU and the integrals 
involving the characteristic roots of P, which is a positive definite symmetric 
2x2 matrix. Tauberian theorems are next applied to obtain, interalia, the 
asymptotic distribution of N(A), the number of eigenvalues less than А. 


1. The Problem 
Let the differential system be 


M ¢ = M, ` pum e. (1.1) 
—D*+p r d 
where M= ,D ва—. 
r -D2 +q dx 


р, q, r are real valued functions of x, with derivatives, which are alsolutely conti- 
nuous over any compact sub-interval of R : [0, ©) and ) is a complex parameter. 


The boundary conditions considered are 
«0 = 0) =0 . aul | a @2) 
Ог 
~~ w(0 = >'(0)=0 | ; - e (13) 


u(x) u 
where $ = J= J > 
»(x) y 
The Hilbert space H in which the theory associated with the operator 


Л 


M, is developed, is that of functions ( 
a АЯ; 


) for which V (1, P + | fa 12 )dx 


< œ, with usual definition of the inner product. 


It is well known that the differential system (1.1) along with the boundary 
conditions (1.2) (or with (1.3)) gives rise to the Dirichlet (or the Neumann) 


u 
) € B, at infinity. 


eigenvalue problems. It is assumed that ( 
y 
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Let us further assume that рф, qé, ré € H and that p, q > 0, det P 20, 
p r 

in [0, cc), Р = ( ) Also let P be pseudo-monotonic over [0, ©) in the 
r d 


sense that for j = k, pj Z рь, 4; = дь, det (P; —P,) = 0, (Pis qq, Р; are the p, 
q, P, in which x is replaced by x,), j, k = 0, 1, 2, ... Then the sequence of eigen 


values {àn} is positive, and the spectrum is discrete with lim A4 = =, over 
п сс 


[0, ос), both for the Dirichlet and the Neumann eigenvalue problems (see 
Chakravarty and Sengupta [2] ). 


In particular А, > Ao 2: 0, Ao being the least eigenvalue of the system. `- 


уь the eigenvector corresponding to the eigenvalue 


( tan 
Let ф(х) = 


an 
An» and let A = A(x)= L (p+a+ V (p —4)*-- 4r? IE 


1 


n ка n(x) = 5 (o+4- v(p- a4") be the characteristic roots of the matrix P. 


Then A," are both real and both steadily increase with x, if p ( > 9), rare 
steadily increasing and (p — q)q’ — 2rr' > 0, is satisfied (see Chakravarty and 
Sengupta [2] ). We take into account the following conditions : 


(а) Ip(8-pC21. 1900—90) 1, Ir-r) | < Сх | 7o (x) for 


0«|£-x|x 1, С, а, аге positive constants, 0 < a, < A 
(b) PE aE), Lr) 1S Ko exp {2116-х 1900) for 16-x1215 


К,, а, are positive constants, <a < 5 


(с) (x) 2 ха т Фу for large x éR = (o. =), b>0. 


(d) A(x) as well as n(x) are steadily increasing with x. 
Let there exist two well-behaved functions ¢;(x), j = 1, 2 оп R, such that 


(е) t «Cn». |é-x| Sly i «n xt SA, for large x, j = 1, 2, 
where С, are positive constants, 
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(f) { = < ©, t, =t;(x), j = 1, 2, for some positive numbers 4,, Ag. 


0 
ti 





(в) га? а + £35 03 CL [0, c), where s isa positive integer > 2. 


We define PASET Tas m) _ { (re. vats) AW*"(x) dx w. (1.4) 
(73, Te, m) а 
and b, - { (+(x), 952) д-т) dx - s (1.5) 


о 
E T í a А = S 
where (t7, 32) = > 174 © ‚ m and т; are positive numbers, 
4 i n 
je 


satisfying 
(h): 0x 7; < тіп { 2т — Aj, 2s — A; ~ 5/2}, j=1,2 
and when m = 0, 


(b): OS 7; S 2s — A; — 1, ј=1, 2. 


= S (71, Tay m) —2s—2m 
Put S, Ta Sm 2 g: (+) ; uz, 


1.3.5 . ...(45—3) \ (х), а(х) 
(а д) 200—178 7 


І р А Н 
Ту, Tas 5, M 23*(2s—1)! 2 


dx, 


* * 


Ac A(x), and БА 74,5, т? I tay 5, m are the corresponding entities, in 


which A = A(x) is replaced by 1=n(x). 


Our object in the present paper is to show first that as u—> oo, 
s | I s* D 
Tis Ta, 5, M = Tas Тау S, M ; Tis Та 5, Т Tis Tas б, М 
Then by means of certain Tauberian theorems, we obtain the asymptotic 
estimates for a1 79 7) апа busem) and from these for МО) the 
n n 


number of eigenvalues not exceeding A. 
10 | 
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D 


2. Some preliminary results 
Ga (£, у, ш) Gai(& y, н) 
С,.(&, у, А) С,.(, y, И) 


the system (1.1), with (1.2) or (1.3), where A=—y, p z 1, in the singular case 


Let G(£& y, №= ( ) be the Green's matrix for 


G; 
0 x ё< o, the Green's vectors being G,=( а Е |, j=l, 2. 
НЕ 


Also let g(£, у, К) be the corresponding Green's matrix for the system 


-D2 


; 0 
М, $= (к) Ф, Mo= ( a |, D=didt, $= 4(é) 


satisfying the same Dirichlet (or Neumann) boundary conditions as before 
: Si \ 
and 0 5 < œ with vectors gs( Jt, 2. 
gis 


Then both G, and g, € La (j=1, 2), G;, g; satisfy the same boundary 
conditions at =0, and by a variant of the analysis adopted by Sengupta [5] 
[Lemma 2, P-101], 


en [с, (b, & у, п), gs (b, &. p, k)|=0, where G; (b, ---), gg (b, =) are 
the Green's vectors for the interval [0, b], such that lim G; (b, *-) -G; (.) 
ә о 
and lim g; (b, -)—g, (.) апа [U, V] represents the bilinear concomitant 
b> 


of the vectors U, V. (For definitions see Chakravarty [1], 1965). 


Then by making use of the properties of the Green's matrix, it follows 
after some easy manipulations, that 


o 


G" (s, p, и) =87 Go у, E) V GG, & u) (PE - PG2) 87 (x, £ K) d 


o 


+\ Gt, & à) ГРО) (k(x) u) 1787 Gs & k) dt «o Qu) 


о 


where Lis the unit matrix I=( | 0), Р (£) із ће matrix Р with х= G', g 


being the transpose of С and g respectively. 
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Since k = k(x) is at our disposal, to simplify our discussions, we so 
choose it, that the last integral on the right hand side of (2.1) vanishes. We 
further assume that the two matrices А = g'(x, £, К) 


(" (Kk? — и) r ) 
and B- 
r q— (k3 — и) 


commute (this is implied in our discussion in view of the explicit expression 

for the elements of g'(x, £ k)). We then have k$—gu4-A(x) or 

К? = u-- (x), where A(x) and n(x) are the characteristic roots of the matrix P(x). 
The equation (2.1) now takes the simpler form 


o 


GT (х,у, ш) =g" (ху, Ю +\@ (у, & A (РО) Р(х) вт (% 60 dé, Q2) 


where k*—g--A(x) or u4-"(x), #21, under the assumptions made above. 
(2.2) is the basis for our investigations that follow. 


It is easy to deduce that 


Eu (2.95 #) alo) dy ИС 


Therefore by the expansion formula ^^ ~~ 


sens K Binal”) G— 
б, (у, i и) “ч EB). » (j=1, 2) ... (2.4) 


Let р” be the symbol of differentiation n times with respect to д. 


Then from (2.4) 


(a1) Leon noni Stine) d) 
D, Gj (p, x, и)=(—1). (s iS “Ota EN 


nag 


from which by the Parseval relation, 


утре | p G; (p l = 2o. g- 1, 2) (2.6) 
ue 0,0 neo : m 


0, (y) | 


where Jo] =} (юз) dy, o = обу) = (. i 


0,2 
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T Gi; 
and -G BE m ) is the Green’s vector corresponding to GT (), the 
ај 


transpose of the Green's matrix С (.). 


In the second term of the right hand side of (2.2) substitute for the Green's 
vectors G; (у, ё, и) by the relations (2.4) and then differentiate (s— 1) times with 
respect to д, by using the Leibnitz formula. Then it follows from (2.2) that 


Ly D" 6 Go» m=) PELO LA 


(6-0! (Аъ +H)? 
т 8.07, х, k)+Is(x, у, К) 20.7) 
J a(x% у, k) 
where Js (x, y, k) = (, 
Jas (x, у, К) 


“So. $ (| E о(но-ро) 0177 Gx Wat) 50. 


Ф.у) _ 
“> Cy, > x.) т ... (2.8) 


C;, are the numerical constants (suitably adjusted) obtained in the 
process of application of the Leibnitz formula, and 


x и € (Р-ро) ) D s 6 x, 0а. 


-2 T 
A similar result holds for D' "в (x, у, #), 
2 
Since g,,.=0, it follows from (2.6) and the relation (2.7) that 


> oda. sich spi? Sax (Vs х, Kk). 2 (x, у, i) "dy 


Ap. Е: ... (2.82) 
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118 4 
(cr 1) warn ) 8111) X, 0) г) + [| J.(x, ys k) | a eee (2.9) 


by using the Minkowsky inequality and an obvious inequality 


(a? 4-53) ae cx (a + (b+ o where a, b, c are positive. 


o 3 
A similar inequality for Yan (X). also holds. 
= sra 


Фуу (2) 
If Aa, Dodd ;] be a solution of the system  d?u/dz* 24-0; 
Va (X) 
d?y[dz*--1» —0, satisfying either the Dirichlet or the Neumann boundary 
conditions, then it is easy to verify that 


a T 
g 62505 Med em | „. Q.10) 


P(X) being the spectral matrix associated with the system, where 
K* (x) = 0+ A(x) or u+n(x).- 
Also (g,;(é, z, k)) has the explicit representation 


(eu Z, k))= T ddi Teko-B |. z«t 


.. (2.11) 
zal [„-ке+® xekt-n ( 
t3 [e Fert-s |: 2>ё 


where Ї is the unit matrix defined before, the upper or the lower sign being 
chosen according as the problem is the Dirichlet or the Neumann and k sk(x). 


Since 2,5—0, it follows from (2.10) and (2.11) and the Parseval relation 


that 
(23—1) 


i- TS ш” -1) 811s X, k)? Y= eT nr 1 D, 831 (x, x, k) 


m Co 1 {а5з—1) е-З®® 
= tgp. t) 
where K?ssk*(x) = u4- A(x) or u--n(x), 


. 1.3.5......(4s— 3) 
and Co= аа е1] 
and the lower for the Neumann). 





(the upper sign being chosen for the Dirichlet problem, 
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Since by Leibnitz’s theorem, 


(28-1) 


D, (e~*##/) = —e7£** f(k, x) k-P, 


where f(k, x)>0, is a polynomial in К, x and В isa suitably chosen positive 
integer, it follows from (2.9) that 


Ф 2 a 
Vas) e (es Vaid 3 
a S Js у, k) || ...(2.12) 
nao Qa ш) 0, 


where T-C,/k (х) ure hm fx) ko 

" (25-1) ! , 
(the upper sign being for the Neumann, and the lower sign being for the Dirichlet 
problem). 


LÀ 2 3 
Similarly D fex). < (v I bo(x, y, k) I | sass Q3) 
mao : d 


-[Lie(x, у, k) 
where L,(x, y, К) = 
E, (x, y, К) 


as J,(x,y,k) with g,(& x, k) replaced by ga($, х, k). 


) is defined in the same way 


3. Inequality involving S, o Tas sm and L, 7,5, m^ 


Multiply (2.12) by t,"*(x) A72"(x) and (2.13) by ,"*(x) A^ "" (x), 
make use of the inequalities А„ + # > Ag + и 21 (since u = 1); 


(arm + (eine quo) < [arsena ean] 


where а, b, c, d = 0, and the Minkowsky inequality. Then after some reductions, 
we obtain . А 


12 : 
S 


Tis Tas $, m 


m T т 1/2 
t,1(x) + #.2(х) 
= le CECI z| 


о 


© 1/2 


+ [estar rt (erento 
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CI d 119 
ts (x) ta” (x) 
+ [Mois [3s у, k) 1 = AS (xj | Ls, у, k) | Ja] ... (3.1) 


о 
=I,+I,+I,, say. 


Since K*(x) = g+ A(x) > u, A(x), we have 


а. | Ctx) tte o no ENOR 
LSL, Ta, S, M e AP (x) ks*1(x) [ ut A(x) _ Je 


о 


Ир m -FO(u^?***3), as p->, by using the conditions (f) and (h). 
1* '9» 5; 5 


А R E 
Since e? RT we have, as и->оо, 


Ф 


г=о(\ EE dx | =O") as before, 


o 
by the conditions (f) and (h). 
It follows from (2.8) by the application of the Minkowsky inequality, the 
Parseval relation and some easy reductions, that 


o 1/2 


| о) д-т) |7, (х, у, k) I, dx) 


o 


«cS cra Vll 


$90 ‘n=O о 





ajii 2 1/2 
[ID а, (а, OUO -Panl + (8) ranle) de ax} 


«+ (32) 


where C= max C} s, the constants involved in (2.8). 


t (x) 


A3 x 





Put a =| 


о 


[Vo в ы(&х DD рО), (8 HO 00,9 d] а, 
; | | 
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ӘРЕ „2{+2т+2 „ 2)+2т+2 ; 
b. (хи) +з” feu ee il is the inequality 


a 2 Ф а 1/« o "E 118 1 1 
< i422 
2.2. 2 ^ | (> gb ) d "A : t В >0 Мр (А) 
a variant of the Hólder inequality, so as to obtain from (3.2) 


242 


> Qu oer — | 2, E we (3.3) 


(8-3-1) в з 


Now iaf [D «(| [28-59 | а 


Е 
0 


1l 
—À 


КТО" 


0 ceti 


OL 
2 (s-g-1) 3 
-— D 
+} {pt-pt}! [p een n) 
=M, +M, +M, +M., say (х > 1). 
(5-471) 
We evaluate D' ‘ 811(é х, К) by the Leibnitz formula from the explicit 


relations for g,,(£ х, k) as given by (2.11), utilize the conditions (a), as and 
when necessary. Then for both the Dirichlet and the Neumann problem and for 
the cases £>x, <x, it is easy to derive after some steps that 
-T4(85-j)-1t4 
M,<d(k(x)) — 
for x z 1, d being a suitable positive constant. 


An utilization of the conditions (6) along with the use of the explicit 
(s-j—1) 
expression for р, E g11(É х, k) as derived before by the use of the Leibnitz 
formula, yields after some elaborate steps, M,, Ma, M, <Ck-°, where C isa 
positive constant and « > 0 may be chosen as large as possible. 


-4(8-i)-1t40, 


It therefore follows that M < d{k(x)) 


A similar estimate holds for the expression N, obtained from M by 
replacing p(u) by r(u), u=x, €. 
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ON THE STABILITY OF SOLUTIONS OF A CERTAIN DIFFERENTIAL 
SYSTEM WITH RESPECT TO A PERTURBATION | 


М. К. CHAKRAVARTY 
апа 
DEBASISH SENGUPTA 


‚ S 
1. Introduction 


The paper deals with the stability of solutions of the system of second order 
differential equations with respect to certain perturbation. We consider the system 


(1.1) d?y(x) / dx? + A(x) у(х) = 0, 


h _ У, (х) = T 
where у(х)= (y 69 J = (ух) v9) , 
A(x) = ( a(x) ); i, j= 1,2, 
and the independent variable x ranges over [ о, со). We assume that the elements 
а(х) are real valued continuous functions of x. 
э Following Bellman (1 ], we define stability of solutions of ( 1.1 ) with respect 
to a property P and perturbation B(x) as follows : 
Definition : Let B(x) = (by(x)) ; 1,] = 1, 2, be a set of perturbations which changes 
(1.1) to 
^(12) d(x)/d* + ((AQ) + B(x) } уб) = O. 
| Then the solutions of ( 1.1 ) which satisfy a certain property Р аге said to 


, be stable with respect to the set of perturbations B(x} and the property P, if the solutions 
_of ( 1.2 ) also satisfy the same property P for all B(x) satisfying certain specified conditions. 


The following notations are used in the course of our discussion : 
.'(i) The boundedness, the differentiability or the integrability of a matrix imply as 
'usual the same for the elements of the matrix. 
‘We write 
Я ПАП= Х | ay | 
{ ij 
| , 
rU ii) (<, В) represents the scalar product 


| 90) ES «Bi; where «= (xy, 42, +, tm) and B= (Bis Be, ^ Bm ). 
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(iii) The determinant det ( ay) of order n (п = 2, 3, ...,) is represented in terms 
of the diagonal elements ay by | aiy 8s» ·.. » Ann |. 
(iv) [4,41] 2|u, u,; E + |м, v, isthe bilinear concomitant of two vectors 


T т 
$;-— (ш, V) and ф, = (и, vj) 


By, . 


x, -U 
(v) {х) є [a, b), means that ы 


x B У 
f(x)eL [a, b), f(x) eL [ a,b), f(x)eL [a,b], ... а=0, b = о allowed. 


1/< 


« * « 
(vi) |f| stands for ( | | f(t) | i 
a,x Д 


2. Preliminaries 
It can be easily verified by the usual iteration process that there exists a unique 


Й 
v LI. 


T РЕ "MEINES 
solution ф = (и, v) of (1.1) which along with their first derivatives take prescribed values 


at a point over (a, b) 


T T 
Let ф= (ш, м), i= 1,2; 0, = (us Vs, ј = 1, s = 3; j= 2, 5 = 4, ре the 
four solution vectors of the system ( 1.1 ) satisfying the following conditions at x = a> 0 
(2.1) (1) Ф, ф:1= 16, 61]= 0; 
(ii) [Ф , Фу] = 81}, 
where à, аге the kronecker delta, 
The determinant ( independent of x ) of the vectors ¢,, 6, i j= 1, 2, defined by 
W = | Uy, Vs, u’s, v^, | 
plays the same role for the present system as the usual Wronskian for the general 


ordinary linear equations. We call this determinant the Wronskian of our system. It 
follows by the Laplace Development of a determinant that 


W=—[di-de] [A , 02] + [1,09 PIE 2,069] (Ф, 0621 Фф, 6:1 — 1, by ( 2-1), 
which implies that фу, фә, 6; , 0 form a fundamental set of solutions of ( 1.1 ). 


T Ме. 
Let ( V (х) =( Vi(x, Y;(x) be a solution of the system (1.2). Then by the == 
method of variation of the constants it follows that the component ¥ (x) of ¥ (x) is 
given by 
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4 x x 
(22) Ama Е С, TOER (B, Y (t))V. at —| (B, Y(1)) Urdt, 
o o 


where, U—|u(x), u (t) v(t), va(t) | 
Му = [vı (x), v(t) us (t), им (t)]. 


B, = B (t) = (ba (t), ba (t), 


B, = B, (t) = (ba (t), ba (t), 
and C,, i= 1, 2, 3, 4 are constants. 
Also by the Laplace development and utilisation of conditions ( 2.1 ), 
U,-|u Cx) us(t)| + [ш (х), u(t) | 
М, = [ux vs GOL Го (х), w(t) |. 
A similar expression for ,( х ) involving 
Ч, = |м (х), usCt)] + (х), ut(t)l 
№ = [м (х), м (1) [+] vex), м (1). 
is also obtained. 
3. Generalisation of Gronwall's lemma. 
Lemma : Let (i) ф(х), V (x) > 0, and ¥(x)/¢(x) are integrable, (ii) h, X), 
g(x) > 0,i— 1, 2,.., n; where h, (x) are all continuous and $ g, (х) are 


integrable over (a, x). 


x 


If GD MONS Y GO $00] (hg)dy;is 1,2, ..., n; 


then, 


x 


h(x)V(a)/d(a) (х). exp {| ( Zsa ) a} 


a 


(3.1) 
+ ф(х). d[ dy ( Jd). exp { | (2 #9) dt } ау 


where у (а) = 0, О<а<х<Х «o. 
х 
Proof : Let V = | (h, g) dy. Then by (ій), 


a 
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n n 
(3.2) dv/dx < Z Yg + Z 4 Vg, 
і=1 і=1 


х 
п 
The Lemma follows by multiplying (3.2) by exp. | — | (2,9 2: ) dt 


a 


and then integrating by parts and using the condition ( iii ). 
Corollary 1 : Putting У (x) = С,, ф(х) = C, where C,, C, > 0, we obtain 


Grownwall's lemma [2] for vector valued functions as follows : 


Let (х), g(x); i— 1,2,.., n satisfy the conditions of the lemma and 


Кее, | (h,g ) dy, 


x 
then h(x)< С, exp. { C, \ ( Р a. ) \ dy, i= 1,2,...,n. 
Я j=l 
Corollary 2 : Under the same conditions as in the lemma 
М n t n 
hi Y (x) +$ (x) | vy) (2 a { өр. | ( 2 a(t) ) ¢ (t) dt } dy 
a int y Ж 
This is a consequence of a further integration by parts of the second term 
on the right hand side of (3.1). 
4. Certain variants of the inequalities of Holder and Young 
In our discussion we require the following inequalities easily deducible from 
those of Young and Holder respectively. 
(a) In the first factor of young's inequality as given in Titchmarsh [ (3) P. 394, 
Ex. 8] we apply the Holder inequality to obtain 
"lf à, А, D, Pa > 0, A < 1, 1/р, + 1/р, = 1 


р (1+ №), (1 +A) Pa (1+ А), (1 +A) 
and f(x)eL ,g(x)eL Е 
then | \ to dx | 
1-3. 


<{( { ES iix t^ Р Igi i "ge е 
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«(Vin CET о) (a (5A) a +a) 
pa ip ra 


(b) Let f(x)eL ,g(x)elL — ,whee p,q-41,1/p 1/9=1; 


v na s (fint) Pn te " (f jare)" 


р tp age Yq iE 
In the Holder inequality replace f by f д апа g by f '"g’ so as 


to obtain 


| | toe} < (Vis е)”. (|| tg fax). 


The result follows by again applying the Holder inequality to each factor on 
the right hand side. 
A similar technique yields 


(c) If «, В, р, а > 0, 1/ + 1/8 = 1/р+1/а = 1 and 
x, В Pia 
#(х) є ,g(x)e«L , then 


п е Med te) (E ad am (Egg Pam 


(| T [ug s 


Also utilising the Holder inequality for three functions f (x) g(x), h(x) 


[ Titchmarsh (3), P, 394], we have as above 
p, q pa 
(d) If p, а> O, 1/р + 1/q = 1, where feL ; 9, heL  ,then 


| Í fon KLI ax)”. (Vier a) ^ 
LC su ae) rig tae) | n 
and 


(e) If « В, >, 8, р, q 0; 1/р + 1/9 = tx + 1/8 = 1/у + 1/8=1 


<, В pay в ёа 
and f eL geL -heL , then 


| fton ox < (1°), (firi a) 1/рВ (| i] ac) 
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x( ei a) 19. Clg tae AS 


5. Certain Theorems on Stability, 

In the following we obtain certain theorems on the stability of solutions of the system 
(1.1) which belong to suitable L - classes and the perturbed matrix B(x) satisfies 
certain known conditions. 

Theorem 1 Let all solutions of ( 1.1) belong to 
p,( 142,9), (14921), 1— АА 





L q;; }= 1, 2 where Ay > 0, р, > 144, 
№Аь<1, 1/Pi+1/Pe=1, p, 2> 1 and 

ТАА Ax : . 
acc am ЕТЕ 


Then if I| B(x) ЇЇ < о, the solutions are stable with respect to the perturbation B(x). 
Proof : Let фу (x), 0, (X), i, j- 1, 2 be the fundamental set of solutions of (1.1) 


T 
and ¥ (x) = ( Y, (х), W(x) ) be any solution of ( 1.2). 
Let M, N, К be some positive constants such that 11 B(x) ll < N; 


M max. t. ee et \, еа 


i qi i Pi ( TA) d: (1*Xx) m qi 
\ 1 “в төи а, (тат а, | төге, }, 
К = тах. | С: |, т= 1, 2, 3, 4; and 


1 
Go UE a da [v.i PY "d ac Pim a CM 


t 


x q 
\ | Fi | "at }, say; i, pl212 
о 


Applying the inequality (a) of art. 4 it follows that 


x t/a. 5 
ics woo v аркам, м роху) 7 2 рих), 
where M, = M 1/9, 
x 1/4, 4 
and || (By ¥(t)) ша <2M мга). Z II 


о 


From (2.2) it now follows that 
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4 1[d; 4 
Ге. (x)| <N Zlju(x) +N CQ(x)} . Eiutx)l 
where № = 4 М; №; with a similar expression for | (х) |. 
Now by the given condition q; > 1. Therefore raising each side to the power с, 
` we integrate between [ 0, =) and then apply Minkowski's inequality. ‘It then follows that 


x 4 qi 
Q(x) < АК М + №, » Q(t). (E 1u о ) а 


where N, = max fn, ы „і = 12}, 


Applying corollary 1 of the Lemma of art. 3, it follows that 


X y 4 а, 
Q(x)«4k M. ox. { Ne | (2 |u Ct) | Ja} 
о 1=1 


Hence the theorem. 
By using Hólder's inequality for two functions, we obtain similarly, 


«, B 
Theorem 2 Let all the solutions of ( 1.1 ) belongtoL [0, œ% ) « f >1, 1/«4-1/8- 1, 
then these solutions are stable with respect to the perturbation B(x), if 11 B(x) П < œ. 
In particular, when « — B — 2, we have 


2 
Theorem 3 Let all the solutions of (1.1) be L [0, » ), апа B(x) ll < =. Then 
all the solutions of ( 1.1 ) are stable with respect to the perturbation B( x ). 


; p» ave РЧ, 7 
Theorem 4 Let all solutions of ( 1.1 ) belong to L р, 9, vy»1 1/ + faci. 


Then if y. [1/5 + 1/2 1 = 1, all solutions of ( 1.1) are stable with respect to B(x), 
when 11 B(x) Il < œ. 
The proof follows as іп theoren I, by maklng use of the inequality (b) cf art 4 


instead ot the inequality (a). 
Theorem 5 Let all the solutions of ( 1.1 ) belong to 


<, В, р, а, у > 
Н PV В, у, р, д > 0, 1/4 1/8=1/р--1/9=1. 


Then if у. [ 1/«p--1/8q ] == 1, all solutions of ( 1.1) are stable with respect to B (x) 
provided ll B(x) П < œ, | 
The proof follows аз in theorem - 1, but we now use the inequality ( с) of art 4. 
In the same order of ideas we have 
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a, В 
Theorem 6 Let all the solutions of ( 1.1 ) belong to L [ 0, ), then these solutions 


are stable with respect to a perturbation B(x), provided that B(x) « | pos oo 
& B, y > 1 with 1/«--1/8+1/у=1. 

Proof : Let ф(х), 6х), i, j= 1, 2 be the fundamental set of solutions of ( 1.1 ). 
By the problem, for some positive constant M, let 


© 


M = max. (C Il B(t ) Il" dt, | és t) | dt, \, аера, 


oo « oo B E И 
\ aco а eol eiie nz. 


T 
Let W(x) = (Ру (х), Ye (х)) Бе any solution of (1.2). From ( 2.2), applying Hólder's 
inequality for three functions [ Titchmarsh-(3), P-394, Ex-8] and by the stated condi- 


tions we have 


4 x «C р 
PACIEST | Cy | оок Fie | (à Luc} 


, 


( 1/y+1/6 ) 


where К = 2M , with a similar inequality for | (x) |. 
Raise each side to the power «, apply the inequality 


1 (m) P 
| M Ca) ve M. (a), m>1, where M Gra) gos А 
n n n n 





а > 0, 


and then integrate over ( 0, x), so as to obtain 


x " 4 - « 
буо asm ies f uo a 
о о 


e A ico (онога cmi а, )а] 


о о 
pon А x « x B 
with a similar inequality for " | V,(t)| dt and » {My (t)| dt; j=1, 2. 


The theorem is now a consequence of the cor. 1 of Lemma of art. 3. 

it Theorem 7 Let all solutions of (1.1) be 129 [ o, « ), then these solutions are stable 
with respect to the perturbation B(x) provided that В(х) є і», а [0, eo), p, д> 0, 
1/р + 1/а=1, ра > 1. 
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The theorem follows by applying the inequality (d) of art 4. 
x, B, р, 97, 1. 
Theorem 8 Let all the solutions of ( 1.1) belong to L 
Then the solutions are stable with respect to B(x), if B(x) є М "d where 
р, д, <, В, у, > 0; J Mp + 1/a = 1/< + 1/8 = 1/у + 1/6 = 1 
and  "-[ 1/qx + 1/08 ] = 1. 
The theorem follows as in theorem 1 by making use of the inequality ( e ) of art 4. 
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SOME GENERATING FUNCTIONS OF MODIFIED 
LAGUERRE POLYNOMIALS 


BANDANA GHOSH and S. K. CHATTERJEA 


1. Intoduction : Ina recent paper [1], C. C. Feng has derived the following main 


generating relation involving modified Laguerre polynomials : 
—n-—f 
(1.1) exp ( —asxz) exp ( —а„ь/у ( 1+ ay3y +52 ) )‹ 1 +a13Y +а2 ) 


(8) 
| (х+а;/у-+аә/2) ( 1+ aigy + 893 | 
n 








co оо | k k+m+p 
_ g (az » X (ai) = ( 823) p (ar) (—1) (8—k)n (n—I+1)p 
T p=0 Р] m=o Ж] 120 11  keo +k’ 
(p—-k+m) m—k p-l 
(x) у z 
n—I+p ; 


(B) 
by replacing f by у-у; ' n byz and f (x)by u( x y, z) in the linear 
n 


differential relation 


2 (8) (8) B) 
(1.2) xD f (x)+(1-x-n-g) Df (x)4+nf (х)=о, 
n n ^c n 


and by following the method of L. Weisner [2]. 
It may be of interest to remark that the result (3.2 ) of Feng is not correct owing 
to the fact that 
2 
(1.8) exp [z аА +а,„А - aA | 
= ехр(азА;з)ехр (аА: )ехр (аА, ) exp (аА; ) exp (аА, ) exp (аА, ), 


by virtue of commutator rules of А (i21, 2; |= 1, 2, 3) and therefore his 
statement, viz. “Тһе order of Ам, A,A can not be changed for i=1, 2 
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respectively" bears no meaning in connection with his formula ( 3.2 ). Actually Feng 
has calculated the left hand side of ( 3.2) by using the operator mentioned in the 
right side of ( 1.3), which is obvious from the result ( 4.1) of Feng. Thus the 
order of Aj, Аш, A4 can be changed at ease without altering its effect in the left 
member of (1.3), while that can not be changed in the right member of ( 1.3 ). 


The main result ( 1.1) of Feng is obtained by applying the operator 


аз Аз аз Аз аз Аһ а, А; (8) n 
e e e e on fa (Gy z. 


The object of this paper is to derive the possible variants of ( 1.1) by changing 
the order of Ags, As, А and A in 
аз Acs аз Aas а» Are 815 А; 
e e e , 
Indeed, by this change we have found the following new generating functions : 


(1.4) exp ( —àj xz) exp ( —a ( 1-rasz )]y ) (1+а,зу+а,, х) 


j^ [ х+азју+аз/2 ) ( 1+ашу--ав2 | 


5 У +m-+p 
= (ар 3 (m E (m E (a) (1) (руш (N14) p. 
р=0 p|  k-o kj m-o ш} =о i 
(B-k +m) m-k , p-l 
(x) Y z 
n-I+-p 


-n- 
( 1.5) exp ( -as)]V) exp ( -az Z (х + a/Y+ а„2) ) (1+ às y + asz). / 


HM K х+аш/у + an[z ) ( 1-+a;s Y -+ azs 2) | 


© оо co oo | k 
_ З (аы) Cose] Ca) 3 Casal) (1) (8) s (net). 


(6-k--m) m-k p- 
f x) y 
n-l-p 


(1.8) exp(-asz (х+а„/2) ) exp [-ai ( 1--aisy -8532 ) / yI (14 auy-Faosz ) ш 


(o | COcraslY-r8s/2). (1 + азу + anz) ] 
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оо 1 o р o m oo k k+m-+p 
= 5 (а) 5 (а) E (а) ғ (аг) (—1) (B—k) m (1+1): 
=0 i u=0 “Rr m=o m| k=o “kT 
(8—k--m) m—k p—l 


We like to point out that the following six operators 


аз Ags 81 Aj E ELTE а„ А,» 
| e e e e 
| аз Ass а Ав ar Ау а» Age 
| e e e e 
аз А» аз Аз ауз Аз 8i Ag 
e e e e 
(A) 
| ài А, aye А 85; А„ а» А» 
| е е е е 
| аз Aj; аз Ass 8j Aye а» А» 
e e e e 
| 8, А а Ags 85; А» а,» А; 
| е е e e 


(8) Bn | 
when applied to f (x) y z will give rise to the result (1.1) of Feng. 
n 


On the other hand the following six operators 5 


аз А»; ay Aj ig А а Аш 
е е e e 
| аз Аз 8j Аш аз Аз аз Аз 
| e e e 
E - | аз Аз , а» Asg а; А; аз Аз 
(в) ] e e e e 
] а А аз Аш 8» A» аз Aj 
e e e e 
i$ Ar аз Ass аз Aig а» Ам 
е е е 
| а,» А; аз Ads a23 Аз аз А, 
5 L D e e e 
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when applied to e 
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Go y^" 


Again the following six operators 


(C) 


when applied to ©, 


х)у 


Lastly the following six operators 


(D) 


eo MÀ — eet ne — ————À 


Ass 


Ais 


А, 


А; 


will give rise to the result ( 1.4). 


819 


В 2 à will give rise to the result ( 1.5). 


Ar 


Ais 


А» 


А» 


Ass 


Ass 


Ass 


Ass 


Ais 


А» 


аз А;з 


аз Ass 


аз Аз 


аз Ags 


аӊ Аш 


аз Аз 


ass Aes 


ags Аш 
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when applied to fF ) (x) К z will give rise to the result ( 1.6 ). 


2. Derivation of the new generating functions : 
From [ 1, p. 190] we notice that 


олу anf ey yf] = аг VI un 


B--1n 
y 2 


FD к) 


(2.2) As р(х) y^? | "m 
(2.3) ^s | (0 (X) v | - p Cone 
(B) B ^] (8) Вп+1 


(24) ^s | f^ yz |= —(п+1)ї# 4 (x)y z 


where 


y708[0x — y 


> 
i 


A = xy д/дх — у? 0[0y — yz a/dz 

A. = 271 0/0x 

А» = x20[0x — yz д/ду — z? 0[0z — xz. 

Also the groups corresponding to Ajo, As А, and A, are given by [ 1, p. 192] : 


(25) аз А» а ys] Y В ^ 
e u(Xyz)-e u (aly + х, yz) 


(2.6 ) 815 Ais 
e u(x yz) = и(х (1 +аџзу), У/(1 +а зу), 201 +-а,зу)) 


(27) а» Ass 
e u( X, y, Z) = и (а,/2 + х, ү, 2) 


(2.81 аз Аһ —аз3Х2 
е о(х,у,2) = е u(x( 1-- azz), У/(1 + az), 2/(1--а,з2 )) 


Now in order to prove ( 1.4) we can choose without any loss of generality the 


following operator from the set ( B) : 


azz Ass а; Ai 815 Ais а» А» 
e e e 
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In fact, we have - . 
аз Аз аг Аһ аз Аз а, А (8) Bn 
e e . e Ө f A (х)у 2 | 


1 Н 
ug са аз Ass on Ai A аз A; z ( ass]! ) E wove 
A a A €, m e 1 a 
m^ gm ug E UP e Lan PY ue е к= ^O 
(B+) В+ т п— | 
Ка (х)у z 


= e Аә $ (ашчу ® (ашу S. (ашу! Св) (1) 


(8 4- m — k) ae. ned 
f (x)y 2 
п – 1 
со со со т со k--m E 
(29) = ®(аш)1 D (Conr! Z (au^! E (аһ) (—1) FP 
(6 — k 4- m) B—k-c-m n=l 
ta сүр Oy - P ge Ер 


On the otherhand we have, 


аз Аз а» Arg аз Аз а» А„[ (8) Bon 
e e e e fa ООУ > 


: A ay, А 
z 6 8 A QU 12 р is Аз | Peces nw" | 
Bn 
a A a A (8) i Re yz 
-, ?3 Ags , 12 E CCX + а» [2 ( 1 + ayy ) ) m. 
(1+ ay ) 
аз А — a/y ‚ (8) 
О Mace ea nce”) 
pn 
ER SE T 
+n | 
(1+ азу) 
— gy XZ — а„/у 
HT e e ( 1 + аз2). 
Bn 
z 


И PS (х + а,/у + az/z) (1 + id е | л 


В 
( 1--аззу--азз2 ) 
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—8üsXZ —аџә (1 + аәз2 )/у) —B-—n 
(210) —e e (1 + азу + azz ) 


, 0 Bn 
ET (х + a/y + а/г) (1 + ay + asz) | yz 


Equating (2.9) and (2.10) we get 
— П — В 
(2.11 ) exp (— agsxz) exp ( — ajy (1 + asz)) (1 + азу + aaz) 


e | (X + аш[у + а/а) (1 + азу + nz) | 


со 


== 2. ( 853 )>/2! 2, (а, )*f* ! LR ( 815 )"/^1 EJ (а, JEL ( — 1) **n*» 


(B —k + m) m—k p-—l 


n—l4p (x) y А 


(8). (п 11). f 
which is ( 1.4 ) 
Secondly in order to prova (1.5) we can choose without any loss of generality 
the following operator from the set (С); 


аз Аш а Аз аз А a23 Аз. 
е е e 


Since the calculation shown in deriving ( 1.4) is a routine one, we only mention 
the main steps in deriving ( 1.5 ). 
Indeed, we have 


а» А» 81 Аа аз Ais аз Аз (8) B n 
e e e e | fn (x)y 2 


со со со eo 

(212) = = ( az )!/ 11 Z ( aiz )*] *l EN ( ays )/ 1 EA (as PPI (— 1) stmt, 
(B +m—k) B+m—k n+p—!I 
(B) (n+ 1), Ink p= х)у > 
On the otherhand, we have 
аљз Аз а; А аз Аз аз Аз (B) 8 n^ 
e e e e f ООУ 2 

—aply —а4„2 (X + а,/у + az )/Z) —p -—n 

(213) = e e (1 + asy + а,,2 ) 


ех + а„/у + 8s/2) (1 + азу + azz) ] y ч 
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Equating (2.12) and (2.13) we get : 


exp ( —ap/y) exp ( —aasz (x + ау + aæ/z)) ( isum) S 
(8) 
he (X + ais] y + а/2) (1 + азу + а») 
оо 1 со k oo m оо k+m+ 
(214) => (аы) Š (aur) E (aum) Ў (аще) (ay 
' j —k —k z=] 
Jew. yd t dw ee 


n—I+p 
which is ( 1.5 ). 
Lastly in order to prove ( 1.6 ) we can choose without any loss of generality the 
following operator from the set (D) : 
аз Ass аз Ass а Ass ar Å 

e e e e А 
Hence we have 
аз Аз а; Ags ais Аз аз Аш (8) Bn 

e e e |: п ООУ 2 | 


е 
ee ! e p m m bi k k+m-+- 
(215) 22, (аы) ‚2 (f) 2 (af) 2 G) (—1) 2 
B—k+m B—k+m n—I+p 
(BK) (n1) fo 1g 00У z 


On the otherhand, we have 


аз Age аз Ags ays Ан aye Ау (В) в n 
e e e fn (хуу z 


e 
( 2.16 ) aaz (X + ај2) — 8i (1 +азу + az) [ Y -p-n 


—e —e А (1 + азу + azz). 


(в) в n 
f a| (хаг /У + ањ /2) (1+ азу Fasz) |у z 


Equating (2.15) and ( 2.16 ) we get, 


-p-n 
exp (—а„2 ( х+аь/2)) exp ( —а; ( 1-+-а,зу-+-аз2 Vy ) ( 1-2-aisY + azz ). 


a | ot ашу + азј2) (1 + ay + anz) | 


Some Generating Functions of Modified Laguerre Polynomials 19 
oo © со оо k+m+p 


m k 
(247) =2,(ав/,!) „2 (am)? 1) 20а") S (аа /к1) C7 1 


В — 


kim m—k p--l 
(B—K (nt 1) Е oy, g GOY 2 


Li 


which is ( 1.6 ). 
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FIXED POINT THEOREMS 


K. M. GHOSH 


Recently M. Dutta, M. K. Das and M. Majumder [ 2 | and subsequently M. Majumder 
[4] have formulated the contraction principle in weak metric space considering the 
classical contraction i, e. Banach's contraction, Kannan's contraction [ 3 ] and contraction 
of Chatterjea [1]. Here we are going to formnlate a more general contraction principle 
in weak metric space. 


For ready reference we first state some definitions. 
Definition 1. A weak metric space ( М, р) is a set M with a metric p satisfying 
the following conditions : 


(1.1) р(х, у) = 0, if x= у, 
(12) р(х,2)< р(ху) +р(у,2), х, у,2єМ. 


In this space, the symmetric property need not hold and moreover p(xy)ao 
does not necessarily imply x — y. 


Definition 2. A sequence { Xa } in ( M, p) is said to be d-fundamental ( r-fundamental ) 
if for an arbitrarily given positive є, there exits a positive integer Na (є) (an №, (e)) 
such that p( Xa, Xm) <€, for m> n> Na(e), ((n >m>N, ( € ) ) respectively. 
Definition 3. A sequence { x, } in (М, р) in said to be d-convergent í r-convergent ) 
to a d-limit ( r-limit) хє М if for an arbitrary e, there exists a positive integer Na ( є), 
(Nr(e¢)) such that p(x, x) « e, for n> Na(e) 


(р(х, х) «e, for n> Nr («)) respectively. 


Definition 4. A weak metric space ( M, p ) is said to be d-complete ( r-complete ) if 
every d-fundamental (r-fundamental ) sequence is d-convergent ( r-convergent) respectively. 
Definition 5. A mapping T of a weak metric space ( M, p) into itself is said to be 
- « . n 
orbitally continuous if for every x, є M, T(T i Xo ) —Tp whenever T X,;—peMin 
о 


d-convergent ( r-convergent ) sense. 
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Definition 6. Let T be a mapping of a weak metric space ( M.p) into itself. Metric 
space M is said to be ‘T-orbitally d-complete' ( T-orbitally r-complete' ) if every sequence 


n 
TIT x}, x є M, which is a d-fundamental sequence ( r-fundamental sequence ) is 


d-convergent ( r-convergent) and converges to a point in M. 


Now we are in a position to prove the following fixed point theorems which are 
generalizations of those of [1] and [2]. 


Theorem 1. Let (М, р) be a weak metric space which is a "T,-space" and let T 
be a mapping of M into itself. If T be orbitally continuous, M is T-orbitally r-complete 
and for апу x, y є M, there exists real numbers a, (1=1, 2,3,4) with O « a, <1 
and a, + a, + a; + а, <1 such that 

(13) р(Тх, Ty) <ap(%y)+ a p(Tx,x) + as p ( Ty, y }) 


+ a(p( D y)+p(Ty,x)) 
holds, then T has a fixed point in M. 


Proof. Let x,e M. Put X, = Tx, (п = 1,2,3,......) 
Now р(х, Xt) = p( TX, Txo ) 
Фа р(х, Xo) + Ay p(Xo X) + agp (%1,0) + а (p(Xs 0) + р(х, %)) 
р(х х.) < (а, + ay + ag) ( 1 — ay —8,) ^ p( Xo X ) =ар(х, Хо). 
where a = (a, ta, +a) (1 —a,—a,)~!<1, by the hypothesis of the theorem. 
Similarly, we have, р (X, Xa) < ар(х, X1) < 2 p( Xo Xo) ` 
By induction, we have р(х, у, Xn) < ар(х;, X) 
Now we shall show that this sequence { x, } is r-fundamental. In fact we have for m > n, 


p Xme Xa) S р(х, Xm zi + Pp (Mn v Xml2) +. + p (Xn —3, Xa) 
<(a™-t4tam-24 , +a") р(х, Хо). 


Therefor, р ( ха, X, ) < аз (amn — 1) (a—1)+*p(X%r%)>O0 as п = =. 


Hence, р ( хь, Xa) < є, whenever «> ав (ат - з —1) (а —– 1)7 р(х. Xo) 
form > n > №: ( є), then clearly {T"x,} (since x, = T?x,) is r-fundamental. 


Since ( M, p) is T-orbitally r-complete, then x, -» x*«M in the sense of r-limit. 


Now it remains to show that x * is a fixed point of T. 
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Since, T is orbitally continuous, 

Tx*zTLim x, = Lim Хаф = X *, which shows that x* is a fixed point of T. 

п — o П — о 
Theorem 2. Let (M, р) be a weak metric space which is "T,-space" and T Бе a 
self-mapping of M into itself. If T be orbitally continuous, M is T-orbitally d-complete 
and for any x, y є M, there exists real numbers 
a(i= 1,2,3,4) with O<a,<1 and a, + a, + а, + 2a, < 1 such that 
(1.4) р(Тх, Ту) <a p(x y) + a p(x Tx) -Fasp(y, TY) + 
а, (p (x Ty) + p(y, Tx)) 


holds, then T has a fixed point in M. 
Proof. As the proof of this theorem is exactly similar to that of Theorem 1, so we 


omit it. 

Remark : Theorem 1 of [2] follows as a particular case of our theorem 1 by 
setting а; = a, = 0 and а, = а; = A. Also theorem 2 of [2] is a particular case of 
our theorem 2. 

| am grateful to Dr. S. K. Chatterjea, Dept. of Pure Mathematics, Calcutta University 
for his helpful suggestion. 
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ON THE INVARIANCE OF THE NATURE OF SINGULARITIES 
OF THE m-COEFFICIENTS ASSOCIATED WITH AN ORDINARY 
LINEAR FOURTH-ORDER ‘DIFFERENTIAL EQUATION. 


MANJU MAJUMDER апа JOYTI «DAS ( nee CHAUDHURI.) | 


1. Introduction : 
To define the m-coefficients of the title we start with the boundary value problem 
(1) consisting of the differential equation ue s , 
(1.1) Lyz(rQ) усә (x)? — (рх у (x) )€? + q69yo9 = Avo» о PA < = 
and the ad conditions : 
(61.2) Uys E asy C? (0), (i=1, 2) 
where ` : 
(i) yO? Sy (x) = dky/dxk, (К = о, 1,2,3) 
(ii) rp,q are real valued on [0, ), andqeL{[o, x] for all x > 0, 
(ñi) r (x) 290 for all x 2 0, | З | 
(iv) r and p are absolutely continuous on any compact subinterval of [ o, œ ), 
(у) as(i—1,2; 5=0, 1, 2, 3) are all real, 
(vi) ( @y3 Azo gg азо) + 1 (0)/r(0) ( ais а —аз 81 )+ 
-Fp(0)/r(0) ( аз a22 — Aes 81» ) + ( ац Age — а аз )=0. 
Two solutions ф = ф, (x, A, (i = 1, 2 ) of ( 1.1 ) are determined so that 


r(0)4,(0,A) = a, 
{1(0) 24, €? (о, А) = то) (0) ay — қо) ay, 
‚ (13) 4 Корф 0 (о, А) = р(о)а;з +0) ay, 
қо) 4 (0,4) = — r (o) { о) an + p(o) aa} 
| +Ер(о) { 1*? (о) ai — r(0) as ] — { r(0) } a, 
$y $a are known as boundary condition functions, since the boundary conditions (1.2 ) 
can be exhibited in terms of them as 


(14) [yd] =o=[y¢] 
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while the self adjointness condition ( vi ) of the BVP ( 1) can be exhibited as 
(15) [¢,¢,]=0; in( 1.4) and( 1.5 ). 


[uv] (x) = r€? (x) [исә (x) v(x) — u(x) v? (x) J] + 
(1.6) + r(x) шә (x) (x) — ut?) (x) УО? (x) + UF? (x) VE (x) — u(x) v? (x) ] — 


— p(x) [ чб» (x) у(х) — u(x) v2 (х) 1; 
[ uv ] is independent of x when both u and v satisfy ( 1.1 ). 


Two more solutions 6;= 9, (х, А), (i = 1,2) of ( 1.1 ) are then determined by 


[ Ф, 0з ] = бв ( Kronecker's delta ) 
(17) [06,00] о SUE 3 с. 


(1.7) does not determine 9,’s uniquely, but this is immaterial as far as our analysis is 
concerned. 


It has been proved by W. N. Everitt [ 1 ] that ( 1.1 ) always has at least two linearly 
independent solutions Y, = 4 (x, л), (і = 1,2), belonging to 1? [ о, ) (the space 
of all Lebesgue square-integrable functions.), which can be expressed in terms of 6’s 
and $'s as 


2 
18) `Pr(x AVE ACAD + Z Ms (A) (х А), (r=1, 2), 


and that each mrs( А ) is regular in each of the half-planes Im A >o, Im A «o. 
In other words all the singularities of m;s(A) lie on the real A-axis. > ~ 


The differential equation ( 1.1 ) is classified to be in the limit-2, limit-3 or limit-4 case 
at infinity according as ( 1.1 ) has exactly two, three or four linearly independent solutions 
belonging to L? [ o, œ% ). 


We first assume that ( 1.1 ) is in the limit-2 case at infinity ; then ( 1.8 ) determines 
( Mrs (A) ) uniquely. These m,,(A), (т, == 1, 2 ).are the m-coefficients of the title. Clearly 
( m;,(d) ) is dependent on the coefficients г, р, q, as well as, on the boundary conditions 
(1.2). The object of this note is to show that the nature of the singularities of ( My, (A) ) 
is independent of the boundary conditions ( 1.2). In other words, if the boundary 
conditions ( 1.2 ) is replaced by some other boundary conditions of similar type, then the 
positions of the singularities of ( т,.(А) ) may change but their nature will remain invariant. 
For example, if ( m,,(A} ) is meromorphic corresponding to one set of boundary conditions 
then the m-coefficients corresponding to any other set of boundary conditions, are also 
meromorphic. As the singularities of ( m,.(A) ) are responsible for the determination of the 
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spectrum of the boundary value problem, the independence of the nature of the singulari- 
ties of ( m,,(d) ) as regards boundary conditions will no doubt simplify the problem of 
determination of the nature of the spectrum of the boundary value problem. 


To establish the assertion we consider a second boundary value problem (II ) 
consisting of the same differential equation ( 1.1) but associated with the boundary 
conditions : 


(19) Uy= X А.у (0) = о; (т = 1,2) 
8=0 = 


where ( Ars Azs — Ass Ayo ) + 19 (0)/t(0) (Ais Ag; — Ass An ) + 

+ p(o)/r(o) ( А Ass — Ass А» ) + ( An Аз — Ам Арз \ = 0. 
Let us denote the entities with reference to this BVP( 11 ).with k,, ky Ti, Tg T У, and 
М,. (r,s = 1, 2, ) respectively. 


The corresponding problems, where (1.1 )is in the limit-3 or limit-4 case are 
discussed in brief in section 4. 82 exhibits the relations between the entities of the two 
BVPs ( I ) and ( H ). 83 gives the statement of the theorem and sketches its proof. 


2. As the solutions 6;, 6, фу, ф of ( 1.1 ) form a fundamental set of ( 1.1 ), the solutions 
k,, K, т, Ta can be expressed in terms of them. 


It can be proved that, : 
(2.1) eee eer E [7142] 6; 
(22) т = [720601141 + [т 02] $2 — [72 Ф101. [те 921 0s. . 
(23) к= [k 6141 + [6:163 — [K i] 91 — [ki Ф 102 
(24) Ke = [ky 014: + [Kk 06514; — 154] 64 — [Ke do] Oe 
3. Statement of the Theorem : 2 | 
If the differential equation (1.1) is іп the limit-2 case at infinity, the elements 


М, (A) (r, $—1,2) are related to the elements m. (X) (r, $—1,2) by the relations 
given below : 


(31) A М A) = — [r7 4] sh 1+ DR] [т 4 ] 
(3.2) A Me (A) = — [k А] [ave] + E41 [k y] 


($3) = —[т{] [Kk p] + [kK 4] [72 He ] 
(3.4) A Me (№) = — [k ti] [re J +E] [k y] 
where 

(35) дл = [641 [kote] [k 4] pige 


Proof of the Theorem : 
If the differential equation ( 1.1) isinthe limit-2 case at infinity, it has exactly 
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two linearly independent solutions іп L? [ 0, ). Hence the solutions are obtained 
solely -in terms. of 4, and 4, We may write 

‚ (3.6) V, (x,3) = Judi (XA) + Jis da (XA) 

(3.7) V, (хл) = Juss (QA) + Jes a (ХА) 

where Js (r,s— 1,2) are uniquely determined functions of A. These equations 
also determine M, (à) uniquely. Thus (3.6 ), ( 3.7 ) may be used to determine the 
eight elements Jj, Ј, Jar У Му, Mig Mz, Ma uniquely as follows. 

From (1.8) and similar expressions for У, (x, A) (tre 1; 2), using the relations 


[8102] = 07 [Ф Ф] =05 [фу 6,4] = 8, (r, s= 1, 2s [7721] 0: 

[k ]=0; [къ] = ôs (1S = 1,2) we obtain, 

(3.8) [dé (x23) 5(x3)] = 85.018 = 1,2) 

(39) [ p(X, л) (X л) 1=т,, (A) (68 = 1,2) 

(3.10) [kK (xX, A) Ж, (хл) 1 = rs (1,5 = 1,2) 

апа 

(3.11) [P(X А) т (х, А) ] = Ma (А) (75 = 1, 2) 

Using these relations ( 3.8 — 3.11 ) in ( 3.6 ) and ( 3.7 ) we obtain the iioue eight 
linear equations for the determination of J,,, Mes (т, s = 1,2) 


[Pig] = Ju (r=1,2) >. я 
[7:0,] = Ju Mr + Jam, (r= 1,2) ka 
[Pode] = Ja. (r= 1,2) А 


[Pa Or] = Ja ma + Jo Me (г= 1,2) 

Since these eight functions are determined uniquely, the rank of the coefficient matrix 
of the eight linear equations should be eight. Hence the determinant of the coefficient 
matrix of the eight linear equations should be non zero; whence Azo. Then solving 
the equations by Cramer's rule we obtain ( 3.1 ) — (3.4). 


4. We have similar type of linear ‘relations between M, (А) and m,,(A) when ( 1.1 ) is in 
the limit-3 or limit-4 case at infinity. The main difficulty in these two cases is that the 
number of equations is less than the number of unknown functions of M Accordingly we 
have an infinite number of solutions of the system of linear equations ( a set of equations 
in the limit-3 and equations in the limit-A case ) relating M,(\) and m,,(A), (т, 5 = 1, 2). 
However, any one set of solutions will serve our purpose.- We shall prove- below that, 
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in these cases also Ao. The non-vanishing nature of A helps us to determine a set of 
solutions in each case and so our purpose is served. The number of equations in each of 
these systems being too large we refrain ourselves from depicting them in this paper. We 
simply indicate how to show Azo in both the cases. 


In the limit-3 case at © of ( 1.1) the three L?— solutions of ( 1.1) with reference 
to BVP( I ) and BVP( II ) may be written as : 


Ri ф, + Rod» Jy ds; (Ry Ro) =. 0, о) 

and Sı К, + S К, V, Pe; (51,5) = (0,0). 

Now the solutions 5, ki +s, Ka, Wi, We can be uniquely expressed in terms of 
В, Фф + Rode, Yı , у, and vice versa. We can therefore write 

(41) ул = B,(s,k, + S; K ) + C, V, + D, У, 

(42) V, = Ba ( S1 Kı + Sa Ka) + Cop, + D, Ya 

Using ( 3.10 ) we have, from ( 4.1 ) and ( 42 ), 

(43) C, = [ky]; D = [ky]; С, = [к p]; D= [к] 

Since у, % are linearly independent Му, + №, = o should imply М = N = 0. 

Again S, К, + 5 Къ, P; and Y, being linearly independent, Му, + NU, = 0 will imply 
MC; + NC, = 0, MD, + ND; 20 that is M[k y] +N [k у, 0, 

Mik + N[ ke = 0 

But these should lead to M=N=0 and therefore we get 

A=(k Wil [kp] atk y] E&4)]x0 


If ( 1.1 ) is in the limit-4 case at infinity, all the four linearly independent solutions 
of ( 1.1 ) are in L? [ o,  ) and we have 
(45) = [ky] + [k ge] de — [k di] y — Ik do] o 
(4.6) k-[K pe] p1 + [K te] bo — [Ke du] — [Ks do] y 
K 1, Ka being linearly independent, P К; + О К, = o should imply P= О = 0 
Again à, , $z, Yı , 2 are linearly independent, so PK, + ОК, = o will imply 
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P[k]-c-QOG[k 1-0 P[k, ¢,]+Q [k,¢,]=0 
- an | 
P Ek гъ ОГК 1 = о P[k ġ]+ О [кф] =0 

But these should lead to P 0 = 0. So we have - | | 

A =[k di] [{[Кә&]—[К,%] [Kk 44] 0. j 7 ve 

5. The same procedure can be employed for higher order self-adjoint differential 
équations. So, forthe determination of the nature of the spectrum of a self-adjoint 


differential operator associated with a BVP, it is enough to consider the “simplest type of 


D 


boundary conditions, 
Thanks are due to the referee for helpful criticism, — 
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A HILBERT SPACE ASSOCIATED WITH A SINGULAR 
SECOND-ORDER BOUNDARY VALUE PROBLEM 


JYOTI DAS (nee CHOUDHURI ) and GOPINATH LAHA 


1. Let us consider the Sturn-Liouville boundary value problem ( BVP ) 

(11) усә (x) + fà — (х) ру(х) = 0 | 

(1.2) w(0)cos x + у (0) sin« = 0 

(1.3) y(b) cos f + у) (b) sing = 0 

where 0O<x< baw, X= р + іу, уб (x)= у / dx 

The set of values of л for which the above BVP comprising of ( 1.1)—( 1.3) has a 


non-trivial solution are called the eigen values of the BVP. t is known that ( 1.1 ) has a 
monotonically increasing sequence of eigenvalues { X, ; п = 1, 2. ...:... ... } 
The non-trivial solution of ( 1.1 ) corresponding to the eigen valve Am» is denoted by у,ь(.) 
and is known as the eigenfunction corresponding to the eigenvalue Mw». If Ф (., A )and 
8 (., л) denote the solutions of ( 1.1 ) satisfying 

$(0,4) —sin«, 66 (0, л) = — cosa, 

9( 0,4) = соѕ х, gt! (0,3) = sin«, 
then it has been proved in [1], 8 2. 1. 9 that there exists a function of A, say 1(:), regular 
in each of the half planes Im) > О and Im A < 0, such thar уь ( 44) where у(х, A) = 
8( x, À ) + (А) ф(х, A) is square-integrable on [ 0, b ), forall > 0. Further it is known 
that Ip(. ) has simple poles at each of the eigenvalues A,» , n = 1,2. ... -« Let гь denote 


the residue of Ip(.) at ànn- 
A non-decreasing step function p,(.) is now defined having discontinuities only at 


each of the points { X i: , and taking constant value between them, so that 
p (0) -0, 
p (№) = {іо (л — 0) p Om + 0)}, 
апа р t) — P. ( t) = рь for all t, t; with Аль «t, < Аль < te < №: 
It can be proved that Н p, (u) = p(u) exists for all u in [ 0, о) if b — о through 


. X ШЕ — со ' 
some suitable sequence, and p( . ) is a bounded non-decresing function [ 1, $ 6. 3 ]. 
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Let L? [0, о) = L? denote the set of all Lebesgue-square integrable functions 
оп [0, о). Let 


9j = [ f:(i)f(x) = O for all x > c (some fixed positive number), (ii) f is the 
integral of some absolutely continuous function, (iii ) f (0) cos « + #0» (0)sin« = 0}, 


b 

and for b > c, F,(u) = | f(x) ф (х, и) dx for all f F, 
0 . 

Writing the Рагѕема! formula for the BVP ( 1.1 )—( 1.3 ), viz. 


b со 
| f(x)dx2 Z c, зе ` 
о n=] 

сс? 


b 
where Сп = v f (x) AN ф(х, №) dx = rnp Р, (An), 
0 


oo 


b 2. ef 
in the form | B(x) dx = | - F,(u)dp (и) for all «7, 
0 ki 


— 00 


since p (u)—p(u) (forallue[O,« )) through some sequence, using Helly-Bray 


Up и; 
Theorem we have | f(u) d p. (и) | f(u) dp (u) as -b — co through some suitable 


sequence . 


oo oo 


Hence, as in [1,8 6.3 ], we get F, (u) d p. (u) > | F(u) dp (u), 


со * Ё oc 
as b > © through the same sequence, where F(u)= | f (x) d(x, u ) dx. Consequently 
e 


oo oo 


(1.4) | P(x) dx -| Ри) d p (и) 


оо Ы \ 


2. ret Ф, = (reve =| reos es i 
0 


A mapping 'd' from 9, x F to the set R of all non-negative real numbers is defined by 


oo 


асве) + [ treo вораи) T 


oo 
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we shall show that (F, a) is a metric space. 
An obvious consequence of the relation (1.4) is the following 


Lemma 2.1 | Е? (и) ар(и) = 0 < ЕЕ 0. 


Lemma 22 D(F,G)<d(F,H)+d(H,G) vF, G He J, 


Proof e (e в ) =| fíF(u)—G(u)Pdp(u) 
=| IF(u)—Hlu) dp «| {'Н(и) — G(u) i? ари) 
+20 вш) – HG {H ы) — Go ани) 
nra eo 7 ' 
«(| {ңшу—н(иурРФ(и)у+\ {Huy = GCU) P Фи) 


oo со 


ED ту, к Бш det | 


= (d(F,H) - d(H,G)9 


and the required result follows. 


Theorém 1. F, d) is a metric space. | 
Proof : By definition d( Е, б G) > 0 and d(F,G)=d(G,F). 
Using Lemma 2.1, we get d (F,G) = 0 ~» Е = 6. Lemma 2.2 indicates that 'd' 


[ t 


is transitive. Hence F, d )is a metric space. 
3. Theorem 2. |f ef denotes the completion of the metric space o. , then for any 


f e L? [0,%), there is an Е in ej such that 


e oo 


( 8.1) ( nonse F2(u)dp(u) | 
0 


—00 


Proof : Consider any f e L?. Since T is dense in L?, there is a sequence (f,], 
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in F, so that І. і, m f, =f, where l.i.m. denotes the limit.in the mean in L?. 
П —> o i . 


oo 


Let (ч) = | һ(х)ф(х,и)ах. Then 
0 


eo оо 


| f falx) — fm (x) $° ax = | {-F,(u) — Fa(u)? д (ил = d®( Fu F,) 
0 


— o0 
As {fn}. is fundamental in L?, it follows that {F,{, is fundamental in F. Since . 


is the completion of «7, there exists an F(.) in such that 
d(F,F)— 0 аѕп ә 


i.e. | {F,(u)— F(u)¥dp(u)—>0 asn—e 


60 
Thus, there is a function F in % such that | F?( u ) dp( u ) exists and 
i -—00 
со e 


[o macaco] 


— 00 


F'(u)dp(u) 


1 
oo со o 


Ж | | F, (u) — Fu)  dp(u) + 2f Еи) F(u) йи) — 2 | Еи) ари) 


— оо — 00` 


«V (ыш—ңш dptu) + 24 ( (R00 — кш és P {| FW) dy ji 
— Oasn->o- 


oo 


A i: кь) Ao iad tae NIC deum " F,2(u) dp(u) =| F?(u) dp (u) 


n- Ј0 ,c0 Row 5 
м$ 4. Theorem 3. T is a Hilbert space 


Proof : All that we need to do is to define an inner product. (,) in F . Let 


oo 


Che y= | F(u) G(u) йди), v F, G in f. D» 


— 00 


This existence. of the integral on the. right follows by Schwarz's inequality. It 


s 
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easy to verify that (,) defines an inner product in e Since % is a complete space, 
it follows that T is a Hilbert space. 


Thanks are due to the referee for helpful criticism. 
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FIXED POINT MAPPINGS SATISFYING A RATIONAL INEQUALITY 
KANAN MAJUMDAR 


In a recent work [1] B. Fisher has studied a fixed point theorem by means 
of the following rational inequality : 


bd (x Tx ) d (x, Tay ) + cd (у, Tey ) d( v, Tix ) 
(1) dU hy) 7—7 Tx)-Fd(, ly) ———— 
where T, and T, are self mapping of a complete metric space ( X, d ). 
The object of the present work is to consider a more general rational inequality, viz. 
ad (x Tx) d (y, Tey) bd (x, Tix ) d (х, Tay ) 
2 d ( Tax, pecie Son Na ЗАА жу ЗУ КАУ Кау /. 
(2) (Tix Ту) < d(x, Ту) Е d(x,y) + d(y х) + а(ху) ' 
x cd (у, Tay) d (х, Ту) " ed (у, Tey) d (x y) 
d ( x, Tax) + d ( y, Tay) d(x Tix) + d(x, Ty) 
+ {а (х, Ту) +gd(x y) 


in order to obtain a common fixed point of T, and T,. 


First we prove the following main theorem. 
Theorem : Let T, and T, be two mappings of the complete metric space X into 
itself satisfying the rational inequality (2) for all x, y є X for which x Æ y, 
d (x jx) + d(y, hy) # 0, 
d (х, TX) + d(x, jy) # 0 and a+ 2b c c + 2f+e-+9 < 1 where 
a b, с, е, f 9 є 0,1) then T, and T, have a common fixed point. 
Proof : We define a sequence of elements { х, } of X.as follows : 
Let x be any element of X. Let x, = T,X, X; = T,x, X, = TX, x, = ТХ; and so on. 
а(х, X ) = d (Т;х, Tax, ) ) 


ad ( x, Tax ) d ( Xy, Tj ) 7 bd ( x, Tix) d ( x, Tax; ) 
C d(x, Tex, ) + d(x, х, ) d(x, Tix) + d(x, x) 


са x, Tox, ) а(х, Tx) ed ( x, Tax, ) d (XX) 
d(x, Tax) + d (xu To) d(x, Tix) + d(x Tox, ) T OO Tax ) + gd (x, x) 
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= ad ( x, Xx) d (x,x) bd (х, x, ) а (Xxx) cd (X, Xa) d (x, X) 
S d(x х.) а(х) © d(xX)*d(xx) ^ d(XX)-4 d(XX) 


ed ( X, Xa) d (X x) 


а(х, х) + d(x, xX) + fd (x, X) + gd(x x) 


< 39068) dlx) + (хх) 


cU d(x, X,) + d (х, x; ) + bd (х, X») 


cd ( X, х.) [d(x,»x:) +d (xy x ) J ed (х, x; )[d(x»x)- а(х, х,)] 
а(х, х) + а(х, х) i а(х, х) +4 (х, х) 


+ fd (х, х) + gd (x, x) 

| < ad(x, Xy) + bd (x, х) + bd ( X, х) + cd (x, x,) + ed(x x, ) 
+ fd (x, x) + fd ( х, х) + gd( x; X) 
(T—-b—c—f)d(X,X,) x (a+b+e+f+g)d(x,x,) 


at+tb+e+ftg 


or, а(х, х) < 1—~b—c—f d(x, x) 


a tb незна d (x, Tax). 
Again 
d ( X2, X3) = d( T9, Tir, ) 
Е ad (x, Т, x; ) d (хь T; X2) bd ( xı, Tox; ) d (x, Т,х, ) 
а(х, Te) + (хх) ^ d(x, ToS) + d (хх) 





cd ( Xs T;xs ) d ( Xv Tix; ) ed ( Xe, Tix) d (ху, X2)_ 
d (х, Тох, )-- d (хз, T1X2) d (х, Tex, ) + d (x, Tix?) 





В 
T 


fd ( Xy Т,х» ) + gd ( ху, X2 ) 


BOL е) dS) DOCS) d Ong) „саху DG) 
Sd (Xp Xe) + d (X, хз) d ( Xa X?) + d (Xu х) d ( Xj, X ) +d( Xz,5 ) 





ed (х, хз) d ( X Xo) 

а(х, X») а(х, хз) 

ad (хз, Xa) [ d (% x) + d(xuxs)] | _bd (xu хо) d( Xy Xe) 
S ^ а(хљ) 4 dU X) i d (X xa) 


+ fd(x, хз) + gd (x, x) 
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са ( X» Xs) [d (X, X2 ) +d ( Xe Xs ) J ed ( Xy, х) [ d (Xu X2 ) +d (Xy Xs) J 
а(х, х) + d( X» хз) т а(х, х) + d ( Xy хз) 
+ FELD (Xe X) + d (Xu хз) 1 +-9d ( xv х) 
< ad ( x, х) + HE d(x, х) + (х, X) J + cd ( xs хз) 
+ Od (xX, X2) + f[d( Xu х) (хха) 1+ + gd ( Xy x) 
(1—-b—c—f)d(x,x3)<(a+b+e+f+g)d( xXx) 


at+bte+ftg 


d ( X», Хз E 1—b—c—f d ( Xr х) 


(a 4 be f + gy 


© 1 b езу d(x, Т;х) 


Similarly, 


at+bte+f+g з 
d (хз, X4) < (ее) d (x, Т;х). 


In general we have 


d ( Xn, Xn 45) SAC Xe X. £3) + а(х фт, Xap) (х фо Xanta) +... 
+ а(х фр-1, Ха ep) 


< («б + ал+ 4. 4а +р-1)у d(x, Tix) 


( where _ atrb+e+fig 
э des 1—b-—c-—f 


n 





< d(x, Tax) 


1—« 


a+b+e+f+ 
Since осы «1, we have, 0 c «< 1. 


d(X,X,,5)—0 as п о, 
Thus the sequence { х, |} is fundamental. Again X is complete, 


Therefore there exists a point x, « x such that lim x, = x,. 
Too 


Now to show T,X) = x, = T,;«, suppose T,X, Æ хо. 
d (хо, Т) < d ( Xor Xn) + d( Xa, Tixo ), where n is а even positive integer. 


< (х, х) +d ( Тъха л, Tix ) 
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, ad ( Xa ~ , ТХ — 1) d (X, Tj) 
< 4, n 
dv) ах Т ToS ) d (Xo Таха) 





Dd ( Xa ~ v To -1) d (Xa ~ 1 Тоо), Cd (хо, To) d ( Xa ~ te Tow) 
а(х, TaXn 21) + d(X&— 1 Xo) d ( Xn. Тәхау) +d (xo, Тҳ) 





n ed ( xy Тухо) d ( Xa — 1, Xo) 
d (Xn 1, Тоха 1) +d ( Xa» ТХ) 





+ fd ( Xa 1 ТХ ) 9d ( Xn - u Xx) 


which implies that 

d (Xo, Tixo) S (c + f)d( Xo Tix) ) as п о, which is impossible since (с + f)<1. 
" d(x, тю) = 0, ie Тхе = X. 

Similarly we can show T,X = Xo. 

Again we shall show that the fixed point is unique. If possible, let у, be another 


common fixed point of T, and T, i.e. Т,уџ = y, = Туу. 


d (хо Yo) = d( Tixo ТУ) 
= ad ( хо, Тхе) d ( Yor ТУ ) bd ( x», Tix, ) d (х, Tsyo ) 
х d(Xo T2Yo ) + ( Xo» Yo ) d ( yo Т,» ) +d ( Xos Yo ) 
n Yor. TaVo ) d ( Xo, TsYo у jp OO Су» Туш d Ve) 
d ( Xor Ti ) d ( Yor Tsyo ) -d (Xy TX ) +d ( хо, Ty, ) 
+ fd ( xy Toyo ) + 9d ( Xs, Yo ) 
< (#+ 9) 9 (х. Уо) which is a contradiction since (# + 9) <1. 
а(х Yo) = O implies x, = у, and this proves our main theorem. 
It may be of interest to remark that our theorem yields the following corollaries : 


Corollary 1 : If T be an itself mapping of a complete metric space X satisfying 


the inequality 
ad ( x, Tx ) d (y, ty) x ee ex DJ cd ( y, Ty )d( x Tv ) 
а (х, Ту) + d(Xy 9 (у, Tx) +а( х,у) a(x, Tx) +d (y, Ty) 





d(Tx, Ту) < 


ед ( у, Ту) (х,у) 
а (х, Tx) +d(x, Ty) 
for all x, у e X for which х z y, d(x Tx) + а (у, Yy) = 0, 
а(х, Tx) + (х, Ty) z 0 and а + 2b + c + 2f+e+g < 1, where 
a, b, с, e f, g є (0,1), then T has fixed point in X. 


+ ѓа (х, Ту) + ed (x v) 
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Corollary 2 : If T be an itself mapping of the complete metric space X and if 


ad ( x, Tx ) d (y, Ty) bd ( x Tx) а(х, Ty) 
d(x, Ty) -d(x y) а (у, Tx ) + (x y) 


cd ( y, Ty ) d( x, Ty ) ей (у, Ty ^d(x y) 
+ d(x, TX) + d (y, Ty) а ( х, Tx )+d (х, Ty) 


for all x, y e X, for which х Æ у, d(x, Tx) + (Уу, Ty) = 0, 


а (х, Tx) + а(х, Ty) #0 and а -2b--c-- e < 1, where a, b, с, e, є (0,1), 
then T has a fixed point in X. 


d(Tx Ty) < 


Corollary 3 If T be an itself mapping of the complete metric space X and if 
ad (x, Tx ) d( v, TY) bd ( x, Tx )d( x, Ty ) 
а(х, Tx)+d(x y) (у, Тх) -d( x y) 
for all x, y є X, for which x z y and a+ 2b + 2f + g < 1, where 
a, b, f, g є (0,1), then T has a fixed point in X. 


d(Tx Ty) € + fd (х, Ту) + gd(xy) 


Corollary 4 : If T be an itself mapping of the complete metric space X and if 
d( Tx, Ту) < fd (x; Ту) + gd( x. y x,veX and 2£ -g < 1, f,g є (0,1), 
then T has a fixed point in X. 


Corollary 5 : If T be an itself mapping of the complete metric space X satisfying 
the inequality 

bd ( x, Tx ) d(x, Ty) 
d(y, Tx) -d( x y) 
for all x, y e X for which x zy and b+ f < 4 where b, f є (0,1), then T has 
a fixed point in x. 





d (Tx, Ty) < + fd (x, Ty ) 


Corollary 6 : If T be an itself mapping of the complete metric space X satisfying 
ad( x, Tx) а (у, TY) cd ( y, Ty ) d( x, Ty ) 
d(x Ту) + (х,у) ' d(x, Tx)+d(y;Ty) 


, ed (y, Ty) (х,у) 
+ a(x, Tx) d(x Ty) ^ Id O« TY) + gd (x, у) 


d( Tx, Ty) € 


for all х,у e X for which x Æ y, d(x, Tx )--d(y, Ty ) = 0, 
а(х, Tx) --d(x, Ty) #0 anda+c+e+2ftg < 1, where a,c,e, Ё, о (0, 1 ), 
then T has a fixed point in X. 
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Corollary 7 : lf T be an itself mapping of the complete metric space X satisfying 

the rational inequality 

б (х, Ty)d(y, TY) х, Tx)d(x Ty) d( y, Ty )d( x, Ту) 

d(x, Ту) аху) dy, Tx)d(xy) T d(x, Tx)+d(y. Ty) 
ed (y, Ty) d(x Y) 
d (х, Tx )--d( x, Ту) 

for all x, y є X for which x = у, а (х, Tx) - (у, Ту) 40, 

а(х, Tx) + а(х, Ту) == 0 апа a < +, а є (0,1), then T hasa fixed point in X. 
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d(Tx, Ty) «a 


+ (х, Ту) + d(x, у) 
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OPERATIONAL DERIVATION OF SOME GENERATING 
FUNCTIONS FOR THE LAGUERRE POLYNOMIAES: 


BANDANA: GHOSH | m 
1. Introduction : In a recent paper O. V. Viskov [5 ] has derived an operational 


« 
representation of La (x) in the form : 


(11) Log = C i xD*-L«D +D) e ; DZ djdx. 


An analogous representation has been given by T. D. Banerjee [1]. Subsequently 
the authoress [4] has made some comments on Viskov’s work. Also 5. К. Chatterjea 
[2,3] has studied Viskov's operator in details. -The-object of the present paper is 
to point out a method of using Viskov's operator in the derivation of some generating 
functions for the Laguerre polynomials including the Hardy-Hille formula. 


The results proved in this paper are the following : 





оо —«—1 
—xt 
(12) х LX) t = (1—1) exp (== 
oo -«-k-1 -———— ee 
(n--k) < à А xt САРА : 
(13) х ркт еб) — (11) exp (<>) ЦЕО). 
ЖЕ. жр C 0+1) xyt 
1.4 Хх La (x) La (y) t? = (1—1 exp (M F,(—31+4: 
( ) iex 4 (x) (у) ( ) ( XS ) oF: ( + T (mud 
In order to prove our results we require the following operational formula : 
kx 
(1.55) —t( xD?+«D+D)  —kx —«—1 Eu 
e e = (1—kt) ыла 
2. Derivation of the operational formula : 
—t(xD?4xD4 D) —kx = А 
Let u = e e $ LI 
ди —t (xD?--«D4- D) 
шер = [ — ( К°хе-* — («-+-1) ke 7) 1 
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ди —t(xD?+«D+D)  '—kx 
and a UR e xe 

ди a ди 
Thus a =k Ok Ms ( «4-1 ) ku " 


which has the general solution in: the" form: 
1 
a+1 . 
ku = Ф (ву ) 


To determine Ф we notice that u = e^** when t = 0. 








—kx 
TEE 
t a: ) "v 1 
ket = Ф ( =. 
—x 
or, Ф (—k) zal rd (FFK 
k 
* s 
d f ecco ОК 
KU S 7 gus 
1 : X k 
ЕНИ olo хи Kt 
Thus ku IK è 
kx 
— ( «-F1) kt—1 
u z(1—kt) e ` 


3. Derivation: of. generating functions ; 


From (1.1) and (1.5) we easily obtain 


- x 
EL x) m 


n=0 





оо (=1)" x “x n 
EJ кт @ (xD*--xXD--D) e t 
x —t —X 


= ө е (xD? +«4D4D)e 
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xt 
—«—1 t—1 


—-(1—t) e 


which is ( 1.2 ). 
Employing the sama technique we get 


oo 
{(п-ЕК)! ә 
„2 ттк tk OOM 
$2 k 1 2—4 nk x mk -X n 
= s Wü (wage дс. 
n=0 


* {—1)* раар ру 2 (2 Je 
= e ki ( xD?+«D4+D)* 2 up (х0%+<0+0) e 





n=O 
х (—1)* -t -x 
Ө: en (xD*-«D4D)*e (xD?+«D+D) e 


х 
(xXDi-xD4D )* et-i* 








—«—1 x Е 
= (1—1) е с 


On putting CH = — y, the right hand member becomes 


—t{—k—1 x k Е та. 
(1-4) e^ CIA eY [ yD2+<Dy+Dy Ik е 


—x—k—1 —у,« 
esci ont) e bk (У) 


xt 


x x 
t—1 Ly ( 1—t ^ 


—x—k-1 
= (1-—t) e 
which is ( 1.3 ). 

Lastly using the same operational technique we shall prove Hardy-Hille formula. 


We have 


a п | a X М 
oe tnx) by C?) 


м ол Rl (1) (140), ye (1) х n oe 
ie dm peu RIMS Cee. WD ee eee e 
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= S * (—1) ye 1 y ü рл „р ntk S 
та EQ Ree kin ГИ +), ( — ) e (x +4 +D) —--@- 

E. (yt) Aq us. Tu 
zt __1 үк 

Z, e ( —1) KT ( xD* - «D4-D) E im (xD?+e2D+D)e , 

x 
сә — 
(—1 (yt) = теп 
= y лр GET x 
Em ex KITE (xD+«D-+D)* (1—t) e 
On putting T == — Z the right hand member becomes 
—yt k 
со (—1 j* (5 3 -Z 
С Бо ae a ee ars ez e— zt [ zD24-x« Dz-- D, ]* e ЕСЕ 
—yt 
= (13) e” $ NEL (—1) ez [2р2 рр, +D: 22 
кә (1+2) КІ А "ae 
me D 
-— ow HT» (4 
= (1—1) eto cq. vl 
X 
oo L (z) a k 
(fetes 2 k yt 


li 


2 tae. A T 


Now we know that 





o Ш (x) t t 

У ipe, =e F (—3 144; —xt) 

n-o n 
Thus g 


——— і (х jt 
do TUE ч, ) S 


© 


—4—1 —zt —yt/(1—1) E yzt 
= (1—1) e e оР ( - 5 ES oy) 
—«—1 —(х+У) 1—1) | t 


which is ( 1.4 ). 
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ON NORMAL VARIATION OF THE TANGENT MANIFOLD 
OF A HYPERSURFACE OF A RIEMANNIAN MANIFOLD 


BANDANA BARUA ( nee GUPTA ) 
| апа 
BIJAN KUMAR SEN 


Introduction : 
The normal variations of a submanifold of-a Riemannian manifold have been 
discussed by Chen and Yano [1]. They have obtained the following theorems : 


Theorem A. A submanifold is totally geodesic iff every normal variation of the 
submanifold is isometric. 

Theorem B. A submanifold is totally umbilical iff every normal variation’ of the 
submanifold is conformal. 

Theorem C. A submanifold is minimal iff every normal variation of the submanifold 
is volume-preserving. 


In this paper we have considered the tangent manifold of a hypersurface of 
a Riemannian manifold which is a submanifold of codimension 2 of the tangent 
manifold of the ambient manifold. In the first part of the present paper we have 
studied the nature of the immersion of the tangent manifold of the hypersurface in 
the tangent manifold of the ambient manifold, corresponding to different types of 
immersion of the hypersurface. In the second part of the paper we have studied 
the relations between different types of normal variations of the tangent submanifold 
and the corresponding normal variations of the hypersurface. 


1. Nature of immersion of T( M" ). 


Let M? be a hypersurface of a Riemannin. manifold Mir isometrically immersed 
in it and let the immersion be given by the equations р 


(1.1) у“ = у“ (хі } < = 1, ..., п+1, i= i1,..., n, where M” is covered by coor- 


dinate neighbourhoods (U; x") and мп+1 is covered by coordinate neighbourhoods 


( V; y* ) Since the immersion is isometric, we have 
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д y* 
ax! 


where h, i,j, К, ..., run over 1,2..., n and «, В, у, 8... run over 1,2,..., п, n4-1. 





(1.2) 


2 * вё, Bi. 
бк Rug By Бе Pl 


if T( MP ) and T( м"; denote the tangent manifolds ої М" and Mnt respec- 
tively, then (О x Ex, FU )апа( Vx E+, y^ ) are the coordinate neighbourhoods covering 
T( M ) and T( M^ 1 [ 2] respectively, where Н, |, J, К, ... run over 1.2 ... , n,n+1,..., 


2n and A, С, Б, ... run over 1,2, ..., п+1, n4-2, =, 2n4-2. Also, x'—x^ and x"*^ 


(п+1) +x 


are tangent vectors to М" and y 2 y* and y are tangent vectors to м" +1 


: — < 
We shall denote n--h by h and (п+1) + « by X. Then, у = xh Bu. 


The immersion of T( M^) in T( M®*+) is given by the equaions 


. If Gy, апа адс denote the fundamental metric tensors in T( M^) and 


T( M"), then 


E ET 


A 
B ) oy 
5 axe 


J B 


(14) 8)k-aAC 


Let (N*) be the unit vector normal to М" in М" ; 


then 
tb _ 9’ м< NP = 
8,8 Bi № = 0 and aag NN Ts 


Let us now define 
(1.5) Aĵ) = (N*, = P м y9 ) 
and (N2) = (0, № ) 
Straight forward calculations show that 


С». х, У = 1,2. 


CEP TE 
(1.6) адс BY Nr = 0, адс Муу = 8, 
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Thus (АА ) and (9А) are mutually orthogonal unit vectors to T(M?). 


Theorem 1.1 lf N is aunit vector normal to M? іп M*t!, then N, and Ne given 
by (1.5) form an orthonormal basis of the normal bundle of ТЕМ") in T(M»*), 

If b, are the components of the second fundamental tensor of М, then [3] 
er + tay 8 
where Ų denotes covariant differentiation with respect to g,. If Drxx denote the 
components of the second fundamental tensor of T(M*) with respect to the normal 
vector Nx, then straight forward calculations show that 


(1.7) Dia = Dye Dia =4 ( Vn b I V3 Dim X, D; gi = L 


and 


Die = а В № Е ӯ“ + i (vi у” B? + VY B^ ) 


where 7 denotes covariant differentiation with respect to g JK 


From (1.7) and (1.8) we get the followings 
Theorem 1.2 T(M*) is totally umbilical in T(M®*) iff it is totally geodesic. 
Theorem 1.3 If (TM?) is totally geodesic in T(M^*?) then M" is totally geodesic in Mn+}, 


The converse of Th. 1.3 is not true. We can only say that if M" is totally 


geodesic in M^*!, then М, is a geodesic section of T(M®). 
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lf p= 1 gp by. denote the mean curvature of М", we find from (1.7) 


" 


(1.9) анса) ( Vx bi,— Vi b, ) xx 
Theorem 44 If №, is a minimal section of T(M"), then М" is minimal iff Mn+! is of 
constant curvature. | 


2.. Isometric and conformal normal variations 
Ап “infinitesimal normal variation of T(M*) in | T(Me8) is given by an equation 


of the form 


X HES ug =. wm M Tm 
is a vector normal to T(M?) and dt is an infinitesimal. 


А -A -A E 
gh = 9Y „бу ХА dt. 


(2.3) Then, = = 
әх) әх) axe 
ZA. 0y^ А T TS CR qe À 
Displacing the vector Bj = y parallelly from: (y ) to ('y^* ) along x ^, we obtain [1] 
Ox 


24) Bj = 85 — [oc] 85 XP at 


ee Ns 
Putting (Bj ) = Bj — B J' weget, 





NC 
where ` 
A o^ A | gc xD 
(2.5) Vy X =-——--\рс{ 54 а 
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If ауе denote the fundamental metric tensor of the deformed submanifold, then [1] 


= = — ы x 
(2.6) 89 ук) = IB ese Big = — 2 b уку X dt 


By virtue of Theorem A and Theorem 1.3, we now state | 
Theorem 2.1 If an infinitesimal normal variation of T(M^) in T(M**!) is an isometry, 
then the corresponding normal variation of M» in M*** is also an isometry. 

The converse of the above theorem is not true. Also by virtue of Theorem B 
and Theorem 1.2 we can state 
Theorem 2.2 An infinitesimal normal variation of T( M^) in T( M"*'!) cannot be a 
non-trivial conformal motion. А 

By virtue of Theorem C and Theorem 1.4 we state 
Theorem 2.3 Ifa nornal variation of T(M») in the direction of N, is volume preserving, 
then the normal variation of M? is also volume preserving iff M^*! is of constant curvature. 
3. Affine and Projective normal variations 

If has been shown by Chen and Yano [1] that the variation in the affine 
connection due to the infinitesimal normal variation (2.1) is given by 


(3.1) (o) xis s" (v J krx X) + Vk (Б т, X— Vz (Бк, x9} dt 


An affine motion and a projective motion are characterized by 


гъ (C) 
ao (f) 


where p; is a covariant vector field, in T(M»). 


0 


Il 


ll 


(вк a ak By) dt 


From (3.1) and (3.3) we find 


— X — — — —* — ~ 
(3.4) 2 Ут (б ку X) = — (29 ук Pr c 9T рк + IKT pj 
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Conversely, if (3.4) holds, then substituting in the right hand side of (3.1) we get 


(3.3. Hence - В 
Theorem 3.1 Ап infinitesimal normal variation of T(M") in T(M»?*!) given by (2.1) 


is a projective motion iff there exists a covariant vector field p K in ТМ”) satisfying (3.4). 


Let the corresponding norma! variation of М" in M^** be a projective motion ; 


then the' equation (3.4) takes the form 


2 V, by = — (29Р, + 96 Рк + Ikt Py 


k 


where Pk is a covariant vector in MP. Transvecting by g! we get after simplification 


n 
(3.5) рк =T пт шү, Шк" e и 


where ш is the mean curvature of М" in MHI, tf М? is a minimal hypersurface 
in Mnt, then Pk = 0 and the infinitesimal normal variation of М" reduce to an affine 


motion. . 3 . : 
Theorem 3.2 |f the infinitesimal normal variation of a hypersurface of a Riemannian 


manifold is a projective motion, then the vector of the projective motion is given by (3.5). 
Corollary A minimal hypersurface of a Riemannian manifold cannot admit a non-trivial 


infinitesimal projective normal variation. 
Next let us consider the infinitesimal normal variation of TM") in түм" t 


in the direction of N, be projective and the corresponding variation of М" in м1 
be affine. Then writting b у for b jq, we find 


2V4 Bjk = — Q8yk Рт + Gyr Pk + Snr PY) 


and Vit bik = 0 


Choosing J = j, K= k, T — t, we get, from (1.7) 
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2 gy Pt + Sk PR T Ikt pp = 0 
Transvecting by gik we find Pi = 0. 
Again, choosing J —'j,K = К and T = t, we find P, = 0. Thus 


Theorem 3.3 If the infinitesimal normal variation of М? in mort is affine, then 


the infinitesimal normal variation of TM’ ) in qm” t) in the direction of Ny is 


also affine. 


Finally, let us consider the infinitesimal normal variation of TM") in the direc- 


tion of No to be projective, the infinitesimal normal variation of M" being affine. 


Proceeding as above, we find that the vector of the projective motion is 
= 1 t f 

(36) р = (— zp 9j by Ri Ve 0) 

where Rr are components of the Riemann curvature tensor in M": 


Theorem 3.4 If the infinitesimal normal variation of м" in w^! is affine and 
the infinitesimal normal variation of тм") in T(M +1) in the directon of № is 


projective then the vector of the projective motion is given by (3.6) 
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PAIRWISE CONFLUENT AND PAIRWISE PSEUDO 
CONFLUENT MAPPING IN BITOPOLOGICAL SPACES | 


DIPTI SINHA - 


1. Infroduction. The concept of bitopological spaces was introduced by J.C. Kelly 
[2]. In [3] Pervin defined connectedness and continuity in bitopological spaces. We 
have defined pairwise confluent, pairwise pseudo confluent and pairwise weakly confluent 
mapping in section 1. We have studied some properties of the mappings of the 
hereditarily normal bitopological spaces in section 2. In section 3, we have investigated 
some properties of the mappings onto pairwise locally arcwise connected. spaces, 
In [2] Kelly defined quasi pseudo metric space. Some properties of quasi pseudo 


metric space have been discussed in section 4, 

In this paper we take the definitions of connectedness and өнү given 
by Pervin in [3]. А 

Now we shall define the connectedness between two sets in а bitopological 
space as follows : 
Definition 1.1 Let A, B be two subsets of ( X, P, L ). Then X is said to be connected 
between A and B if and only if X z MUN where ACM, BCN and ( МДРам ) U 
(LEIMAN) = 4. 
Definition 1.2 Let A be a subset of (X, P,L). A is said to be P regularly open 
wrt. Lif A = P Int(Lcl A ). 
Definition 1.3 Let A be a subset of (X, Р, і). A is said to be P regularly closed: 
wrt L if A = Pcl(L Int А). 
Definition 1.4 Letf: (X, P,L)—(Y, R, L) be a continuous mapping of X onto Y. 
The mapping f is said to be PP’ confluent му. г. t. L, PP’ pseudo confluent м. г. 
t. L or PP’ weakly confluent w. r. t. L provided for each connected, non empty Р“ 
regularly closed set C w.r. t. L of Y, the following conditions are  satistied 


respectively : 
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(c) foreach pair of points x є! (C) andy є С the set #1 (С) is connoted between 
{храпа { f(y) }. 


(p) for each pair of -polnts y, у’ є C, the set f-1(C) is connected between f(y) 
and f(y’). ` 


(w) there exists a point x, «f~! (C) such that, for each point y С, the set f-! (C) 
is connected between { x, | and f-! (y). 


We say thata continuous surjective mapping is pairwise confluent if it is both 


PP' confluent w. r. t. L and LL confluent w. г. t. P. Similarly pairwise pseudo 
confluent and pairwise weakly confluent mappings are defined. 


We take the definition of pairwise compact space given by Fletcher, Hoyle & 
Patty in [1]. 


Definition 1.5 The quasi component of the point p eX is the set of all points х є X 
such that the bitopological space ( X, P, L ) is connected between p and x. . 


Proposition 1.1 if A, B, C are subsets of a bitopological space (X, P,L), x, is a 
point of it and the set C is connected between A and {х,} as well as between 
B and і х, j, then C is connected between A and B. 


Proof : It easily follows from. definition 1.1. 


Remark 1.1 Each confluent mapping is both pseudo confluent and weakly confluent. 
By proposition 1.1, each weakly confluent mapping is pseudo confluent. : 


Proposition 1.2 Let f : ( X. P,L ) — ( Y, Р”, L') bea continuous mapping of X onto 
Y such that f-!(y) is pairwise compact for y e Y. Then f is PP' confluent w. r. t. 
L, PP’, pseudo confluent w. г. t. L, of PP’ weakly confluent w. r. t. L if and only 
if for each connected, non empty P’ regularly closed set С ‘му. г. t. .L' of Y, the 


tonowing conditions are satisfied respect! ively": x — 
(C) for each quasi component О of f? (C), we have C -EO 


(p) for each pair of points y, у’ є C, there exists a quasi component Q of f^(C) 
such that y, y' e£ (Q). 


i 


(w') there exists a quasi component Q of fz!(C) such that C = f (Q) 


Pairwise Confluent and Pairwise Pseudo Confluent Mapping 59: 


2. Hereditarily Pairwise normal-bitopological spacés 
We take the definition of pairwise normal space given by J. C. Kelly in p. 
From the definition of pairwise normal space, it follows that | 


Tneorem 2.1 Let A beaL ‘closed and В bea P closed set in a pairwise normal 
space (X, P,L) and АПВ = 4, then there exists a Р open set G such that ACG, 
BOL clG = ф И А 
Theorem 2.2 If A and B аге two separated sets іп а hereditarily normal bitopological 
space (X, P, L ), then there isa P open set б such that ACG and L cl GNB = 4. 


Proof : It readily follows from Theorem 2.1. 


Theorem 2.3 Letf : (X, P, L) -> (Y, P’, L') bea PP closed mapping of a hereditarily 
normal bitopological space ( X, P, L ) onto a bitopological space ( Y, P’, L’ ) and y, y' eY 
be points. Then the following two conditions are equivalent : 

(i) if UCY isa P' open set connected between [y and {у' } then the set f-(U) 
is connected between f-i(y) and f? (y^) 


(ii) ifZ isa set connected between {y}and{y’} then the set f? (Z) is connected. 
between f7'(y) and f(y’) 


Proof : obviously (ii) implies (i). 

Let us suppose (ii) is violated, which means that there exists a set Z œ Y connected 
that between {у} and [y'j such that #02) = M U N, f! (y) C M, fa (y) см 
and(MOAPcIN)U(LcoIMUN)=¢. PR: - 


It follows by theorem 2.2, that there is а P open set G in X such that M (= G 
and k clIGNN=¢ 


N сх аа. m 
~ Z= MUN CGU(X-LclG); whence (Lel G —G) п tz (Z) = ¢ and 
G U (X —Lcl С) is not connected between f~ (y) and f~? (y). Now (Кес —G) 
is а P closed set. Since f is PP’ closed, f (LclG — б) is P' closed in Y. But 
we have f (Lcl G —G) Г Z — 4, whence Zc U. Therefore U is + also cenrectod 2 
between {y}and{y’}. І 
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Because f2( у) CX - (Led G— G)2 GU (X— L cl б), we conclde that f^( U ) 
is not -connected between Ё (у) and f-!(y’), so that condition (i) is violated. 
This completed the proof. | 


Theorem 2.4 Let f : (X,P, L) — (Y, P, L) bea PP" closed mapping of a hereditarily 
normal. space (X, P, L) onto a bitopological space ( Y, P', L') and let x e X, ye Y 
be points, Then the following two conditions are equivalent. 


(i) if U C Y be a Р’ open set connected between { f(x)} and {y}, then the 
set f! (U) is connected between { x } and { f-* (y) | 


(ii) if Z C Y is a set connected between (f (х) } and {y} then the set f-!(Z) } is 
connected between { x } and { f-*(y) } 

Proof : Obviously (ii) implies (i). To prove (i) implies (ii) опе can use exactly 
the same argument as in the proof of Theorem 2.3 with f-t (y?) replaced by {x} 
and y' replaced by f (x). i 

Theorem 25 Let f : (X, P, L) — ( Y, P', L') bea РР” closed. mapping of a here- 
ditarily normal bitopological space onto a bitopological space Y. Let y, є Y be a point 
such that f-t (Yo) is P compact. Then' the following conditions are equivalent : 

(i) for each Р’ open set U C Y there exists a point x, e f^ (y) such that if y e Y 
and the set U is connected between { у, } and.{y}, the set #1 ( U ) is connected 
between { x, } and { f~? (y) j . | 

(ii) for each set Z C Y, there exists -a point x, e f-* (y) such that if ye Y and the 
set Z is connected bstween { у, | and {y}, then the set f^! (Z) is connected between 
{ хо рапа {171 (y) |. 

Proof: Obviously (ii) implies (i). Suppose on the contrary that ( i) holds and (ii) 
does not, which means that thera exists a set Z C Y with the following property : for 
each x є f^!(y,) there exists a point у(х) «Y such that Z is connected between 
f Yo } and { y'x) } but f-! (Z) is not connected between { x j and fa [ у(х) ]. 


As in the proof of theorem 2.3, we obtain a P .open set G(x) C X such that 
(1) x ES f~ (Z) с G(x) U [X — L cl G (х) ], x € G (x) 
and ff y(x] CX —LelG (x) 
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Thus the P compact set f~1 (yo) is covered by the P open sets G(x), where x ef^ (yo) 


and there exists a finite sequence of points X, X»... ... ... Xa, Of f~ (у) such that 

(2) ........... F (Y) C G (XD) U ws ee U G (Xa) 

Now L cl G(x) — G (x) is a P closed set. Since f is a PP’ closed mapping the set, 

(3) ........U-2Y-— Ü f [L c] С (x) — G(x)] is а Р’ open set in Y and 
1=1 

ZC U by (1) І 

Hence the set U is connected between {у, } апа { у(х) } for і = 1, 2,.:. e. 


Let x, e f~} (yg be a point whose existence is guaranteed by (i). Consequently the 
set f~? (0) is connected between { х, } and fi[y(x)] for i51,2,....... ...n. 
By (2) there exsits an integer К = 1,2, ... ... ... ‚ т, Such that x, e G (хк) and 
it follows from (3) that [L cl G (xx) — G (x)] Nf (0) = Ф 
whence f (QJ) C G(«)UIX—Lcl G (x) ] 
By (1) we get, f2[y(x)] CX—Lc G0) 
Contradicting the fact that the set #1 (1) is connected between { х, } and f~! 
[v(xx)) This completes the proof. И "M А 
3. Mapping onto a pairwise locally arcwise connected space. 
Definition 3.1 А bitobological space (X, P,L) is said to be P locally .connected- 
у.г. t. L at a point xeX if for every P regularly open neighbourhood G м. г. t. 
L containing x there exists a connected P neighbourhood V of x such thal x eV C б. 
Definition 3.2 (X,P,L) is said to be P Locally connected w.r. t. L if and only ` 
if it is P locally connected w.r. t. L at each of its points. 
We say that (X, Р, і.) is pairwise locally connected if and only if it ‘is both 
P locally connected w. г. t. L and L locally connected w. г. t. P. 
Definition 3.3 А pairwise connected and P compact set in (X, P, L) is called 
a P continuum. 
A set which is both P continuum and L continuum is called a continuum. 
Definition 3.4 Let (X, P, L) бе а bitopological space. A regularly closed continuum 
TC X will be called an' arc from а to b where a, Б «Т, if x is any point of T 
distinct from a and b,, Then T—x is connected between a and b. 
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 The'points a, b are called the end points of the arc T and T is said to join a and b. 
Definition ` 35 ( X, P, L ) is said to be arcwise connected if every pair of its points 
can be joined by an atc, | | 
Definition "3.6 (X P,L) is said to be P locally arcwise connected (I. а. с) м. г. 
t. L at a point x e X if in every P regularly open neighbourhood w. т. t. L of x 
there exists an arcwise connected P neighbourhood of x. | 

CX, P,L.) is said to be pairwise locally arcwise connected if and only if it 
is both Pa с, м.т. апда с. w. r. t P. 


Definition ..3.7 A mapping f: (X, P, L) — (Y, P, L} is called pairwise perfect 
provided f is pairwise closed and f-'(y) is pairwise compact for each y є Y. 


Definition 3.8 The maximal connected subset 'C(x) in (X, P. L), containing a point 


X e X is called a component of x in X. s Е SENE * 


Propostition 3.1 If А, B are pairwise compact sets and a set C is connected between 
A and B, then there exists a quasi component О of C such that ANQ = Ф # BNG 


Theorem 3.1 Let f: (X, P,L) — ( Y, P É ) bea pairwise continuous perfect mapping 
hereditarily pairwise normal space X onto pairwise locally arcwise connected space Y. 


‚ 


Then the following four conditions are equivalent . 
(i) f is pairwise confluent i 


(ìi) for each arc ACY and each quasi component Q of f^(A) we have А = f(Q). 


(iii) for each connected set C сс Y and each quasi component О of f-(C) we have 
c = f(Q). 


(iv) for each Z C Y, each point zeZ and each point х є #2) we have Q(Z, 2) 
-zf[Q(f^(Z,x)]. [ Q(Z,z')= the set of all points x є Z such that Z is connected 


between z and x ] 


Proof : By proposition 1.2 (i) implies (ii) and (її) implies (i). Clearly (iv) 
implies ( iii ). ` d 

To prove ‘that (ii) imples (iv), let us consider a set Z C Y апа a point хєХ 
such that 2 = f(x) є Z. us 
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Let yeQ (2,2), y #zand let U C Y be an arbitrary pairwise regularly open 
Donated by О, the component of U which 
locally connected. Therefore 


set connected between {z} and {y} 


contains z. Since U isa regularly open set in Y, U is 


О, is a quasi component of О and so у є U,. Moreover О, is pairwise open, so there 
exists an arc A C Ч, joining y and z. ії follows from (ii) and from: the inclusion 


ACU that Af [Q(f(A), x)] С Q( f2(U),x)] 

whence y ef( Q( f2(U), x) ] Le, f(y) N Q (fU), x) x Ф. 

we conclude that #-(и) is connected between { x} and f^ y). By Theorem 2.4, the set 

f(z) is connected between (x } and #у) because the set Z is connected between {z} 

and {y}. Since f-!(y) is pairwise compact, there exists, by proposition 3.1, a quasi 

component of f-1(z) which meets { х } апа #-:(у). This quasi component is О({ (2), x ) 

and we get y e f [ Q(f-(z), x) ]. Asa result the inclnsion Q( Z, 2) C f [Q(f?(Z), x) ] holds. 
To prove rhe reverse inclusion, for x e #1 (2), let x’ e ОҚ f?! (2), х) i. e., #2) is 

connected between x and x'. Since f is continuous, Z is connected between f(x) and 


f(x). ~. f(x’) «© A (2, 2) 

=. FLOQI t-z) xj] CQ(Z 2) 

So (iv) is proved. This completes the proof. 

Lemma 3.1 Let f be a pairwise continuous mapping of a bitopological space (X, P; L) 
onto an arc A with end points a, a, such that 1-а) is pairwise compact for а є A and 
let Q be a quasi component of X. ' : 

Then А = f(Q) if and only If a,, а, є f(Q). 

Proof : It readily follows from detinitlon 1.1. 


Theorem 3.2 Let f : (X P,L ) — ( Y, P', L’ ) be a pairwise continuous and perfect 
mapping of a hereditarily normal space onto a pairwise locally arcwise connected space 
Y. Then the following four conditions are equivalent ; 

(1) f is pairwise pseudo confluent 

(ii) foreach arc A С Y, there exists a quasi component Q of f7(A) such that A-f(Q) : 
(iii) for each connected set C С Y and each pair of points y, у’ « C there’ exists a quasi 
component Q of 1-С) such that у, y' є f(Q) 
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(iV) for eachuset:Z C Y-and-each: z e 2, we have i... :: TV. gm ж. 
Q(Zzy-U LAHE > 
- X e f(z) ә ЫИ, 2 
NS И m ) _ 
Proof : (iii) => (1) by proposition 1.2 and (i) => (il) by proposition 1.2 and Lemma 
3.1 Clearly (iv) => (il). To prove that (ii)&—» ( iv), let us consider a'set Z c Y 
and a point ze Z. Let ye Q(Z,z), yz and let О c Y be an arbitrary pairwise 
regularly open set conneeted between’ {у } and { z}. Then as in the proof:of:Theorem: 


3.1, there exists an arc A C:U-joining y апа 2. Ву ( ii.) the. set Á- ЧА) is connected — 
between f(y) and.f-(z) and so. is the set fiU)... It follows from Theorem 2.3 ( for. 


у’-=.2:) that-the set. f^*(Z) too, is connected. between the compact sets fr(y) and 1-32), 
Now by ‘Proposition .3.1, a.quasi .component_of 172), meets both fy) and 1-42) 
whence: y ef toi 12), x } ] for-at. least.one point. x e f 742). = 


Thus 0(2,2) C U f LONNAN x dl and as in the proar of theorem 34, СЯ reverse 
xe f -ц>) | ^ 


jnciüsioh sways holds. This proves s (iv). Hence this completes the proof, 
4. Quasi pseudo metric space and pseudo confluent mapping 

We take the definition of quasi pseudo metric space given by J. C. Kelly in [2] 
Theorem. 4.1 Let (X, P, L) be a quasi pseudo metric space and CŒ X Then if C 


is not connected, there exists a P open set G such that C C G Z4 # C—LclG and 
C Nn LFr(G) = $ [ Here P and L are topologies induced on X by the conjugate quasi 


pseudo metrics p and 1 respectively ]. 


V 


Proof : It can be easily proved. 


Theorem 4.2 |n a pairwise compact quasi pseudo metric space (X, Р, LE the quasi 


components are connected and coincide therefore with the' к кашрапаци; 


4 


Proof : It follows from Theorem 4:1. 


Theorem 4.3 For subsets of a hereditarily locally connected quasi pseudo metric continua 


their quasi components coincide. with the- components. 


Proof : It follows from Theorem 4.2. ' 
So from Theorem 3.2 we get the proposition 4.1 


EN 
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Proposition 4.1 Let f: (X, P,L) — ( Y, P', L') be a pairwise pseudo confluent and 
perfect mapping of a hereditarily normal and hereditarily locally connected quasi pseudo 
metric continuum ( X, P, L) onto a locally arcwise quasi pseudo metric continuum 
(Y, Р’, L'). Then for each connected non-empty set C C Y and each pair of points 
y, Y є C, there exists a component К of ЁС) such that y, у’ є f(K) 

Definition 4.1 A quasi pseudo metric space ( X, P, L ) is said to be finitely connected 
provided each collection of pairwise disjoint connected subsets of P having diameters 


greater than a positive number is finite. 


Theorem 4.4 Let f : (X, P, L) — (Y, P', L') be a pairwise pseudo confluent and 
perfect mapping of a hereditarily locally connected, hereditarily normal, finitely connected 
quasi pseudo metric continuum onto a pairwise locally arcwise connected quasi pseudo 
metric continuum Y. Then ( Y, P', L') is finitely connected, 

Proof : Suppose Y is not finitely connected i. e., there exists a number є; 7-0 and an 


infinite sequence of pairwise disjoint connected subsets C, С, ... ...... of Y such that P 
diam С, > « for i. = 1,2, ...... ... Consequently, there are points y,, у, є С, with P dist 


(Уу, уг) >e foriz1,2,...... By proposition 4.1, we get connected sets 
K, C Ё C,) such that y, y,' ef(K;)). The sets К, are pairwise disjoint. By the continuity 
of f, their diameters must be all greater than some positive number ô. But this is 


a contradiction. 
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A CHARACTERISATION OF I-RINGS 
T. K. DUTTA 


1. Introduction 
Nobusawa [8] in the year 1964 introduced the notion of a I-ring M as follows : 


Let M and Г be two additive abelian groups. lf for all a, b, ce M and «, Bye Г 
the conditions 


N,; ax«beM,«ager 

N,: (arb)«c = aac + bac, a(«-I-B)b = axb + afb, ax(b+c) = axb + a«c. 

Na; (ab) Вс = ax;bfc) = a(«b) с. 

№: a«b = o forall a, b є M implies <=0 

are satisfied then M is called a I'-ring. 

Barnes [1] weakened slightly the defining conditions for Nobusawa's I-rng. Following 
Barnes we say that an additive abalian group M isa I-ring if the following conditions 


are satisfied for all a, b, ce Manda, Be Г 
B: a« be M 


B,: (a4b)«c = a«c + bxc, а!«+8)с = a«c + afc, ax(b+c) = a«b + aac, 
B,: (axb)gc = ax/bfc). 

It is known [2, p 42] that every I-ring M is a J'"-ring in the sense of Nobusawa 
for som2 additive abelian group I”. Мапу fundamental results for I-rings were obtained 
by Nobusawa, Barnes, Lub, Coppage, Kyono, Ravisankar and Shukla. Nobusawa [8] 
proved analogue of the Wedderburn —Artin theorem for simple I-rings and for semi-simple 
F-rings. Barnes [1] obtained analogues of the classical Noether—Laskar theorems 
concetning primary representation of ideals for I'-rings. Luh [6, 7] gave a generalisation 
of the Jicobson structure theorem for primitive I-rings having minimum one-sided 
idsals ; Coppage Luh [2] introduced the notions of Jacobson radicals, Levitzki nil 


radical nil radical and strongly ni'potent radica! for 7-rings. 5. Kyono [3, 4, 5] extended 
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the notion of semiprime ideals to I"-rings, studied the structure of I-ring with minimum 
conditions, also studied the structure of I-rings with left and right unities. Ravisankar 
and Shukla [9] studied I-rings in the setting of modules. Now in this paper we have 
characterised I-ring (in the sense of Barnes) and R I-module, 


2. Preliminaries : 

Definition; If M, is а I'-ring for i = 1, 2 then an ordered pair ( êu 62) of mappings 
is called a homomorphism of M, into M, if it satisfies the following properties 

(1) 6, is a group homomorphism from M, into Ma 

(2) ` 0, is a group homomorphism from Г, into Г,, 


(3) forevery x ye Mı y eI, (xy y) 0, = (x6) (7 6) (y 8). 


Defin tion: Let R b»al-ring. An additive abslian group M is called a right RT- 
module if there exists a map ф : МхГх АМ satisfying $(m,«, x) will be denoted by 
m «x (in short ) 


(1) (m+n)ex=max+nex, 
(2) ma(x-+-y)=max-+mxy, 
(3) m$(x«y)— (mgx)xy for all x, y in R, <, Bin Гапа m, n in M. 


3. Let A and B be two additive abelian groups. M — Hom (A, B) denotes the set of all 
homomorphisms of A into B, Г = Hom (B, A) denotes the set of all homomorphisms of 
B into A. Let X, yeMand «, Be I. lfx«y and «xf be the usual composite maps, then 
it can ba shown easily that M is a F-ring. Define the mappings (x, a)—xa from MxA>B 
and (b, «)—>б« from BxI-—A for аа єА, be B, хє М and < «Г where ха and ba 
denote the images of a and b under x and < respectively. It can be shown that the 
above two mappings will satisfy the following conditions 


i) (x+y)a=xa+ya, x(a, таз) = ха; -X&;, 
i) b(x+f)=ba+bs, (6,-+-Ы2х=0,< +b, 
Й) y(xa)«-(y«x)a for allx, ye М, =, 3 «Г, а, а, а, єА, b, b, Б e B. 


Also we note that for апу Ozzx in M, x A Æ 0 апа for any OA іп Г, Bax, 
Following the above discussion, let us write the following definition. 
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Definition : Let(A, B) be two additive abelien groups and M bsa Г-гіпо. (М, D)is 
said to act on (A, B) if there are mappings Mx A—B and Вх Г-»А satisfying a) (x-+y)a 
=ха--уа, х(а, 4- a5) =xa,-+- X8;, b) b(«4-g)-b«--b$, (b, + bj)«zb,«-F-b;« 
с) у(ха)«х=(у«х)а for alla, а;, а, € A, b, b, bbe Bs x Y«eM, «, д, «Г. 

Moreover (M, Г) is said to act faithfully on (A, B) if for any 0x in M, xA#0 and for 
any Oz« іп Г, Bas40. е 


Thus we have the following theorem. 


Theorem 1. Given a pair (A, B) of additive abelian groups, there exists a I-ring M 
such that (M, Г) acts faithfuily on (A, B). 


Theorem 2. Let M be a I-ring and А, B be two additive abelian groups, If (M, Г) 
acts faithfully on (A, B) then the I-ring M is isomorphic to a I-ring M, such that each 


element of M, is a homomorphism of A into B and each element of Г, іѕ a homomorphism 
of B into A, 


Proof: LetxeM. Difine [x : A—B by /x(a)—xa. іеї < єГ 


Define г: В->А һу re (b) = ba. Suppose a,, а, € A, 


(а, - 85) = x(a, 4-a5)—xa, 4- xa; {by (a) of Definition 1} 


=/x(a,;)-+Jx(a,). Hence [x is a homomorphism of A into B. 


Similarly we can show that re is a homomophism of B into A. 


Let S = (fx: xe Mj and т= кер). Let I, , 15, 8: 


Define ( P Hy) a= b (a) + Ix (a. Then я +) а = 1,6) + I, (a) 
= Ха + Xa = (s T x) a= I x. (a). 


So ly, + le к= I dx eS. Define (n He ) b = ra (b) + г; (b) 
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We can show that S and T are both additive abelian groups. 


Define lt Lee by the usudl mapping product. Now ( % rc i) а = 


х(хәа)& = (х,«хг)а, v ае А. Hence Ie re I, є S. 
Wa can show that S is a T-ring. Define 0 = (0,, 92) from the T-ring M into the T-ring 


S by 0х) =le (4) = т, Then б,: M—S and @,: I—T are group homomorphisms, 


Also 6,(x«y) = by = 1, t ly = 6,(x)62(4)8,(y). Hence 60 is a homomorphism of 


the I-ring M into the T-ring S. Suppose 0,(х) = 0. Then {x= 0. Hence /;(a) = 0, y 
acA. SoxA = 0. Now since (M, Г) acts faithfully on (A, B), xA = 0 implies х = 0. 
Consequently 6, is injective. Similarly we can show that 0, is also injective. Hence the 
T-ring M is isomorphic to the T-ring S. ‘Hence the theorem. 


Theorem 3. Given an additive abelian group A there exists a F-ring R such that A isa 


right RI-module, 


Proof. Let B be another additive abelian group. Also let I'—Hom(A, B) and 
R = Hom (B, A). Then R is а I-ring. Now we define a mapping à : Ax x RA ( written 
ġ(a, yıx) =ayx) by ayx = (уа)х. It can be easily verified that the above mapping 
¢ satisfies the following conditions i) (а, +аз)ух = ayx+ayx ii) ау( x,--X4 ) = 8YX;--8?Xs 
ii) ау,( х„У,хь) = (av,Xy v,x, for all a, а, ase A; Y, ?;, Y, e Г and x. Xy, X; eR. 


Consequently A is a right R F-module. 


Theorem 4. Let A be an additive abelian group and (6, 8,) be a homomorphism from 
a D-ring В, into a Z-ring R where Г = Hom (A, B) and R = Hom (B, A), Bis an additive 
abelian group ; then A is also a right R ,I'j-module. 


Proof. We define a mapping ф : Ax I'3x R,—4A by 4(a, У,, х;) = avo, = ( (71033) ($6). 
It can bs verified that the mapping ¢ satisfies the following conditions i) (а, +а,)ух = 
a,yX--a,?x ii) aY(X,--X.) = 8YX,4-8YX, iir ау, (х,Ух,) = (8y,X))y;x. for all a, a,a, in A: 
У, y, Y; in Гапа x, x, x; in R. Hence A is a right R, module. 


N 
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Theorem 5. Let (A, B) be a pair of additive abslian groups, and В, be a Г-йпд such 
that (Ву, Г,) acts on (B, A) than A is a right R,P-module. 


Proof: Since (Rj, Г,) acts on (B, A) it follows by Theorem 2that there exists a homo- 
“morphism (0, 92) from the I,-ring R, into the I-ring В where R = Нот (B, A). 
апа Г = Hom (A, B) Consequently by Theorem 4 it follows that A is a right 
В,Г,-тоаи!е. 

Lastly combining Theorem 4 and Theorem 5 we have the following theorem ; 


Theorem 6. Let(A, B) be a pair of additive abelian groups and В, bea I-ring; then 
A will be a right R,';-module and (В, I) acts оп (B, А) if and only if there exists а 
homomorphism (6,, 0,) from the Г,-гіпо В, into the Z-ring R where Г = Hom (A, B) and 
В = Нот (В, A) | 


1 beg to thank Dr. М. К, Sen for his valuable suggestions in the preparation of this 
paper. 
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APPLICATION OF LAGUERRE PARTIAL DIFFERENTIAL 
OPERATORS TO PARTIAL DIFFERENTIAL EQUATIONS 
SARAMA DAS 


1. Introduction : 
In a recent paper [1] Isaac. 1. Н. Chen and T. W. Barrett have used Bessel's ordinary 


differential operators which raise and lower the index of Bessel's function of the 
first kind to solve some second-order linear ordinary differential equations. It may 
be pointed out that the operators used by Chen and Barrett are not proper Lie 
elements їп order to genera.e a Lie algebra. So we [2] have recently used the 
partial differential operators of B. Kaufman [3 in connection with the Bessel function 
of the first kind, which are regarded as generators of Lie algebra, in the derivation 
of some operational results and finally in the solution of those partial differential 
equations which can be factorized by means of the generators ofthe Lie algebra 
for the Bessel function of the first kind. In the present paper we similarly use the 
partial differential operators of E. B.McBride [4] in connection with the Laguerre 
polynomial in the derivation of some operational results and finally in the solution 
of those partial differential equations which can be factorized by means of the 
generators of the Lie algebra for the Laguerre polynomials. 

In fact from [43 p. 28], we hava 


1.1 Dy 2c y: 5. + («+ 1—x)y) X, = (п + 1) Xr 


oy 
a д 
-J em uM t PEE 
[ Xy Ox ду ] X, ( 4+n) Хх. 
where X, = ES х) у", Ё ( x ) is the Laguerre polynomials. 
If we put 
(12) R = x7- + yÊ + («+1-x)y 
| Ox ду 
= xy"! д " д 
Ox ду 
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(1.3) ( о Js sp 
-L 0 X, / Nn) X, 


A 
where X, = Ln (x) y^. 
Also we notice that 


& 4 
0.4) LR[L.(x)y] = —(44+n41)(nt1) L(x) y^, 
which yields the well-known relation 


2 
we + («+1—х) x xy ф-н Ооу] SỌ 





Again [ R,L] = 2y 2. 4T «+1, 
where [ R,L |= RL—L В. 
Also we have 
(1.5) x а у Y env 
4+1—x_ УВ уі 


yore m 


2. Derivation of operational formulas from the raising and lowering operators 
for Laguerre polynomials : 
Consider the partial differential equation 


(21) xy —— +y’ Mc («4H1—x)yus Р(х,у), 
Ma is san to 


ЄЧ L(«rt—x)ue y? Р(х,у). 





Hence the bonn system of ordinary differential equations is 


dx | dy _ du 
(22 x у yF(xXY)—(«*-1—x)u 


Solving ( 2.2) we get y = Ci x and 


х+1„—х _ Су | “71 e-*F ( x, Сх ) dx + C; 


(2.3) = Vi(x, C,) + Ce, (say). 


Hence 


(2.4) + [F(x,y)J = x *lew, (x, C, Me teal 4 x-a-1e*d, (=>) 


х 
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where V, is given in ( 2.3 ) and d; is arbitrary. 


Corollaries : 


( If y?2F (x, у) = a function of x only = Р(х), ( say ), then 
(2.5) 4 БЕУ И ef [e Рс) dx + d x) | 


where ф, is arbitrary. 


Qi) Чех Fix, у) = a function of y only = О (у), ( say ) then 
(26) кх у) = ey TL (у ©! обу) ees one) | 


where 4, is arbitrary, 


Next Consider the partial differential equation 


7 Qu Qu 
2.7) xv ———-——— = f(xy), 
(2.7) ax ay ( ) 
which is equivalent to the system of ordinary differential equations 
dx dy du 
2.8) —— = — = ———— 
сз) xy —i f(xy) 


solving ( 2.8 ) we get xy — C, and 
u=C, f x?*f(x Сух) ах + C, 


(2.9) = 7,(x,C,) + Ca (say ). 


Hence 


Q10 -L tfGsy)1 = V.S Gi) + Ф OY), 
C, = xy 


where ¥, is given in ( 2.9 ) and ¢ is arbitrary. 


Corollaries : 


(1) It yf (x; Y ) = a function of x only = Р(х), ( say ) then 
Qa pU ОУ) = DO POO der be (ху), 


where ф, is arbitrary. 


d If f(x,y) = a function of y only = Q (y), ( say ), then 
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(212) [f(xy] = - [aoo dy + Ф. (ху), 


where 4, is arbitrary. 


3. Application of operational formulas to second-order partial differential 
equations: 


Consider the differential equation 














2 20 
31) 2 uU. _ уз дч Eds x 2 - y-9U.) — 2y 09. 
(91) x Y + (4+1—x ) ( Эх угу У у 
— (<= +1) ы = #( х,у). 
Ѕіпсе 
uL xy 9. 2 AL (ed ux 1 
[хуз 2. — Slay + Yr + («+ dy 
E ye 0n. 1—x к — —2y-2. — («41 
E m vasti )( уз б) E (4+1). 
The above equation becomes 
LRu— f( X, y ). is 
It follows therefore from ( 2. 10 ) that 
Ru = 9 (х, C) + ga (ху) =Е(х,у ), (say) 
(32) EL 
where ¥, is given in (2 9) and ¢ is arbitrary. 
Again it follows from (2.4) that 
(3.3) u = ex *! w,(x €) purge text! фу (ујх), 
where V, is given in (2.3) and ф, is arbitrary. 
On the otherhand if we consider the equation 
RLu — F(x y), 
which is equivalent to 
2 ou _ у? A ч A ET 
(3.4) x. m eh eel Sk) xe y= F (x. y) 
Then from @ we get 
(3.5) Lu = ех ety, (x, €i) X e xl фу Ix ) = f(x y, Y (say), 


Ci = yx 
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where P, is given in (2.3) and 4, is arbitrary. 
Again it follows from (2.10) that 


(3.6) u = е _ "i da ( ху), 


X 


where ¥, is given in (2.9) and 4, is arbitrary. 
Acknowledgement ; 1 am indebted to Dr. S.K. Chatterjea of the department of 


Pure Mathematics, Calcutta University for his kind help during the preparation of the 


present paper. 
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APPLICATION OF PARTIAL DIFFERENTIAL OPERATORS 
FOR SIMPLE BESSEL POLYNOMIALS TO PARTIAL 
DIFFERENTIAL EQUATIONS 


SARAMA DAS 


1. Introduction : 
In a recent paper [1] Isaac. |. H. Chen and T. W. Barrett have used Bessel's ordinary 


differential operators which raise and lower the index of Bessel's function of the 
first kind to solve some second-order linear ordinary differential equations. It may 
be pointed out that the operators used by Chen and Barrett are not proper Lie 
elements in order to generate a Lie algebra. So we [2] have recently used the 
partial differential operators of B. Kaufman [3] in connection with the Bessel's.function 
of the first kind in the derivation of some operational results and finally in the 
solution of those partial differential equations which can be factorized by means 
of the generators of the Lie algebra for the Bessel function of the first kind. 
In the present paper .we similarly use the partial differential operators of E. B. 
McBride [4] in connection with the simple Bessel polynomials, in the derivation 
of some operational formulas and finally in the solution of those partial differential 
equations which can be factorized by means of the generators of the Lie algebra 


for simple Besse! polynomials. 
Now simple Bessel polynomials is defined by | 
fa (x) = 280 (—n,n4- 1 i> ), nz-0, where f. (x) =fg_1 (x) and fı (x) = fo (x) =1. 


From [4 ‹ 47] we have 


0 
ду 
‘where X, = f, (x) y^, f, (x) is the simple Bessel polynomial. 


(1.1) Гу + ху? a+ Xy + y] Xa = Xa | 


[xy $-- X Ty] X, = Xov 
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Let 
Re yf + xy 4 ху gy 
ox oy 
a2), a ib y | 
QE "er ауы 


(1.3) ( O R ( Xu )-( Хн) 
L O СК X /' 
where X, = fn (х) y’. 
Also we notice that 
(1.4) LR[f.(x)y ] —f(x)ys 
which “е the well-known relation 


Ы 2 
(1.5) x4 - дз + (2х+2 )-85.— ay = 





Again[ R,L] = i 
where[R, Ы | = RL—L В. 
Also we have 


y?R + yL 2 


=x? — xs yti 
(1.6) 2 
УЗА We m xy ES 
2 | ду 


2. Derivation of operational formulas from the raising and lowering operators 
for simple bessel polynomials : 
Consider the partial differential equation 


(2.1) x?y Soy „00: (x+1)yu=f(xy), 





ду 
which is equivalent to 
х? —— em "c PE E + (x+1) и = уН (xy). 
Hence the en system of ordinary differential equations is 
dx dy du 
2.2 ——— TER a I 
ted x? Xy ylf(xy)—(x+1)u 


Solving ( 2.2 ) we get y = C, x and 
и xe I = zi xe l f(x, Cx) dx + C, 


1 


(2.3) = Y, (x, C,) + Ce, (say ). 
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Hence 
Q4) Ф-Т) еке T9 Clo ses eie g y) 
where У, is given іп (2.3) and 4, is arbitrary. 
Corollaries : 
(i) If yf (x, y) = a function of x only = Р(х), (say ) then 


-ijz -1 1х 


1х 
(2.5) HY [f(x У) ] = xte {хе р(х) ах +x e 4 (yx?) 


where 4, is arbitrary. 
—1ljix 
(i) If x e f(x y) = afunction of y only = О (у), say ), then 
1/х 1/х 


(2.6) - [fGu y) -vy'e  fy*Q(pdy-y2e = (yx), 


where 4, is arbitrary. 
Next Consider the partial differential equation 
Qu ди 


(2.7) xy Tox —X у ^Y -i u = F (х,у), 


which is equivalent to 


x Du хусу. +u = y F (xy). 


Hence the correspondsng system of ordinary differential equatins is 


‚ dx _ dy _ du 
(2.8) x? = xy y F(X. y) —u 
Solving ( 2.8 ) we get xy — C, and 


“1s —1/q 


ue = С [е ХЕ (x, С, x74) dx + Cs. 


(2.9) = Y, (х. Су) + C, (say) 
Hence 
17x lix 
(2.10) -— [Foo vil ce Pa (С) |. + е $, (ху). 
у=ху 


where VP, is given in ( 2.9 ) and ¢, is arbitrary. 
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Corollaries : 
(1) If y F (x. y) = a function of x only = P (x), (say) 


then 
-l1fx 1/х 1/х 
(2.11) E [F(xy) =e | e x*P(x)dx +e 4, (ху). 


where ф, is arbitrary. 


(ii) If xe "P F (x.y) = a function of y only = Q(y), say) 


then 


lix 1x 


(2.12) 4 [ғ (xy) J = —e [оф +е $09) 


where 4, is arbifrajy. 
3. Application of operational formulas to second-order partial differential 
equations : 
Consider the partia! differential equation 


2 2 
(3.1) x? dac Yit (x+1) 21 2y +x u =g (х,у). 


ðu? ду 
А д д a д E 
S 2y. “a d 2 v 24-1 Oo x C. 1 
ince Аа ЭХ хоу 1 
o? д? 9 a 
= y4 уу? 2 2 9.292439 L 
Xa Y us TOS ur ce ert. 
The above equation (3.1) becomes 
Віш = x?g (x,y) =f ( x, y), (Say) 
It follows therefore from ( 2. 4 ) that 
1/х 1/х 


(3.2) Lu = xe Vi; (x, Cj) | +x e ф, (ух) 
C,=yx7} 


(3.3) =F (x,y). (say). where ¥, is given іп (2.3) and ¢, is arbitrary. 


Again it follows from (2.10) that 
1/x 
+e х ф(ху), 
1 = Xy 


where V, is given jn (2.9) and ¢, is arbitrary. 


1х 


(34) u-e Y, (X,C,) 
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METHODS OF OBTAINING GENERATING FUNCTIONS FOR 
CERTAIN SPECIAL FUNCTIONS» 


S. K. CHATTERJEA 


d Generating functions play a fundamental role in the investigation of various special 
functions of mathematical physics. In the earlier treatises on special functions, generating 
functions are obtained mainly by means of series manipulation method, although sometimes 
contour integral method and Laplace transform method are also mentioned in books of 
complex analysis and integral transforms. In recent works on generating functions two 
methods are frequently adopted, viz. differential operator method and group-theoretic 
method, besides the series manipulation method. Differential operator method originates 
from the Rodrigues' formula for the classical orthogonal polynomials as well as for the 
Bessel polynomials introduced by H. L. Krall and O. Frink. For example, if for a particular 
polynomial pa (x) we have 

(1) pa) = [Kn о Q0]. D Lo 69X ), 
then we have. 
n , 
2) Kp. (д= MYX (o en cxi 
where D = d/dx and the prime indicates the derivative with respect to x. 





It may be noted that for classical orthogonal polynomials and Bessel polynomials, K, 
is a constant, Xis a polynomial in x (of degree at most two) whose coefficients are 
independent of n and « (x) is a non-negative weight function in a suitably chosen region. 
The formula like (1) is known as Rodrigues’ formula and (2) is known as an operational 
representation for p, (x). 

Now when X is a constant (say X — a) one can find by means of (2) that 
GU а w(x+at) 
n! 


о (х) ' 


ос 
(3) x К, рь (х 
n=0 


x Parts of this work were accepted in the Second Math. Conference of Bangladesh (1980) as well 
as in the Intensive Summer Seminar of 5. №. Bose Institute, Calcutta (1980) and in the Summer 
Seminar of the Dept. of Pure Math., Cal. Univ. (1983). 
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which is the case of the Hermite polynomials as well as the case of Gould- 
Hopper's function Н? (x, a, p) defined by 


(4) Ha (x,a, р) = (—1) °x eP D" рее Ру, 
Next when X = ax+b one can find by means of (2) that 


Ge 
= x—bY tU" _ (4 anal4( Xb „(х6 (1—at) 
e 2 Kapa ( 2. үр (1 ail ( z y ( b (ts ) 


which is the case of the Laguerre polynomials as well as the case of the present 





aurhor's function т^ (x, p) defined by 
en k n 
(6) Tun (x, p) =. x `*еР^ р ( xera oe) 


On the otherhand, when X = ах? + bx + c, one can find by using Lagrange's 


expansion, viz. 


Fiz) € а р, j 
o ipa- A, enl ] 


EO 


where z = x + t$ (2), 
the following generating relation 


сы M 
nl wx) [t —bt- 2atz} : 


oc 
v 


(8) Ka Pn (x) 


n=0 

where atz? 4- (bt—1) 2 + (ct+x) = O and that branch of z is to be taken which 
tends to x as t tends to zero, which is the case of the Jacobi polynomials as .well 
as the case of the Bessel polynomials y, (x, a, b) defined by 


2п+а—24—/х 
е ГУ. 


—n 2-a bjx 
(9) Yn (a,b) =b x е’ D(x 
Recently some authors [ 4, 15, 16] have given representations of some orthogonal 
polynomials in terms of differential operators operating on generating functions. One 
such representation is as follows 


(х) п Gan ta {ук dk 
x = Y 
по vt. (= Z (E je am 


k= 





1-« oc (х) 
where у = (1—1) exp (—хї (1—1)-)= Z ш (xt. 


n=0 
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We like to point out that if there exists a function ф (x, t, T) such that G (x, t)- 
G (x, T)/G(x%,t +4 (x t T)) is a function of tand T only, where G (x, t) denotes a 
generating function of the polynomial in question, then the desired representation is 


possible, in fact, for the Laguerre polynomials L, (<) (x) generated by 


G (x, t) = (1—1)'"* exp [—xt / (1—1)], 


T(1—1t* 
mesa 


ф (x, t, T)) is a function of t and T only and by virtue of this existence of the relation 
x - р} 
G0 G (x, T) = (iI-tT) © (х. ie 
1-tT 
implies the representation (10). For the Hermite polynomials H, (x) generated by 
G (x, t) = exp (xt—t/2), $ (x, t, T) = T and therefore G (x, t) G (x, T) = et? G (x, t-+T) 
implies 


there exists function ф (x, t, Т) = 


such that G (х, t) G (x, T)/G(x t. + 


n n n-k 
G(x, 1) Н (х) = Z ( К )* а G(x t). 
k=0 dt*-* 


For the ultraspherical polynomials P^ (x) generated by С (x. t) = (1—2xt + ‚ 


T(1 — 2xt + t2) 


$ (x. t, T) = and therefore 





1—tf 
uus À n k n-k z 
G (xt) Pa (x)= Z (5 ЕТ, тета тт бм огу, 
k=0 E GU—9 /А « t (nig 1 qi 


Another operational representation for the Laguerre polynomials is 


(x) 1 H А 

01i) La 09 a a ed (8--«4j) ех, 

which is frequently useful for deriving linear and bilinear generating relations for the 
Laguerre polynomials. · Ап equivalent representation of (10) is due to L. Carlitz (1960). 

The following operational representation for the Laguerre polynomials is due to O V. 
Viskov (1977) 


(12) La (Hix) = C e (xD? + «D + Dy (e 
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It may be noted that it follows from (11) 
(13) L,U9 (х) ec ex (xD + «+ 1), Dez 


Thus (12) follows at once from (13) owing to the fact 

(14) (xD + « + 1), D? = (xD? + «D + 0)", 

Furthermore the resuit of Viskov can be extended in the form : 
n y' («cm $ 


(15) n! 5 —- L (x) Dy 
r=0 ri п-г 
—(—1)yex(xD? + «D+ D)ezxy 


n —х 
+(—1)" 41 өх xD 1, X (—1) a a y D'y, 
r=1 ES 


з 


which can be expressed in the following elegant form ; 


(15") c ex (xD--«D + Dye-xy 


n xt r n m n m 
= X — (x+r) (x) D ( IP \m/P )›. 
r=0 rl M ft m==1 

It may be of interest to point out that the: result of Viskov may well be applied to 
derive the following extension of Hardy-Hille formula, 


< ‚үмут CO (x) 
pe os es, та O eye ӨР 


х 


T a сандай: exp (—(x+y)t 1 (1—9) oF: (7t at) La ES 


Similarly the following operational represntation of the Hermite polynomials 





(17) Hs их yay ee "E 


where 8 =x dc 


is also useful for deriving linear and bilinear generating relations for the Hermlte 
polynomials. The following equivalent representation of (17) is dueto J. L. Burchnal 
(1941) 
(18) Hn (х) = (—1)^ (D—2xy. 1 
Next we shall consider a class of bilateral generating functions for the said polyno- 
mials, because in any treatise of special functions only some particular bilinear and 
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bilateral generating functions are mentioned. Indeed, C. A. Truesdell raised the question 
whether there was any unified way of deriving bilateral generating functions, To answer 
this question it may be of interest to mention that differential operator method helps us in 
the straightforward derivation of a class of bilateral generating functions whenever one 
is able to find a differentiation formula equivalant to Rodrigues’ formula for a particular 
set of polynomials by the trasformation of variable so that the function under the 
differential operator is independenf of n. This method is discussed in details by the 
present author in the work [2] under the head 'classicai Method (Ay. Another method of 
derivation of a class of bilateral generating relations for certain special functions originates 
from the method adopted by E. D. Rainville [special Functions (1960)] in deriving 
particular bilinear or bilateral generating functions for certain special functions. To be 
precise, this method consists in finding a linear generating relation of the form 
сс 

09) 3 Ae. Perm (x) = esi 
for suitable coefficient Am,» This method is also discussed in details by the present 
author in the work [2] under the head ‘Classical Method (By. Various references of this 
method may be found in the works of the present author (3, 4, 5, 6 pp. 486-510], the 
present author and N. B. Ash [7] and J. P, Singhal and H. M. Srivastava [17]. 

Finally we shall mention that the theory of one-parameter contiunous transformations 


Pa (h (x, ї)) 


group enables one to transform a class of generatjng relations for a particular special 
functien into a class of multilateral generating relations. In the case of a class of bilateal 
generating relations for certain special functions, the present author has discussed in 
details in the work [2] under the head 'Group-theoretic Method’. Various references in 
this connection may be found in the works of the present author [6 pp 393-400, 413-418, 
449-465, 466-478], the present author and T. D Banejee (8], the present author and A. K. 
Chongdar [9, 10]. Besides bilateral generating functions, group-theorctic method enabies 
one to obtain multilatetal generating functions, For example, if we suppose that 


oc À 
(20 б (х, м, и = X aw” P, (x) Pa (и), 


Ү=0 
where p^ (x) denotes the ulraspherical polynomial and р.(и) an arbitrary classical 


polynonia! or function, 





and consider the operator R = (x?—1) y= + xy? 2- +2Axy, 
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' so that | 
(21) exp (oR) f (x, y) 
—À 


= ay? — 2ox 4-1 f X—oy А ECCE ER 
(w оху ) E Xy31)' (yi 2oy +7) 


Q2) Rv бу] = (n41) у КЇ РА ү o, 


then we oblain 


= x— oc 
(23) p лае аа). £ o f(z, u) Р,А (х), 
P P 7 пао 
where 
1/2 n 
р = (1—2wx Feo?) fa (z,u)= Z ( d ) am 22 Pm (и). 
m=Q 


We remark that this method can be applied to any other classfcal polynomial only 


when a suitable continuons transformations group given by 


= д д 
R = ë (х, po +1 (уус (х, у) 


can be found such that R raises the index of the polynomial by опе. Ву applying such 
method one can show that. 





oc («) 
(24) #6 (хм,џ) = 2 awl, (x) р» (и). 
n=0 
then 
Q5) (1—w)- *^ exp сеа MES. u) 
1—w 1—w 1—w 


oc («\ 
= x La (9 faz uw, 
m=0 


m 
where fm (2,0) = 5 anf m ) z" p, (и). 
n 
n=0 
Various applications of the abore results may be found in the works of the present 


author and B. B. Ѕаћһа [11. 12]. A nice method of obtaining multilateral generating functions 
involving Tchebycheff polynomials was discussed by the present author in [13,14]. 
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A NOTE ON A CLASS OF STEADILY INCREASING 
CONTINUOUS FUNCTIONS WHICH ARE NOT 
ABSOLUTELY. CONTINUOUS 


D. K. GANGULY 


1. Introduction. In some text books of classical analysis there are some functions which 
are continuous and monotone increasing but not absolutely continuous in O < x <1. 
The classical Cantor function falls into this category. E. Hill and T. D. Tamarkin [1] 
studied the behaviour of Cantor function and established some interesting properties of 


the function. 
oc 


Starting with a convergent series X a, of positive terms satisfying the conditions 
n=] 
= " b 
(1) X ал=1 (i) an > В=а + а„-+}.........апа (iii) Osca, —R, i , where 


n=l 


oc 
5 b, is an arbitrary convergent series of positive terms such that 3b,=b<1, Sengupta 


n=l 
and Ganguly [3] constructed a class of steadily increasing functions which are continuous 
but not absolutely continuos in Oxix« 1. 

in this note we have constructed some functions with similar properties, which 
include all the above mentioned functions. 

2. Construction of the Linear Set C, in [0, 1]. 

In a study of theory of sets Cantor middle third set C occupies an important place, 
We now construct a set C, in 0<x<1 which includes the classical Cantor -set as а parti- 
cular case and whose construction and properties are similar to those of C. The construc- 
tion of C, can be done as follows. 

We divide the unit interval [0, 1] into (2k + 1) equal parts and remove k open 
intervals in the second, fourth, sixth, . ...(2k) th position and thus C, 1s now contained in 
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1 Те 
KFT - We again divide each of the remaining 


(К + 1) closed intervals into (2k 4- 1) equal parts and remove the open intervals in the 


(К -+ 1) closed intervals each of length 


even positions and hence C, is now contained іп (К + 1)? closed intervals each of length 


1 


QR We continue this process indefinitely. Total length removed in the above 


„_ © k(Kri) : : 

process is X Т)" =1. Hence the set C, which remains after the removal of the 
n=l 

above open intervals being the complement of an everywhere dense set of openi ntervals 


which do not overlap nor about is a non-dense perfect set of Lebesgue measure zero 
[2, p. 117). It should be noted that classical Cantor set C is a particular case of 


C, when К = 1. 


Xs 


i , Oc y«1, such that x= ___Х»__ 
Therefore C, is the set of all real numbers x, O<x x 3 cere 


where Xn = (0,2,4,......21,......2п) for all n. 


3. Constrution of a Class of Function f (x). 


oc 
We take an arbitrary convergent series of positve terms X b,,=b(<1) and thenc ons- 
в=1 


ес 
truct another series of positive terms such that (i) 2 an=1 (ii) а, >К Ra, Rn = anp täne 
pl 


deeem and k being a fixed positive integer and (iii) O<a,—k Ra< (Kay piper 
An actual construction of a series of the above type can be ensured as follows. 


oc 
We consider a sequence of positive numbers an \ chosen successively according 
n=l " 


to the following way : 
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k ; k M e ES , 
к cae — an-ı) Lan < min {к Mum ее аа) + (рө 
and so on. (1—а, — аз —............... — Ay_1)} 
This ensures that (i) San = 1, (i) a, > k R,, and 
vs b, 
(iii) О<а, — КВ, < (CEDE 
Verification : 
Since a, «1—28,—a,— ............ — а. then ai + а, F ......... 4 a, <1. 
Thus za, is convergent and xa, «1 ... .. v3.1) 
Hence a,— 0 as n—ec. 
Again, (k-- 1) a,—k (1—a,—ag— ...... — an) 
Of, 8, + Bg 4 eere rne + а> d— m 
n ec 
Thus Lt X а> 1іе X а, > 1......... (3.2) 
пос 1= 1 n=1 


~e 


From (3.1) and (3.2) it follows that Xa,—1. 





Again а > 1—(а,-+-а„—......... --8,) or an >К Rn. 
k : b, 
Next а, < ET (1—a,—a,— ......... —ам + (Kxiy 
. b, 
or, а,< К (1—3,—8s— ......... — ал — а,) + KI 
b, 
or, an <k Ra -+ ny 
ог. a, —k В,< b 


We can choose the series of the above type in an infinite number of ways and the 
cardinal number of the aggregate of the series of the above type is c. 
„ After construction of the series we now define a function f (х) in O0<x< 1 as follows : 
We first define our function for 2 є C, according to the following rule. 


lf x e C,, then x can be uniquely represented as 


сс d, 


х= Eu 
En (2k- 1)" 


where d, = (0. 2, 4, ... ... 2k) for every n. 
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ос 
For such an x, ме set f (x)= х а’, where 





n=l 
2a. ka, : 
a‘, = (0, Е , = BH RR) according as 
d, = (0, 2, 4, ............ гызды ЖК); 


Next we define f (x) linearly on the complemeutary set of C, as follows. 
The complementary set of C, consists of an enumerably infinite number of open intervals 
with their end points belonging to С. If £ «zx < ù be such an interval (£ e Cy, 1 є Cy) 
f(E 
we define f (x) in its interior linearly i. e. by f (x) = f (£) + (x— 95079, 


it being obvious that f (£) <f (1). 


4. Propsrties of f (x). 
We shall derive some of the more important properties of'f (x). 


Property 1. 

f(x) is a non-decreasing function of x in [0, 1]. 

Improving this it is sufficient to consider p ints x of Cy. since f (x) is obviously 
increasing on the complementary set of Cj. We now have to show that if x^ and x’ are 


any two points of C, and x’ <x", then f (x) «f (x^). 


Let x = е х gee and x" = S par el 
е , Qkri y = (2k+1 y 
where d^,, me = (0, 2, 4, ...... 2n) for every n, be the representations of x’ and x” so that 


there exists a suffix n such that d’,=dm" (for all m <n) and d,’ < d,”. Hence f(x’) < f(x”). 
Property 2. 
f(x) is continuous in [0, 1]. 
As f(x) is linear on complementary intervals of C,, f (x) is continuous on each of 
them. Hence it is sufficient to consider points x, x” of C, and show that f (x) — f (x') as 


ГА 


X—X. 
ос ос : 
d, d 
Let x = dx'z E ~—2_ 
= Geri 9nd x ZQ Gen 
Where d,, d,' = (0, 2. 4, ... ... 2n) for all n. 


іп that case, let dq, = d; for1 <i < j. Я 


- 
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Hence 
| f(x) — FO’) | = | (а; + 85 us) — (2; + a ga tree) 1 
<S | (35 + aate )—(0+0+0+......) | 
—>0 if j — ec and thus if x—x'. 


Property 3. 
f (x) is not absolutely continucus in [0, 1]. 
Now from the construction of f (x) on the complementary intervals constituting the 
complementary set of C,, it follows on each of the k—intervals of the first stage, f'(x) 


= e (а, —kR,) on each of k (k--1) intervals of the second stage, we have 


" (2k4-1)2 a 
(x) = pe (%—КВ)). In general on each of the k(k--1)^7! intervals of the nth 


(a,—kR,). Since f(x) is continuous and of bounded 


~l 
stage, we have f' (x) URDU 


variation in [0, 1] hence f" (x) is summable over [0, 1], [2, p. 590],. 


1 
Thus ir (x) dx = |+ (x) ах 





Lort]—cx 
_(2k+1) n k (2k+1)? a _ k(k +1) 
ZEK (а,—-КВ,) жұт? k (а, КВ) VRTE 
(2k+1) 4 — k(k+1)? 
+ = (a; —kR3) Окт) ЖОККО 
z (a; —KR,) + (K4- 1) (а„—КН„) + (К--1)° (a, — KR3) + ............ 
<b, + by + by + 0.0... = 6<1. 


This completes the proof. 


Remarks 

The result of Sengupta and Ganguly follows when we take k=1 ( incidentally the 
result of Hille aad Tamankin also follows as shown by Sengupta and Ganguly ). 

Note 1, We have seen that C, is closed and of Lebesgue measure zero. We 
examine measure of the sets f(C,). As the function f(x) is continuous in O « x <1, 
` the set f(C,) is closed and hence measurable. It Is easy to see that each of the 
k (К-- 1)%-1 contiguous intervals of the nth stage is mapped into an interval of length 


1 
(aa KR) 
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Thus mf (C,) xis чүк + k (k+1) (а—КАз) | k (k4-1)? (аз —КАз) de ] 
k k essnee 


b 
But O<a,—k Rn < —————— 
(cry 
Hence mf ( Cy) >I — (b, + ba + Dat ee se sn e } =I—b>0 


Thus it is interesting to note that the measure of the set f ( C, ) is positive although 
the measure of the set C, is zero. : 

Note 2. It follows that corresponding to each of the series xa, constructed above 
we get a non-absolutely continuous and steadily increasing function in o <x<1 
The aggregate of such a class of functions has the cardinal number c, 


Theorem 1. 


For any series 3a,—1 with a, > o and a, >kR, and 
b Lt Я 
< —k —— — = D a, 
o « а, КА < dcr where xb, = (< 1), 5, (К+1) 2 
is positive and equals the measure of the set f (C,). 
Proof; We have seen that each of К (К -+ 1)*-! open intervals of.nth order is mapped 


by f (x) into an open interval of length ыс But AU x | 


Also for a gjven n, the number of such intervals is К (К + 1)"7? and therefore rhe total 


length of such intervals is 


k (koi) Rea (k+1)Ra] кер) В (4-1)? Rn- 


ec 
Therefore E | e Ra-1 — (K+1)" Rn | 
n= 


=1—Lt = (k+1)" R, 
п> ес т 
Thus we get the measure of the complementary set of the set f (C,) from which it 
follows that the measure of f (C,) is 4 (K4-1)* Ry. 
Thus mf (C,) — Lt M 
И n—-oc (r1) Ra 


А b 
<a,—k В, RII узш 
Again O <a Ra < yn 
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Lt 


Lt ах. = 
Therefore, n-» oc «x1 k noe (K+-1)” Ry 
Thus m f (C,) = Lt EN TEN 
i noc (ert k^ Ever ne 


1 
Theorem 2. (R) | f(x) dx =-5- ^ 


Proof. 


oc Xs 
Let x « C. Then x — EL kit” 


where x, = (0,2,4,............ 2k) for every n. 
сс а 2a, ka, 
Then f(x) = 2 а, where 4=(одё бтр eM de) 
nz1 
according as x, = (0, 2, 4, ........... 2k). 
© 2k—Xxa © xa 7 
Now 1—x= ad, eT eek ety А where x’, —2k—x,--2k, 2k-2,.........2, 0 


according as 





Xa (0, 2, 4,......... 2k) for every n. Hence 1—x e Cy. 
= У ка (k— а, 
Therefore. f (1—х) = X e, where е, (e = Т ko` 0 ) 
n= 
according as x’, == (2k, 2k—2, ......... 4, 2, O) i. e. 
according as x, = (0, 2, 4, ............... 2k). 


We get а, -+ е, = a, for every n. 


ос ec 
Hence f(x) + f(1—x)— af (d,-+-e,) = ж а, =1, for every n. 
n= n=1 


Next let x be a point in the complementary set of C,. Then we can find an open 
interval (é, 1) such that é<x< where £ e C, апат є C. 





In the intetior of (£, 1), f (x) = f(£) + A f (n) — f (6) } 
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It is easy to verify that 1 — x also belongs to the complementary set. of Cy. Thus 
there exists an open interval (£'3)) containing the point (1 —x) where "= 1 — 1 and 
y = 1 — Ewith <n’. 





Therefore 
f(1—x) = f (P) + por Qm — f (£) } 
=1—f (0) + a 1—f (£)—1-Ef (2) \ 
-1-f(n4- fori! =t (&) 
Thus 





E Ms y—E 
f(x) + f(i—x) = f) + 1 — F(a) t+ 2 (te — t0) 
=1. 


Hence f(x) satisfies the functional equation f(x) + f(1—x) =1 everywhere in 
0<х<1. Now taking и to be Lebesgue measure we have u (C,)=0 and y { [0, 1]—C,j=1. 
1 1 1 
If we put y = 1 — x іп (В) |f (1—x) dx we get (R) " f (1—x) dx = (ај), f (у) ау = 
1 
(В) \, f (x) а::. 
1 1 
Therefore (R) (f (x) dx = (L) (f (x) du = (L) f f (x) dy. 
lon] —9- 


if follows that 
(o (f69 de + t) (£019 de= (h) | 1 de =з 
Lor 1l- Ы" Lor il-i5 [o 1] 


Thus (В, \, f (x) dx + (В) Cía dx —1. 


Therefore (f, f (x) dx =4 


Note, It can similarly be shown that “35 


for every ô satisfying the condition o < 8 < 1/2. 


1 di 
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RODRIGUES' FORMULISTIC ORIGINS OF CERTAIN GENERATING 
FUNCTIONS FOR HERMITE POLYNOMIALS. 


TAHA IBRAHIM SULTAN 
(an Egyptian Student ) 


The Rodrigues’ formula for the Hermite polynomials Н, (x) is 


Ha (x) = 71» e% De (өг), D=d/dx, 
Since in the above Rodrigues’ formula the function under the sign of differentiation 


does not depend upon n, we require no transformation of variabie to make the said 


tD on any m—lateral 


function independent of n and we can at once use the operator e^ 
generating relation involving Hermite polynomials in order to derive ( m--1) lateral 
generating relation by means of the operational formula 


e Pra) = t(x—t), 


where f (x) isan arbitrarily differentiable function of x. Such Rodrigues' formulistic 


origins of generating functions involving other special functions exist, provided sui- 
table transformation of variable is found out. 


First we consider the generating relation [3] 


(1) 2 (—t/«)" L= («) Ha (x) 
n=0 


sey ex qox E (2). 


X 


Replacing t by ty, and multiplying both sidesby ө - { and then operating 


tD 


with e7 we obtain 


ec -n 
e—tD,—* Е, (ујур, ^. (x) Ha (x) 
n= 


=e" өх (tyfa)! exp (2xyt—t y) Hy (no-one ) 


2ty 


104 Taha Ibrahim Sultan 


Since et f(x) = f(x—t), then the above right member is equa! to 


2ty?—2 (x—1) ty -« ) 
E cm) 


(ty[«)* exp. [2xt (y--1) — t (y +1)? — x] Н, ( Oy 


By virtue of Rodrigues’ formula the left member is equal to 








с (—tD)™ e - E х? 
zí T) ө x (—tylg^Ly («)е * (—19 Озе 
m=0 m . n=O 
oc oc к-п nm {п+т' —x? 
= 2 х (—y[X) La (x) (—1) IN Daim е 
m=0 n=0 | pu 
—x? oc ос к-п ttm 
=e x x (—v]«y La (x) i Нат (x) 
m=0 n=0 ms 
—,2 ec n k-ntm ( — of, n 
ze X q—ty«pH.Q() F Los («) eese 
n=0 m=0 
Equating the two membees, we get 
o n k-2-m - m 
D Z (te He Z LU (ay Col” 
п= 0 n=0 n-m m 
21,2 |. ЕЕ . 
= (куех exp [2xt (y+ 1)—t? (y-1)] Н, (Sy) 


"which does not seem to appear before. It my be of interest to note that the genera- 
ting relation (2) can otherwise be derived by using (1) and the well known generating 


relation 


х Наа (х) $ = exp (2xt—t?) Hn (x—t). 
n=0 ni 


Secondly we consider the generating relation (4, pp 248 ) 


сс n n-m 


i«) 
3) s г La (2y?) Н, (х) 


n= 


iu i i 
=e E exp (2xye — y2 e 21) Hm (x—2y cosa), 


ті 





Replacing у by ty, and multiplying both sides by eX and operating by e D А 
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we obtain 


-—- —х? = ix? РЕР 
ay еее > Ө® LI" aye Ha (д 


2i 


Lam d ix a ix « 
ФО x (te » exp (2xyte —t.y?e ) Hm (x—2yt cosa). 


=e 
E 


Since e^ Dr (x) = f (x—t), the left member of (4) is equal to: 


r=0 rl n=0 п! Ls 





p (2y*t?) ic (—1 )" p" — x? 
ix, 
y n-m ttta 
hl Lm Qy?t) Dr Н+ (х) 


n А 
n la 25T 
=O a erm =p ( r ) (уе ) La?-"- (2y?t?) 


The right member of (4) is equal to : 
ig, ix ; 
ө - (Xt? ve n exp (2yte (x—t) — гүге 2I 


Equating the two members, we have 


oc n oc К п-щ-г 
(5) z H,(x)t 2 (7) (уе © )л-т La (212у?) 





im ix 2і< 
US. exp (2yte (x—t) + 2xt—t?—t?y?e — ). 


Н, (x—t—2yt cos«), 
which also does not seem to appear before. 


Thirdly we consider the generating relation due to G. Doetsch 





cc Hx) — ву f B Ax?t? 
6) EA a (1+4) 1 (142xt 40) exp (ae) 


n-m 2yn?) ех c 1)" Dre — x" 
( 


) Hn (x—t—2yt COS«). 
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— X2 Е 
Replacing t by ty, and multiplying both sides by e " and operating by e 


obtain 


10 —X' c Н, (х) (ty 
DL EE aos 


—tD _—x? —3/2 4x*t2y2 
= е е 1+4ty? 1+2xty + 42у?) e ey 
(1+4t?y’) ( y +4t?y?) exp (тит) 


Since e 1D , (x) = f (x—t), the right member of equation (7) is equal to 


x ccu a2) ^. | = 2,2 4y*t(x —t? 
e (1--4tiy?) (1+2yt (x—t) J-4y?t?). exp e) 


The left member of equation (7) is equal to 


© (CU pe " % Ho) 


r=0 CU п=0 2/81. 
oc oc TAA D +n 


= A A (—1) D^ e x? à (ty у» 





2 
—X* a c Hara (х) tt a | 
=е PH " n 1 
r=0 n=0 > 
nn YR oc ii n yor N 
=€ A n(x) 1% S "rn—g 
n=0 r=0 A]! 


Equating the to members, we have 


oc 5 п oe 
(8) 2 Н, (x) (ур Z n— 
n=O r=0 п| 2 Jı 


—( + ayy (1 +2yt(x—t)-4+4y%t?) exp rm) 


Fourthly we consider the well-known Mehler's formula ; 


oc 15 
Lo gk (x) Н, (У) 


tD, 


we 
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a(n) dap [290 0019 
gien foo = 


Replacing t by tz, and multipling both sides by өх and operating by e'D we 


obtain 
—tD —x* « (tz) 
(10 ə e У күр He (х) Н, (Y) 
k=0 
2—10 —X* (4. уар 2xyzt — t?z?(x? + y?) 
8 e (1—1222) ех (т) 
Since e iD f (x) = f (xt), the right member of (10) is equal to 


gc з 2yzt (x—t)—t?z?. ( (x—t)? +y? 
et)? (1_ү#у Вв exp (a ctc eee, 


The left member of equation (10) is equal to 


oc (—1 prp» —x? œ (tz)* —x? 
Bocca рТ Sire (чере Hy (y) 
oc ос zx ntk ntk ntk | yx? 
= a ko Zn M (v) t (—1) D e 
n= = 
—x? oc е gk n4k 
= PH H. t H. 
МИТЕ E Ж ш. 


—x? с Н, (x) © n n zk 
By equating the two members, we obtain 


© Hoe © 


an PE z (ik) GF 


= (1 —t2z2) 1/2 exp (ame ces eee t ) 


(1—t222) 


Finally we use extended Mehler's formula due to 1. Carlitz [1] 


oc t: ‚ 
(12) e 0 кұ Hym (X) Нь (У) 
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„(1—01 oxp p (a) an 
2 1—t? 


min(m,n) m n Р x—yt y—xt 
Pun zw Pr) tHe ine cue | mE ev | 
Replacing t by tz, and multipling both sides by eo, and then operating with e 1D, 
we obtain 
—tD —x? « (tz)* 
443) e e i o Kr Нат (X) Hia (У) 
Ка g iD (1—t222) 5 (афа) . exp 2xyzt—t?z? (x? y?) 
= 1—t:z* . 
min(m,n) (т ) " x—tyz 
r yl r XYZ y—xtz 
E ZONE ( r ) бу Hi. Lon] iini E —1ї°2° n | 


Since o^ D, (х) = f (x—t), the right member of (13) is equal to 


—(x—t)? (узву t Ct) 2yzt(x—t) —t?z?(y? + (x—1)2) 
e (1—t®z?) . exp (ee Y 20—92 


оди m) (п x—t—yzt y—zt(x—t) 
an a(r) (т) (9 He т=н] Hae | LSU 
The left member of (13) is equal to 


ос — yt p —x* о tz) х 
Ea De o CET Pes (Hise () 
p= = 
y ue С a 
=€ e КС Ek pl 10 Hus (У) Hiep (X) 
р= = Р 
=e" © Huapot" P 
= І =н Z (к) GI Hea O) 
p= = 


Equating the two members, we obtain 


€ H (x)t? P (p к 
14) 5 RY 2 (2/2)* Higa (y) 
Цит 2yzt(x—t) —t?z?(x? + y2) 4- 2xt—t? 

aez 307. exp (неске ceat) 
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min(m,n) Ў —t— —zt(x—t 
{т п Я _x—t—yzt y—zt(x—t) 
o 27 r! ( " ) ( r ) (tz) Har (1— 2231], His: (1 — 1828) 
Now if we put m = 0, п = 0, we have 
€ ных P 
UU, p 
Zo 2 (8) emn) 


-(1—t22) * I. exp (A n m Emm ) 
which is our result (11). 
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SOME THEOREMS ON GENERATING FUNCTIONS 
FOR CHARLIER POLYNOMIALS. 


N. BARIK 


A. Introduction : 
Noticing the existence of the following type of summation formula involving Charlier 
polynomials 
x 
e я се (— a)n n А 
(1.1) (1—0) c, (asx—xt)e 2 рс ср (aix. 


we are led to investigate more general generating relation by group-theoretic method, 
It тау. be pointed out that the theorems on Charlier polynomirls can be easily stated 
in terms of modified Laguerre polynomials by means of the relation 





-R n 
һ (х) = = c, (а; x). 


Here we like to consider the operator 


L = xy! 2x 1. 
y ax + ay y 


Since the above operator is independent of «, n and a, we have considered the action 
of the operator on different functions viz., 


(12) L(c, , (05x) У) =—x C rna (85 XY 


(13) L (c, , (a; х) уз) = —x Cy nad (а; x) yet, 
which help us in deriving different theorems on generating functions, The main 
theorems of the present work are as follows : 
Theorem 1. If there exists the following linear generating relation 


сс 
G(x, th= 2 
n=O 


aa Cy in (а; х) 1 
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then the following bilateral generating relation holds 
exp (—xt) (1 +t)*sG (x4-xt, t) 


Т ОМ a Awek 
LpR—PIPPD qy FLET E doy 
F c k 
a Халх) 2 g&J£— —k)x^ 
оит те Ойто” у а PD REE SOSAT WOR 
wk. IM GM ICY < aE i! i 2 s У 
Theorem 2. If Ж И 
<, 


H4 x7 


G (х1) = X a Cin (а; х) t 
= 0 
then the following generating relation holds 


хр (—xt) (1 +t)" С Gc xt, t) 


іоном 
зїп Ей УП вино n 





Tali (C Oe ME SZ ui Cut do зопаїаймә od! pn atat 
ос к X 
—xt i i 
= ( E a У an к-п (а Н х) їп ala. п 
к= 0 п=0 


N d 
х b 


с) е Us 
Applications of the above thóorliris are pointed ошл 


dap tege 


iuit perivátion -6F gen 


bara. 


érating "fuiictions 9 656 or o tenbvin poi hel as, л.) 

.Letiuscconsidersthe generating function: -ra з... > thas duoc пад а 

m пей» d.n tust N a и dO. Ug OTIeU, (id uib nate c 

(21) G(x0- 2 a, Серп (85 х) (x being a non-negative integer) ‚з= 
п=0 S Nor ed 

$15 
Now multiplying (2.1) by y^, we have 10i. (nior aos ct ellos a: H 
oc 


gases иск 
22) y*G(x,t)= ЕХ a, £n (а; x) у".". no z6 
пәйор Sed: Bono n0. ШИЕ dide. 2 got hunt ba ea LALI syodn eri поп... 
We consider the operator | 
д wed ela EAM ibe ute GL быз о 
= хут? 2 d ay? 
дх ду > B { > А - 
such that Vom ce» | T3 ea 4 (CI 


(23) L СЯ (а; х) v]- TH CQ uan (2 5, AD x pP LE 
mca bhg extended, form ofthe group generated by L is given руль ип ги qor 


(24) exp (tL) f(xy) = 


1 no: UA 


exp(—txy™) f(x ctxy !,y-E). Ls 
Operating both mémbers! of (2.2)! by exp. (1) we have : 


(2.5) exp (tL) [ve «9 [exp tty) x 
Ё n= 


idia aois 


vi afi do апале 2 


AEE HC Er Y DLAT 


* tf АРС" . o 
Citn GUY d f= Uo 
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The left membar of (2.5) becomes by. means of PER E Dlo mau „ы... 


exp (tL) [v G(x,t) ]- exp (— fxy ^ Dy 4-0), Gix3-tky- , dy s crabe cas 


On the otherhand the right merlibér of (2. 5) ‘Become? bý me&ris or (2. 3) 





Ta- | a poo PRI Ж” 
exp (tL) | 2. à C, |. (85 Х) У e| е ) \ 
tx у= ос NES bv 
рү Py eem n ft-- > ! | 
y a ( К ) Кы an С пк (а x) t } Е {, a 
Therefore (2.5) can be expressed as ye NEUE | 
-1 -1 
exp (— іху ) (y+t)* @(х--1ху , 0) "C EL 
oc _ tX KE ос с? 
ud. kt ne o бап kat i 
: A ck OU E Er ; 
In otherwords, Xe A 
-1 -1 -1 ш i 
exp (—t:y ) (1+ty) ^G (x+txy ,t) | 
oc tx \* 
= 2 Vy (a;X) X а; =k), Б 
!1 AT пс, г 
Hence we obtain theorem 1 on using a DOonpo5 24 ba 


Next we consider the another type of generating function ., 


a К А | 
Cee ЕЛ ые Р Ж От m dee ba 
(« being a non-negative integer)” ^ Sn rant a Sn v d Y SUI a tu 
Now multiplying (2.6) By у" we git” учын oo dos A : 
А d C Sa Ка at : UL so ЭРАЛИ ar deb MARS. e WES кш. 
(2.7) y* G(x.t =, an C_p (85 x) ye 1 Conn AQTA ONADI 


Operating both members of (2 7) by'exp (tL) we have 


stg ate І z 
(2.8) exp (tL) |" вол). |= exp (tL) | Z а с (a;x) ve] 
: n=0 SH 


+ 


ity, ave 
SS 
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The left member of (2.8) can be expressed by means of (2.4) as 


-1 -1 
exp (tL) [y* G (x, t)] = exp ( —txy ) (y+t)* б (x+txy , t) 
The right member of (2.8) can be expressed by means of (2.3) as 


x 
exp e| > a,c (a; х) ye t | 


x (-tx/y)*¥ X р 
zy X түрт X ac (а; х) t 
k=0 n=0 a—n+k 
So we can rewrite (2.8) in the following way : 
= ~ia =1 
exp (—txy )(1+ ty ),G(x-+txy , t) 
oc X 
(-tx/y)* А n 


Hence we derive theorem 2 on using y=1. 
For an application of the the orem 2, we consider 


a,= (— е), 


T nl. 
Then we have [1 ; p. 71] 
« «X 
oY us M (—«). n . 
(1—1) с (a;x—xt- Z Pen (a; x). 


< n=0 n! 
Thus we obtain the following type of generating relation from the above generating 





relation by means of theorem 2. 
exp (—xt) (1--t* (1—t)* & (a £ x (1—13) ) 


S (—tx)* E: (—x)« 


E CAT Ф 
k=0 k! n=0 n! 
One can at. once obtain a large number of generating relations by means 





С Lk—n (а; x) t. 


Conclusion : 
of our theorems by attributing suitable values to а, іп the respective theorems. 
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SOME THEOREMS ON GENERATING FUNCTIONS FOR 
MODIFIED LAGUERRE POLYNOMIALS 


MANIK CHANDRA MUKHERJEE 


1. introduction ; 


Noticing the existence of the following types of generating relations 


—(k4-8) 8 oc В 
(1.1) e*t (1—1) f(x1—t))- x T f (x) t? 
k n=0 +n 


—В c В 
(1.2) e(1-t) = EZ f (x)t 
n=0 n 


as well as the following finite summation formula 


B k o} £ 
1.3) f (x—t)=  —-f (x), 
k n=O ni k—n 
we are led to investigate more general generating relations by group-theoretic method, 
For this purpose we have considered the operator 


R = xy y2-8__ (x +k 
M у (x+k) у, 
such that 
В 8--n] B B--n4-1 
aa aft tv |е паре оду 
k+n k+n+1 
B B—n B B—n-r1 
(1.5) JE (x) у } —(k—n-+1) f (X) Y ; 
к—п k—n--1 . 


which help us in deriving different theorems on generating functions. 
The main theorems of the present work are as follows : 
Theorem 1 
If there exists the following type of generating function 


ос B 
G(x, tj x af (xp Be, 
n=0 k+n 
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then the following bilateral generating relation holds 
e^ gy P в (ey, ty 19) 7) 
oc В m 
k 
= 3 (—у)"ї (x) Z a ta ) (—ty». 
n=0 k--m n=0 n+k 
Theorem 2 


lf 


k В 
G(x, t) = Ef (x) t^, 


n .k—n 
then 
e^ (14. y) UP бх ty), - aty) 
ос k k—n -+r B t n 
= X (—Yy Ж а, ) (х) ee) 
r:=0 n=0 r k—n4r y | 


Applications of the above theorems are pointed ош. 
2. Derivation of generating functions : 
Proof of theorem 1 
Let - - 


ос В 
(21) G(x0—- 2 a, f (x) 1%. 
0 k4-n 
Multiplying both sides of (2:1) by y? and writing ty for t, we have 
B ос В Bun oc 
(22) уб (х, їу)= E af (x) y 17, 
n=0 k+n 


Now we consider the operator 


2 0 
d o mm x+k y, 


R-xy 9... 
Уз ТУВ 


such that 


B B+n 
(2.3) Fl (x) у | 
k+n 


B p+n+1 
= — (k+n+1)f (x) Y 
k+n+1 
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The extended torm of the group generated by R is given by 
(24) e»t (xy) = e-79 (1 --py)"* f (х(1-Еру), v (1-Epy)3)- 

Now we shall operate both sides of (2 2) by ePR 
First we have by (2.4) 


(2-5) PRT Paix, зу) ] 


=e PXY B (1--ру) — 19. G (py) ty (14-py)7) 


On the other hand we have by (23) 





pR « В вп - 
e 5 af (x)y t 
n=0 k n 
= У f R" E ay f (x) y t? 
m=0 m"m* n= k4-n 
P © (—рууп f m ty 

26) =y X =f х) Æ a,(n+k+1) m—n (=) 
d m=0 90) k+m ( n=0 f l P 


Equating the results (2.5) and (2.6) we have z 
oY (тру K+) G 1y). ty 1y) | 


ос В m m+ mE 
= 2 (—yyf (x) Z a, ( ) (-0)^, 
0 k 


m=0 k+m n= n-+ 
on using p=1, 


which is our therem 1. Now we shall discuss applications of our theorem. 


Let 
в (КЕТ) 
п! = 
Then we have [1, p 45, (8) ] 
xt —(k--8) £ oc , Bp, І 
е (1—1) f(x(1—t)- 2 AES. f (x) t? 
п= 0 К+ п 


Thus by means of our theorem 1, we obtain 


eY (=D qty TA 6 aeycay)) > d 
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m m+k 
m Hh ( ) (C9. 
n-+k 
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cc 8 
= Z (—у)%“Ё (х) 
m=0 k+m n=0 


For k=0, we at once get the following corollary from the above theorem : 


n! 


Corollary: If 


oc B 
G(x, t) = Z а, # (х) 
n= n 


Then 
e^Y (14y)7P. GOY) ty (1++у) 1) 


ос В т т 
= 2 (yf (х) 2 2. ( ) ev. 
m=0 m n=0 n 


Proof of theorem 2. Let 


k 
2.7) G(x y= 2 af (x) t 
en n=0 k—n 


Multiplying both sides of (2.7) by y? and writing 3 for t, we get 


"e( : P ё (х) йг? 
28 X,———j- a x) у n 
" rj n=0 n k—n 
Now we concider the operator 
xU i. 2 X--k 
R=xY У ay (x+k) у 
such that 
B B—n 
(2.9) Alf бду | 
k—n 
В B—n41 
= — (k—n +1) f (x) у , 
k—n+1 


The extended form of the group generated by R is given by 
(2.10) ePP fouy) = e7PXY (1-+ру) f (py у (1-ЕрУ)7 71) 


Now we shall operate both sides of (2-8) by е?" 


First we have 
(2.11) ePP[ уѓе (x. +)! 
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= ө PRY уб (тру) (КЕР) G(x (1+py), T 1--py) ) 


-On the other hand, we get 


pR k B B—n 
e 3 af (x) y wv 
n=0 —n 
ос г k B—n 
= 5 up S af (x) y 1" 
n=0 —n 


B oc k t 
(212) =y X (—pyy X a (nt) s (x) (+) 
r=0 n=0 k—n-+r y 


Equating the results (2.11) and (2.12). we get. 


—xy —(k+8) t 
e^ (14у) Gaty, may) 


n 


oc k Te В t 
= 5 (—у zx a (* IE (x) (у) ' 
which is our therem 2, on using p=1, 


Now we consider an application of the above theorem : 
Let a, zd, : 
n! 
then we know [1, p 45, (7) ] 


fi t) E : f (x) t 
x+t)= —T x) t^. 

k n=0 " l k—n 

Now by means of our theorem we at once obtain the following generating relation 


e^ (14 yy- K+ 8) if ( бу) a) 


oc k 1 k—r +r B n 
Sor BTL y 
r=0 =0 k—-n-+r Y 
One can easily obtain a large number of generating relations in future by means of our 


theorem by giving suitable values to a,. 
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ON SOME TOEPLITZ MATRICES WITH CANTOR SET ELEMENTS 


N. C. Bose MAJUMDER AND KEYA GANGULY 


1. Introduction. If a Toeplitz matrix is made up of elements, which can be expressed 
as functions of Cantor set numbers, then we shall call such a matrix a (C)-matrix. In 


this paper, we propose to deal with some particular types of (C)-matrices, constructed from 
Rienermann matrix [3]. 


The Rienermann matrix Т = (tp, n) is defined as follows : 


, m 
‘tmo= П (1—9) : 
jmo 


m 
Ly, n = Cn ae (1 — ej), isnzm; 


fm тїї = Cm 3 


bon =0 n m +1. 


. . . а . oo 
Т is a Toeplitz matrix, with a proper choice of (c,),-,. By choosing the numbers 
oo . . 
{Cy а-о in the above matrix T, as Cantor set elements (i.e. c, e Г, n = 0, 1,2.., where Г is 
the Cantor set) we shall use this matrix as a (C)-matrix. 


In this paper, we shall use another Toeplitz matrix Т, defined as follows : 


: 1 
To (а ph Om p= glS k Ln i Gy, = 0, kn. 


oo . 1 оо P С 
If а`ѕедџепсе { и, ),-, be transformed into a sequence {f,}4.. by this matrix T, and 


oo . + а E 
if lim £, = t, then we say that the sequence ( un ел is J,-limitable to ¢ [4]. 
N=poo 2 : ' 


S. Reich, [2] gave the following theorem : 
“Let x, € C, a closed convex subset of a Banach space ( E, ||: Il). 
Let g ; C - C satisfy, 
Па (0) —#()]ж&+#{[х—@(х) | + [| у—(›)Ї}. 
Let the sequence S = (x, : n eN ) be defined by the matrix T — (м A ye 


^ 


n = * nl А 
Inet = Im o Xo d Z Im i1 g(x), neN (=the set of positive integers), whence 
=) i-e 
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x,«C; and Cm S iD (2,4 ) satisfy, 0 < c, < 1, for all ne №, the series $ €, being divergent 


pal 
со 
and a subsequence of { ¢, ),-, converges to a certain s wher 0 <s x 1. 
If S converges to x, then x is the fixed point of g.” 


In this paper, we introduce a function g( with reference to the cantor middle third 

set I C [0,1] ) given by d. 
g: Г-У Г, where р(х) = 1—x xI 
„ as We know that g (x) e Г, whenever x eT, and g is continuous oa Г (relative to Г). 

We have, in this paper, considered the existence of a fixed point of the function g, 
defined on the Cantor set Г, which is shown here to satisfy all the conditions of S. Reich's 
Theorem, with respect to a Rienermann matrix [ used here as a '(C)-matrix | excepting that 
Гіз not a convex subset of a Banach space E. We have arrived at the conclusion of our 
Theorem, given in § 3, through the following five sections 2.1, 2.2, 2.3, 2.4 and 2.5, 


21 It is to be observed that Г is not a linear space, - We define its norm, as the 
Euclidean norm and thus 


Па (х) -g@l=le@ —в()|=|1—х—1-+у|=]|х—у] 


If x, y +, then 
#{[х-—Е(% + [у—в()[}=4{[х—1+х]+]|У—1+у]} 
={{1[2х—1|]-Е]2у—1]}={4{1—2х+1—2у}е=1—х—у` 
If, for definiteness, x = y and x — y = d z; 0, and thus T TT || = d and 
Hilse l--l»—-gol3oi—-x-xm!—2x d.a d. 
Hence || а(х) — e0) | S &(]x — 802 lE» = 8 (7) Il} 
If x 2; f any у zi $, then as above 
Güx-£e(l-l»-zol)exey-1-dt2)—1zd 
= [ху = а (х) — gt) Il 
If * St andy 2}, then.as above (since.y zz x), 
(їх -209l + у go) |])} =e Cl 2х + 2p — 0 
-y-x-|x-»|-()- £0)l. 
Hence in all cases, we get | 


бо а(х) 2 (001 Ж $ Clix— к. (х) b t у 74s 
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22 We how parücularise Rienérmann matrix T = (tm,n) by choosing the sequence . 
oo . 

{ ta pum with 


Co = d and e, = 1, for alln = 1,2, 3, .... 
Herice with ( c, pan c Г, Tis now a (C) — matrix. 


Wé"GBsérvé ‘that es satisly Ô< ca Śl, for all 5-50, 1, 2, 3,.. and that 


> 


^ e 
Z c is divergent. 
$e 


Also a subsequence of { с, bs. namely, { с, У, -converges to ап s( =- 1) when 
0<551. ОГУ 


2.3 We then apply the process of iteration, i.e. use the formula 
| Е sa. ne pes enya ee 
Хра = by ó Xo + 2 tm it 8 (Xi) «ЇЇ; 
$ 
B со 

to find the sequence S = {Xy Jre С Г. ue S 

Starting with x, = 1 (e Г), we obtain successively, x, = ix к= $, Хз = $, x, =}, 
and so on, 

oo 

So the sequence S = (x, ),., = (1,8, $ 2, }, ... Ъ Which is not convergent. 

2.4: Tietze's Extensioh Theorem [1] is given as follows : 


“Let X be a metric space and let F (F C X ) bea closed set. 


If f : E- E', is continuous on F (relative to F) and if fis bounded with, 
sup $ | (X)|/ xeF) = M < со, then there is a continuous (on X) function g : X -p E, 
such that x « F => g (x) = (x) and | g(x) | = M, for each x e X." 


We now consider the Cantor set Г. We notice that Pc X [«[0,1]] is а closed 
get.and 


g : D -> E}, (as given iń the section 2.1) is continuous ot l'(relative to Г) айй g 
is bounded with À 


sup {| g(x) | xeF)-- M(=1)<oo. 


Hence according to Tietze’s theorem mentioned above, there exists a continuous 
(on X) function G : X -> El, such that x e T= G(x) = g (x) and .. 


[G(x) | &.M (1), for all x eX. - 
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_., if we take С (х) &1— x for all xon X[—[0,1] ], it satisfies all the conclu- 
sions of Tietje's Theorem. i І 


Moreover х = $ is the fixed point of the transformation of G: X + Г, dE 


2.5 In 2.3, we have seen that the sequence S = (x, le , is not convergent. We 
now show that S is T,-limitable to 4. 


oo oo 
_ Let the sequences (x, ],-, be transformed into the sequence {t,},—: by the 
matrix Т. : 


r 


Then fy, = өл: Буа. е ам e 


2 = 
+t ‚ж 
= — Ànii Ф as Apo | 





Xx ee ttn Ete t+ ta 
Гад-1 = an ed 2841 


2n п 
SM TUS 
- 1c as n =p e 


Hence lim ta = $ as" -> э and thus S is T,-limitable to j. 
. п-$оо 


3. Conclusion. Combining the section 2.1 through 2.5, we conclude that the Cantor 
set I' (which is not a convex subset of a Banach space E) has the following property (given 
below in the form of a theorem), which bears some similarity with the property of the set 
C as given by S. Reich metioned above. 


3) «Г, where T is the Cantor set. The function g : - I => T satisfies 


Пе (х) ~g~ 1 Sg {ll —в(х) [+ 1»—260) ll» 
on taking g (x) = | — x, xeT, 


Theorem. Let х, (= 


it being known that 1 ~ x e T, if xe I and ||. | is the Euclidean norm |.|, the function 
g being continuous on Г (relative to Г). The sequence S = (x, :neN } is constructed 
by the iteration process, with the help of the formula, 


| боз 
Хр = р о Xo + 2 Im in £ (Xi) neN, Xo €T, xs € Г, 
y = 
by using the (C)-matrix Т = (Ё, n) which is a particular case of the Rienermann matrix, 


со т 
with the sequence {Cy}, having ‘values со= $ and c, = 1, 2, ?» .., ensuring that 


м, 
е 
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eo со . 
{ с, Jno C T and 0 c c, 5 1 for all п e N and also ensuring that the series 2 с, is divergent 
timo 
eo 
and also that a subsequence of { e, }y-o converges to s ( =1) satisfying 0 s x 1. 


The sequence S = (x, ie = {1, 3, 2, 3, 3, ... } 


though not convergent, is T;-limitable to 4, which is the fixed point of the function С in 
P. € X ж 1, given by G(x) = 1 — x, the existence of G being assured by Tietze’s extension 
Theorem, it being noted that the original function g has no fixed point on Г. 


Concluding remarks : It follows from above, that Reich's condition that C is to be 


a convex subset of a Banach space E, cannot be dropped without affecting the conclusion of 
his Theorem, 


Moreover, Reich assumes that his sequence S is convergent ; but he does not discuss 
the situation in which S fails to converge. 


The authors are thankful to the Referee for his kind suggestions to improve 
the paper, 


REFERENCES 
[1] Randolph, J. F.—Basic Real and Abstract Analysis, Academic Press (1968) р, 310 
[2] Reich, 8.—Bull, Cal. Math. Soc., 65 (1973), 203-207 
[8] Reinermann, J.—Studies Math., 32 (1969), 200-227 
[4] Salat, T.—Czechoslovah Math. Journal Praha, 26 (1976), 613-627. 


Received Dept, of Pure Math. 
5.1.1984 : Calcutta University 
Revised 


21.4.1084 


Jour. Pure Math. 
Vol, 4 (1984) p, 7-16 


SOME PROPERTIES OF THE GENERALIZED MODIFIED BESSEL, 
FUNCTION FROM THE VIEW POINT OF LIE-ALGEBRA* 


DiPAK KUMAR BASU 


l. Introduction. W.-Miller, Jr. [1] introduced an interesting family of 3 dimen- 
sional Lie-Algebras g5, с which forms a natural generalization of IZ, Œg pı The special 
functions associated with this family form a natural „generalization of Bessel functions. 
Thus the functions 12-9 (r) are group-theoretic generalization of Bessel functions and may 
be defined by the following generating relation : 


lí со 
р Т QU) | - 2 scd 


la 00o 





(L1) exp [ 


Indeed, Ј (к) = (— i)! J; (ir), is the ordinary modified Bessel function. 


The object of this paper is to consider some properties of 4#: 4 (г) from a different 
point of view. We first notice [1, p. 318] the following recursion, relations for Д2» 4 (г) : 


P 
(1.2) (of 43) nen =O 
(1.3) (eZ - 2) нао ет 


Then by giving suitable interpretation to m we form the Lie elements for Lie Algebra, 
(one is called the raising operator and the other lowering operator) and using Lie's cans 
попіса! variables we reduce the calculation to a minimum. The main results of our in- 
' „vestigation are the following : | 


r-d-«(D- q) Ms 
(1.4) (Ер) h Pepsi aus ЧА (pc ay #14 (etg) 
«5 pt. ‚Ё 
E. si ri m-sptiq (r). 


50190 





Bu NS ‚ Thig work., wan included, in the Ph, D, ‘Thesis, Calcutta University. (197,0)_08 the author, 


wr Pus 


8 DIPAK KUMAR BASU 


оо 
а 2 2 a IP? 1 (т) 2™ = F(r,z, then 
neo 
Суз)" 1,2 (7) bm (yz) 
m- E D 
/ 
1/(P+9) iu ($«4) 
ucc MI Ul 
ds t] 4—14 («x^ qi 
where b (x) = ТГ =) 70) 
оо 
(1.6) If G (r, 2, 8) mm P Ip we Pm (9) 
md 
then 2 
1/(b+q) r 1/(p+q) 
G q o ЛЕЛЕНИ 
ее so (rrr) | 
-> das Ф) (yz)? by, (yz, 0). 
mod 
where 
[a] v.s 
by, (x, 0) = lmn («x d Pm-ng (8). 


(m— ng! n! 


‘It may “be of interest to remark that the result (1.4) does not seem to appear 
earlier inthe form given here, Furthermore (1.4) gives rise to many interesting special 
cases already derived by Miller, Next in connection with the results (1.5) and (1.6) we 
remark that the method adopted here in the derivation of class of. bilateral generating 
relation and a class of mixed trilateral generating relations respectively is perfectly general 
(i.e. it can be applied to any special function for which a Lie algebra can be constructed) 
and itis suggested by S. K. Chatterjea as one of the methods of obtaining a general class 
of bilateral and mixed trilateral generating relations from a given unilateral and a given 
bilateral generating relation respectively. · The importance of the result (1.5) lies in the 
fact that whenever for a particular value of a,, the unilateral generating function F (r, Ф) 
is known, then -the .eorresponding bilateral generating relation.can at: опсег be obtained 
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from our result and thus a large number of bilateral generating relations could be obtained 
by attributing different values to am. Silimar remarks could be made in the case of the 
result (1.6). 


NE 


> 


2. Lie Algebra for generalized modified Bessel function " 


The recurssion relatíon for generalized modified Bessel functions are 


000 Че + мины = m 07 
(>ч -т)ь = £n 


In order to obtain the raising аренах R ата the lowering operator L іп a form 


which does. not refer to. the index of Bessel function, we interpret m as the result of opera- 
ting wiih —7 (ss) : upon the finotiot and changing 4 into 2. we observe that 


eige ( Pus — 3 р E) [ene Lh q л. = pm in с 
x —i 8 
and е}? (6 +9 ar) с [ent 7,24 (r)] 
= e(m-phe P 1 (r) Е 
: т-р - > 


hyt 


Our raising and lowering operators are thus 


= eit T9. 2 

„ша ( a9. "Par B 
ewe {21.0 uod. 
СЧЕТЕ 


Since [ А, L] =O and L f(r, Ф) + р (r, Ф) Rf (г, Ф), we can reduce ће above 


pair of operators into Lie’s cennonical form and we use Lic's cannon variables ф and 
# satisfying the following pairs of equations : 


; | д 2% OD 
eigt T ag + peii 99 


t =l 
e-ip* 1 ES gre 
and ` 
i дт ng OF 
eig = Ф OF — 
Ў г gà * Ре or ллы 
ре і дї eg x 
e i r s -+ eb 4б; 1 
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From the above pair of equations we obtain the desired transformation. 
2.1) = Log? and P= —L efe 
б=т pta? 


$oMGH) 
s) Т, r= (p +q) (ФЧ) 


9 |74. 
so that ei? (б 


under which the raising and lowering operators become 


pat. and д = 2, - — 


00 or 


3. Deductions of unilateral generating relations. m 


First we consider the general operator «L+ BR, In the space of ғ and $, the 
finite operators exp (4 L) and exp (@ R) are translation operators. Exp («L) serids 7 F, into 
$ Ф « and leaves ф invariant while exp (BR) seconds ф into 6+ f^ мү # ATAY 
Thus we have “~ 3 


Boy 


Exp («L + BR) Gy (F, m m Fat & DHA) 
where G,, (7, d) is the transform of F,, (r, Ф) = oui Ih гт) ‘aiden the РТР (2.1) 
On the other hand = E 


exp (aL + BR) Gs, (5, Ф i2 Ы eL Ls КІС, (v, Ф) 


$› zd 


s pt 
= $5 t P б Gm-spttg F, d 


$,f70 





Equating the two ferus we еми Ше ашнен theorem 


wh on. 


Е = a’ Bt a Б 
Gy, (F+«,0+ 8) = sltk Gyi-sp+ig (v, Ф) 


$5172 


Transferring to original co-ordinate (ғ, Ф) we get the main result : 


mI pta) | 
r -4(p4d-q) : i (Pg) 
e» (UHD) nest ox BG + ФУ! 


is з 
= « *В f à r) 
Sltl терни 
5, f-U a 


which does not seem to appear in the form cited in 63. 1). 
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It may be of interest to remark that this result gives rise to many interesting: results 
of W. Miller as special cases : 


Indeed, If « — 0, our result becomes 


[1 + Bieta) E it. [> (14 Big ү 


-5 б E Lx 
бя () 


t=0 


which may ‘be Compared with the result of W. Miller [1; P 321). 
Again, if we ‘get BT =0, the above result reduces to 


[re ( p q)b Г mr. [r ( pl 2+ 4) yee) 


IS 


EUN E DS 
- 2 D d i, (9), 3 
where- b= PES | 
which may be compared with the result of y. Miller [1, p. $1 


To deduce another interesting renal of W. Miller, we conidder the ccu biration 


gi; 0 t R- 


Operating this on a function? we have on one hand, 


—* (LER) E; Tr, D) = exp ( = R) Fy (n. 9 
exp ( zt LER E, LD) = exp (754) E Fee eee) 


co oo a Y ( « ү 
(©! Rt nta 


t! 51 LF Fy, (т, Ф) 











iM 





I 





S Gu 
S EL Fn sprig (Ts ©) 


оо co ( « rece 

S \ptal,, 
рта; 
“tl oh 


ig-5pen- = v 1-6 


` 
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On ths other hand 
exp (Geo Qm Fn D) = Fa (r O) 
where r’ and Ф’ are given by the following : 
r eb _ reip peat 
р+9 pa p+q 
y eig? reig? (X 
рія pta P-«a4 











— ——À 


Equating the two results, we hrve 


m m ( < ) U(Prg)-nYm 
‚ +4 
Em (г, Ф”) == Рун 'r, Ф) Р L 

i : T (4 =) i 
fi-— © {= a a ! 

o5 AS ( " j" (p+ ntin 

(84) eim Гр (r!) = » eimino [P * uy. > pe tt ee a 
mtn tg —n 
ham 99 i^ 0 t! (==) | 


In this relation, if we set 7 = Ò = 0, then т =« and 6’ = 0, we obtain 


a бб ( X ) tz (bta) -mm 
$4 
Ld i © = > Am (o) > = 
jm 00 1-0 t! (4 | 


Now, it is evident from the recursion relation that I,2:4 (0) = 0 for every k 
except k == 0. Hence, if m an integer, we have 
2 ( « y (ptg) +m jp 
p+q 
Teo Set 
p 





IP q («) = 


imo 


Thus from (3.4) we obtain 


oo 
(аг ғ 7 $» 4 2 P 1 
geo | 
reps + « mH (pa) І 1+0) 


Br dens (ош) Lj» 4 [ (reit* 4- «)4 (reet + a] 


со 


Di (ety pu nr. 
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Setting ef = t we finally obtain 


ml (pq) q! (p+q) q! (pta) 
: r+at-? « | « 
(3.5) CAE) Lb L (1 + <,| А ( l+ X) | 
S ? 
p 54 :4 
іп p (r) 1 (x) 
fen 00 


which was alternatively derived by W. Miller. 


4, А class of general bilateral generating relations for generalized modified Bessel 
function. 


For generalized modified Bessel function we shall deduce the following theorem : 


Theorem. 


(4.1) If 
со 


Sin , zo 
> cup Imb t (0) 2" = Куз) 
file0 


then there exists a bilateral generating relation of the form : 


o2 
y ош" InP (P) bm 02 
Ial) 
: 1 (+) 
= F [ prota commo s (n y t] 
|“ PESES NA ра) 
where 
(mig) 
= O5 ig (4X a)i 
by, (x) Y 11 (m un Iq) ! 
1-0 


Proof. Replacing z with zy eif, we have 


oo 
a А 
Y Sm eine LP q (r) zhym = F (r, Zy ei) 
71-0 


operating both sides with e~® where 


= ei (59 1,9 
R = еи (кв +?) = А 
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we get for the left member of the above equalily 


со 
e* Y pos ei Tb» (г) Phy. _ 
Ma0 
оо [m/q] | 
= XU _Чт-4_ етә р bid (г) 2-и mala, 
2 11 (m іа) 1 mr (0) 
t=O Jud 


Next to calculate e*® F(r, yzei®) we use Lie's cannonical variables as explained in 
the previous section. Under the cannonical variables we have the transformation to (2.1) 


and the operator R reduces to "he form 5 . 


Now, е д. F( (p -| q) (vag? (+9), zy ( 


1i(p+q) 
i | 


5) 
o 


1/(P49) 
x [ (p +4) FUG + « ? 0*0, zy (э | 





r eit? 1) (p+q) 
= F (rl (г + « (p +q) eiatye tipa, zy ( ) 


recítt-- «(р + 9) ] 
equating the two results and putting Ф = 0, we obtain (4.2). 


The importance of this class of bilateral generating relations lies in the fact that 
whenever for a particular value of ap, the generating function F (r, Ф) is known, then the 
corresponding bilateral generating relation can at once obtained from our general result (4.2). 
Such a class of bilateral generating relations for generalized modified Bessel function does not 
seem to appear in any other earlier investigatoin. 


As for application, if we have а = т \, we know that (4.1) becomes 


со 


Y 1,040) Ф" = exp ps (ФР + zo | T 
| ptu 


Mund 


then from our theorem we at once obtain 


oo 
(4.3) У 09)" LP (0) b, (WD) _ 
Mad 
Е га (r+ (p + qa | эў е 
= exp | ptg (ars 


tory r j ^93] 
A ( + «(tdg 
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5 
Pd 
where b, Kx) = У ia 
Tmo ' 
function. 


oo 
Кв) If G(26- Y 


5. A Class of mixed trilateral generating relations for generalized modified Bessel 


ay, 


mi Int? (r) "р! (0) 


Nia) 


where Z,,?: ? (г) is the generalised Bessel function and p,, (0) is an arbitrary classical function 
of order m, then there exists a mixed trilateral generating relation of the form. 


(5.2) G | (r* (r-« (p+ q) Ayia), yz ( 





r е jum 0 ] 
rtc 5. 
со aaa А" x 
= X Fy, (r) (yz) by (yz, 0) 
e mat Е 4 аЛ 
Where | 
2 «xn E 
(53) by, (x, 0) = m ni Рт-пд (8), 
proof. 


Replacing z by Bzei? in (5.1) we have 


со 
С (ғ, yzei*, 0) = У E y" 27 Fm (r, Ф) Py (8) 
mes 
where Fp (r, Ф) 


= еййФ | ф 4 


m (r). 


member 


Now operating both sides of the last equation by exp < R we obtain for the right 


пі 


z со 
ў q” R” Y а"! 


тї Y? Zm Py, (r, Ф) py, (8 
5-9 


Y X Cy yug 


a? 
vn—ng)! 
nag 


dp 074 27 E, (r, Ф) рь (9). 
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MP 
m > Fn (r, Ф) (yz)™ (m ed es T («У 272)" р (8) 


710 41-0 
m 
= > E, (r, Ф) (yz) by, (yc, 0) 
file 
[lj] ES ^ 
where b, (x, 0) = "mE TZT Гү '«X 9) р (0). 


n=O 
On the other hand the left member reduces to 
exp « RG (r, yzei#, 0) 


G | (p44) (#4 Ф?) 


mz @* 





a 1,(ptq) $oMGR) 
RUN 0 
эф к (т) ) 
1/(p+q) $ 10-0) 
= P Ф Р = , 0 
a] o«à (F1 (ф + ©) o Gg) ] 


jl (p+ ш.) о (жй к ЕЙ uA à ] 


Equating the two results and putting Ф = 0 we obtain Bo. 


I am grateful to Dr. S, K. Chatterjea of the Department of Pure Mathematics of 
Calcutta University for his kind help and guidance in the preparation of the work. 
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A CAUCHY TYPE PROBLEM FOR A SECOND ORDER MATRIX ` 
DIFFERENTIAL OPERATOR 


N. K. CHAKRABORTY AND SWAPNA Roy PALADHI 


1. Introduction. The problem under consideration is to solve the system 


U gU 


(1.1) ce ae 0000. 
| with 
U (x, t) | mo = f (x) 
(1.2) : 
2 U (s 1) | ies =h (x) 
.where U = U (х, tz Es Д ; f(x) = (4 3) ind. h (x) = (25) аге two 


arbitrary vector valued functions of x, such that f(x) is twice differentiable and Л (x) is the 
integral of an absolutely continuous function ; also Q (x) = [^5 oH » where р (x), 
q (x), r(x) are real valued functions integrable in every finite interval. 

The present problem is an extension of the Cauchy problem to differential sys- 
tems, where $ U (x, t) | +o has a value other than zero. The method of procedure leading 


to the solution j^ the problem is analogous to the one developed by Povzner[3], Levitan 
and Sargsyan [2 ], and is essentially an Заар анов ‘of the Riemann and Goursat methods for 
partial differential equations. 


2. Solutions of the problem by the Riemann method. 
The homogeneous equation corresponding to (1.1) is 


QU д 
(2.1) т 


which is an equation of the hyperbolic type; we ри x =} (ё + 2), t=} (9 – $). 
Then (2.1) reduces to 
oU 
2.2 ge E у 
CE Е ag dn 
Solving (2.2) in ё, ņ we obtain the solution of (2.1) in the form 
3 
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С, (х- д + cri) 
2 = {1 
res с (се — t) + C, (x + t) 
where the Cj, j = 1, 2, 3, 4, are arbitrary functions. 


Then, from (2.3), the solution of (2.1) satisfying the boundary conditions (1.2) is 
given by 


I 


(2.4) U,(x t) D (x 2) 


K A ee EE E e) 7 
wheie 


g(x) = f^o) d. 


A particular solution U (x, t) of (1.1) satisfying the boundary conditions 


TS 20 (x, t) 
0 (х, t) | f-0 — 0, at ias 





= 0, is 


(2.5) G(x, = 4J QO)U( nd 
PIE 
where Ду, , is the triangle in the y, т plane with vertices (x — t, 0), (x, f) and (x + 1, 0). 


The integral equation corresponding to (1.1) and (1.2) is therefore, 


t (7v) 
(2.6) U (x,t) =U (xt) de 1, OW) 0н) dv 
Let 
t xt(t-4) 
(2.7) U, (ж) =} dj QU) Una (9, 7) dp : for k 1 
в -(t-*) 
us (x f) 
U, (x, t) being given by (2.4), where U; (x, t) = ( ) 
Yk ( x,t ) 
Then by the well-known method of successive approximations it follows that the» 
equation (2.6) has the solution * p5 
Q8 —  U(xt)-U, (x,t) — Ui (x, t) + Us (x,t) — Us( t) + sees. 


From (2.7) and (2.4) 


U(x, t) = + dr I QDS ytt) КЛУ т) ++ & (ут) — g (ут) da 


== la + Га, Say. 
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where 
a (a Е 
маф" ФОО) for) ) dy 
= thar i Q(s—r) f(s) ds +} ў а E Q(st-r)f(s) ds 
guo СЕ) И 
=ł4f [f Q (v) de | f(s) 45 
ae i (s+#-7) 


On changing the order of integration in the repeated integral and simplification as 
in Levitan and Sargsyan [2], we have 


fy =} i W, (x, t, s) f(s) ds 


where, 


(statt) S 
(2.9) W, (x, t, 5) = { f Q (с) de 
(stx-2) 


Again, on simplification and change in the order of repeated integration as before, we 
have ~ : 


zt(t-) 


ма" 00 tz) —£0 0) dy 


E wet ЕН) (start) 


eit. nj +f } Q (e) de | g(s) ds 
£ 8 б 


X-—- 


ll 


gtt : 
—{ i T, (x, f, 5) g(s) ds, say, 
feat 1 А 
where 


(stt) (sta?) 
(2.10) T, (x, Ё s) = и + 1 10 e de 


Since the matrix Q is symmetric, the two matrices Wi (x, £s) and T, (х, Ё, 5) are also 
symmetric. Altogteher, we have 


Q4D Uy (x,t) =4 ү, "Ой, (x 55) f(s) — Т, (% 5 8) g(s)} ds 


$ 
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To obtain a formula analogous to (2.11) for each U, (x, t) occurring in (2.8), viz., 


(2.12) ` U(x, 1) =4 f^t Wy, t, з) f(s) — Ty (X 65) g(3)) ds 


we assume that the result is true for Ё —n — 1. Then from (2.12) and (2.7) we 
have : 2E І К 


Us 5 m dr у O O) LEP Waa 0) О) а 078) 0А] 


Now, as in Levitan—Sargsyan [2, p-6] we change the order of integration in the 
above in such a way that the outer integral is taken with respect to s. It then follows that 


+ 
(243) Unt = Ср 00) War n5 dr dy} So) 
TY К 
—(G f, QU) Ti (r,s) dz dy) g (5) |] ds 
ry 
where 2,, is some domain in the (y, т) plane; (т, y depend on x t). 
Put А 


Wy (W758) =F f QQ) Wn- (V7 5) dr dy 
Qey 
and 2 | . 
T, (y, s) QO) Tra Q5 0 5) dv dy. 
ту 
Then from (2.13), it is obvious that (2.12) holds for К =n, whenever it holds for 
ken-—31; W, (x, t, s) and T, (x, t, s) being given by (2.9) and (2.10) respectively. It follows 
by mathematical induction that (2.12) holds ‘for all positive integral values of n (21). 
A limiting consideration then yields ( from (2.6) and (2.8) ) that 


(2.14) О (x,t) —-t$(f(xt-D-f(x—-cts(x-0-—8s(x—10) 


xt ^ z 
+ as {W (x, t, 5) f(s) — T(x, t, s) g(s)} ds 
where 
ж oo 
W (x, Ё, 5) = z (—1Y W, (x, 1,5) 
к= 
- í о А 
апі T (x, t, 5) == z (—1Y T, (х, t 8), 
к= 
the matrices W, (x, t, s), T, (x, t, s) having elements (W,); and (Tj respectively. 


The matrices W (x, t, s) and T (x, t, 5) may be called the Riemann matrix functions 
associated with the system (1.1) — (1.2). І 
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If possible, let U, (x, t), U,(x, t) be two different solutions of the same problem 
(1.1)—(7.2). Then Ф = U, — U, is also a solution. But Ф| jog = 0, | oo — Ua | 0 =O =f 
and similarly, g = 0. Then Ф = 0 and the solution of the Cauchy type problem is unique. 


We define the modulus of a matrix M, represented by | M |, as the sum of the 
moduli of all of its elements. Then the following inequalities hold. 
Since x —t« s x-F t therefore, ss (s--x ts xt 
and sph(st+x—-th>px-t, 
Thereforee, from (2.9) and (2.10) 
a 


(215) — |Wi(x5sl«tif |Q(elde 


and 
(2.16) | Т, (% t 8) | «f | Q (o) | de 


provided p, q, ғ are integrable over any finite inteival on the ical azis. 


g- -2 


(17) Let | Wail S S yerm-21 


pili 1Qinidea, т>! 
Tnen since x — ty т< yc x4 t, so that 
: x—(t-—7)<Sy<xt (t—7); we have 
14,1 <3 f | Q(y) Wy1 (Vs T, 5) | ат dy 
Qay 


н—@ 
si irony y) | dy dz xr І (m c 2211 [ A | Q (e) | de] "1 
(by (2.17)) 
sS ШИ ‘i. | О (о) | de]"* $. О(уутп-5 Дуайт 
2* (n —2)1 Qs, 
< 1 cy” be О (e) | 4 J^ n- d. 1 
Sah, т { T т dt | Q (e) | de 
Since FN OUR 
€ 0, :{0<т<1; x—-t«&ysx-u 
therefore, we have finally 
{n-i 
Wal xiii, 120) jde. 


Hence by mathematiçal induction, the inequality holds for all positive integral values of п. 
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Therefore, from 
oo 
Wix,t,s)= 2 (—1YXW,(xts) 
те] E 


it follows that 


(218, [#ьз)]<4 1009) ldo exp [5 17 190014] 
Similarly, | Я _ 
(2.19) IT 55)1 «f^ 100) Idee [5 7, 10012 | 
3-i É aad 3 


3. The Goursat Problem. 


We now investigate the Goursat problem, i.e., we find the conditions to be satisfied 
by W(x,t,s) and T(x,t, 5) so that (2.14) may represent the solution of the Cauchy 


type problem (1.1) — (1.2). From (2.14), when ¢ = 0, U (x, t) | i-o = f(x) on account of the 
continuity of f and g. 


Again differentiating (2.14) with respect to ¢ and then putting t= 0, it follows that _ 
auiv n | 
Lar | 78 + #(х 0 х)/(х) + Т(х,0, x) g (%), 


provided W and Т are continuous at f = 0, 





Since Ži U (x, t) | = g'(x) and f and g can take values independent of cach other, 
i-a Р 


we have for all x, 


(3.1) W (x, 0, x) = T(x, 0, x) = 0. - 
Let U(x, t) = U(v, t : fg) given by (2.14) satisfy the differential system (1.1). 
рр 0 
d d E x ) 
Put Di= qp Dog n-(. рр 


rq fa gs 
А £i i эс 
f= ( ) ‚ §= ( БА 
fa $з 
Then, 
Deh — Ph — th, Р 8g — P8 — 183 
M, F = ( ) 


ML С с *+фё”Л—4%—'0 Dy 8s — 983 — Га ' баа 
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Let (А); represent the jth column vector of a matrix A. 


Then from (2.14) 


(3.2) U (x, t5 (My Pav (MiP) aa) | i-o = (М.Р), 
Also, 


d 
(3.3) 3 Ulti М, Plan, (М, Pas] | io = My Flas = P (х), Say 


Again, 


| j Dêu— Du pu + rv 
(3.4) (L: — M4) U(x, t (My Е) (М, Ра) = ( ) x 
Dey — Dé v -F qv ru 


since U(x, £$ (M, Flas, (M, Fae) = ( в ) is a solution of the differential system (1.1). 


It follows therefore that U(x, t ; (M, Е), (My F),4) is the solution of the Cauchy 
type problem 


3 ш M,V -=I,V, y 
ud i | = (М.а rp, =) 


Similarly, it can be verified that М, U (x, t; F) also satisfies the same Cauchy type 
problem (3.5). 


Thus from the uuiqueness of the solution of the problem, $ 
(36) — LjU— M,U (x,t, F) = U(x, t ; (M, Far, (My Plage) = U(x, t; M, F), say 
Differentiating the relation (2.14) twice with respect to ? we obtain 


37) Ly U(x, t) =F [Ff (eta) t f'x—0 +28" (x4 0) —g* (x—10] 
FEW bet yf Gb D) + Wy (x txt 0f(x 41) — W(x tx —1)/' (х —1) 
PWE hx Nft) Txt xt Oe! (х +) —T/ (x,t, x t)g(x t) 
-+ T(x, t,x — t) g’ (x = 0) — Ty (x, b x —)g (x — t) -W, (x, ts) 


| smart Fx + t) 
— Ti (5 t 8) | cepts £ (Х-Н) + W, 555) | s f(x 


0—7, (х, t, 5) | s-x-t g(x —1)] 
+4 Г. [Wy (x, t, 5,) f (s) — Ty (xit, 5) g (s)] ds 


|] d | 
(where Ху (.) = 7 КС X,0) = 2 х0.) and X, (.) = 9 X (.) etc.) 


Replace f and g by (M, F),, and (M, Е) respectively in ( 


| 2.14) and adopt the same 
procedure as above and integrate the involved integrals, i 


twice by parts. 
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Then А . . І 
(3.8) U (x,t; M,F) =} if" (xt 1) f(x t) Fg" (x +2) — я” (x — 1) 
—Q(xtt)f(xt)—Q(xt üg(x-t – 0(х 0) (х 0) 
XT 


*Q(x-0)g(x—0] -$EWQs 6s) f’ (5) — T (x, 1,5) g' (s) ] 


amt 


—i[W, (x,t, s) f(s) — Т, з (® Ъз) (в) Í 
E EH 


++ p. [Ws (% ts 8) f(s) - T4, (X, 1,5) g(s)] ds 


Substituting in (3.6) by the relations (3.7) and (3.8) and taking into consideration the 
-factthat f and g are arbitrary, it follows by equating the co-efficients of f(x + t), g (xÆ z) 
and the terms under the integral signs, that 


: W's (xt, x ЕЛ) + Wists) loe 5T QD Р, (68) |р 


8:3) pe xb 1) — Ty (shs) | — -QENE T, (s 6a) Sx! 


and 
f Wi ( (х, t, 5) = Ws (x, 1,5) — W (х, t, 5) Q (s) 


(3.10) 
| Ty, (x. f, 5) = Ty, (х, 1,5) – Т (х, t, s) О (5) 


+ W, (x,t 5) | 


Now E Wta) = Wns) тан 


$==х ЕГ 
: doe d 
with a similar result for P» T (x,t, x + t). 


Then from (3.9) we obtain 


dw 
URED Qr) 


aT (x,t, x +t) 
and 2 mom ce 


2 


= Q(x +t) 
Thus 


(owe Lxdüe-i-j О(х з) йз — 

(3.11) i hee 
Be | T(x ti x-Et) = & i Q (x zs) ds 
t B | 


t 
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Consequently NE MM 
Bk 12) (6х0) + Т(х, txt) = 0 


- . x 


The following theorem therefore holds. ^ 


Theorem 3.1. The Riemann matrix functions W (x, t, s), T (x, f, s) appearing in the 

olutions (2.14) of the Cauchy type problem (1.1). and (1.2) satisfy the partial differential 

mquations (3.10) and are expressed in terms of the matrix О by the relations (3.11). Morever 
t s=x +4, the relation (3.12) between W and T holds. 


4. Continuation of f(x), h (x) defined in (0, оо) to (— o», — о). 


In the problem (1.1)—(1.2) we impose the additional conditions 


4.1) | AU, (x, t) | „в + BU (x, t) | „= Ф (1) 
«where A, B are suitable non-singular constant (2x2) matrices. Since the solution U (x, f) of 
-he system (1.1)—(1.2) satisfies (4.1), we have from the first relation of (1.2) and the relation 
74.1), | | M7 " Vu E 


m4.2) 0t x Af (+0 4 BS(+0) = ф (+ 0) d 
Again differentiating (4.1) and then utilizing (1.2) we have 
(4.3) Ah! (+ 0) + Bh(+0) = $^ (+0) 


where f(x), ф(х), h(x) are real valued functions of x defined for x y> 0 such shat ` 
f(x) (X) e C' [0 о) and h(x) e CHO, oo), 
When A (x) = 0, we choose the condition corresponding to (4.1) as 
(4.4) CU, (x, t) | „в + DU (x, 1) | s-o = v (2) 
Where as before C, D are suitable (2x2) non-singular constant matrices and U (x, t) is now 
the solution of (1.1) —(1.2) with А (х) = 0. The relations corresponding to (4.2) and (4.3) 
are now | = EM : 
[ +(+0) = Cf’ (+0) + DS(+ 0) 
and Lo ¥ (+0) = 0 
where we assume ¥ (x) є C? [0, оо). 


(4.5) 


> 


A necessary condition for the system (1.1) with (1.2) and (4.1) to have solutions 
continuous at zero is therefore given by (4.2) and (4.3). The corresponding condition for the 
system (1.1) —(1.2) (with A (x) = 0) and (4.1) is (4.5). 

The solution (2.14) of (1.1)—(1.2) satisfies (4.1). By differentiating (2.14) with respect 
to x so as to obtain U, (x, t), substituting in (4.1) for U (x, t) given by (2.14) and U, (x, t) as 
derived above we have, after some reductions, 


$ 
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(4.6) 2$ - AU' (D - f! (0 h() - h(— 0 4 (0.4) F(0 
—W(.&-0f(-0)-T(0.502(04 T(.5—)6(—1) 


Sr Wg (2, Ё) | gof (5) Т, Q5 55) | ,-,g()3ds] + ВТУ) 
-t 
+f(- t) + g(t)g(— + W (0, t, 5) f (s)— T (0, t, 5) & (5) } ds] 


where g (x) = ta) dy and is continuous for all values of x including х= 0. 


Writing f (04 =Í (242 + ў () ds and then changing sto —s in the second part 
we have from (4,6) 
4») аА) Ао) 1) 3/(- 0] 
& ALPO, 1, — 08(— 0) h(E EU (65) Ai 5) + Ka (5s) e (—5)] de 


where 


9,0) = 29 (0) — AL" (0 + (t) + MOLDS) — T (0, 5 1) g(0) 


- UV (69 | mof (8) — Ta (з) | poo (0) 145] = BLS) + g (0 


dedi -į { W(0, 5) 7 (6) — 1700, 65) в (8) } 4]: 
Ку (55 = A W, (х, t, — 5) „о + B W (0, 1, — 5); 
К, (t, з) = — AT, (x, t, —5) | geo — BT (0, t, — 5). 


Integrating between the limits (0,7) and making some suitable substitutions, (4.7), 
reduces to ; 


t 
(43)  Ga()e4[f(-2)—f(-09—2(-0- £(-0]-E E (S s)f(— 9) 
+ K (t, s) g ( —5)] ds. 
Since Gy, (f) is known, (4.8) is an integral equation involving the unknown functions f ( — t) 


and е (— t) with known kernels Ку and Ką Similarly, when А (х) = 0 and the solution of 
(1:1) — (1.2) (with A (x) = 0) satisfies (4.4), we have 5 d 


уў r 
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Gal) =24 (0) — CLIA EW 0, EDSO — Wa? Q5 о) di] 
- D[/t) — $, W* (653) (9) ds] 


=(4.9) = ср (70-7 W*(,5 =t) flO DfC-0 + § KSSS) ds 
here, К (t, s) = CW,* (x, t — 5) | yao + DW* (0,1, — s), 


and W* (.) behaves in the same way as W (.) in the solution (2.14) of the original problem, 
The integral equation analogous to (4.8) is now 


410 Gal) = C L(t) —f(— 0) ] + f K, (t, $) f( — 5) ds 


in the unknown f'(— t) and Беіпв а Volterra type equation, can be solved for f( — 1) (see 
Whittaker and Watson —[6]). Therefore g ( — t) is determined from (4.8). 


Evidently f(—1), g( —1) are continuous for t>0 and we have to test for 
continuity at f = 0 only. | 
From (4.10) and therefore from (4.8), f(t), g(t) bue continuous at; =0 and 
f(-+0) =f(—0),¢(4+0) = е(—0). ^ e 
Putting £ = 0 in (4.9), we have, using the relation (3.1) (holding also for W* (.) for 
every x) е Б 
2y (-F0) — Cf’ (+ 0) — Df ( 0) = Cf’ (—0) + Df (—0), 
which from (4.5) leads to 
f' (+0) =f’ ( — 0), ensuring the continuity of f’ (x) at x = 0. 


A similar consideration with (4.7) leads to the continuity of A (x) at x = 0. 


on 


Differentiate (4.6) with respect to /, make use of the relations (3.1) (when x - 0) 
and the relations ` 


Wi (0, t,t) | tao — W; (0,5, —1) | i, =0 
and T, (0,25, 1) | — T, (06,45, 1) | pag =0 
easily deducible from (3.11) and (3.12). 


Then after some reductions, we have, when f=0, the relation (f and h being 
continuous at x — 0) 


(41) — 29 0-A4U* OF (C0) E (40) DP hs) 1,6] SO 


$40 
— [Ty 45) | s=] 800) 3 c 2Bh (0) 
Sm 
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where we use the notation 
00 Dl gg geo = LF | cot +P | somt J teo 
By using (4.5), the corresponding result when h (x) = 0 is given by 
(4.12) ‚ £7 (+0) =f" (0) = —[Ж„#(х,Ьз) | о ТЛО) 
s= i=0 
.  Differentiate (2.14) first with respect to x and then differentiate again the result sc 
obtained with respect to т. Then putting x = 0, f= 0, we have, using (3.1), 


41) 20 | am GEO T C0) Hg" (HO t CHO E UT Quà) Een 


T W, (x, і, 8) р} о (0) Eh {7, (х, f, s) | sexti + T. (x, і, 5) == дї ту g(0). 
Now, using the relation (3.11) and the condition 
2. U (x, t) | tao = (х), as given in (1.2), 


- We have, 


д U ; 
dx | 9" 0e 


Hence (4:13) reduces to 
(4.14) ВО) =f" (+0) =f" (70) + (— 0) 
The corresponding formula with А(х) == 0 is . 
у" (40) =f" (— 0); so that f” (x) is continuous at T 0. 
Hence from (4.14),-À' (+ 0) =й (— 0), and A’ is continuous at x = 0. 
Therefore from (4.6) and (4,11) the relations (4.2) and (4.3) follow. We therefore 


obtain the theorem. 


Theorem 4.1. If f(t) e C*[0, o), A(t) є C*[0, o), ф (1) є С [0, œ); then a 
necessary and sufficient condition that f (t) and h (t) may be continued to the negative half 
line by means of the equation (4.7) such that f(t) є C? (— œ, со) and h(t) є С? (— оо, оо), is 

$ (+0) = Af’ (+ 0) + BP CF 0) 
and 4'(4-0) = Ak (+ 0) + Bh (+0) 
where A, B (not both zero) are suitable (2 х2) non-singular constant matrices. 


5. Continuation of f(x), А (x) defined in (0, п) to (— ос, оо). 


We now consider the problem of the finite interval [0, 7] formed of (1.1), (1.2), (4.1, 
and the further condition at x = m, viz, 
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(52) O Uz t) | a BUG) m *0 у. - 
where <, B are suitable (2х2) non-singular non-zero constant matrices. 


Let f (x) e C? [0, т], ^ (x) e C [0, т], ф (x), ¥ (x) є С? [0, я] and О (х) continuous 
on any finite interval over (— оо, Ф). 


Then a necessary and sufficient condition that f(x) and / (x) defined for [0, 7] mey 
be extended to [~z, 0] is that the condition 4-2) and (4.3) are-satisfied. 


Now let the solution of (1.1), (1.2), (4.1) satisfy (5.1). Then we have, as before, 
(5.2) af! (т —0) + Bf (т — 0) = v (0) 
(5.3) and «h’ (m — 0) + Bh (a — 0) = «v (4 9). 


We find U, (x, t) from the solution (2.14) of (1.1), (1.2) and substitute for U,, U in (5.1). 
Then a process similar to that in § 4 leads to 7 | 


64 G) =f att Hg (m O2 WV iat oft?) 
тежа в VI hd Les ЛО) 
— Т, (з) | gon 8 (9) 4] + BLA Gr + D) g (n 0) 
ИОС 
Gi (0) = 80) т) = g (т —1) Р (т fe t) 
теба V On (о) е ЛО) 
— Т, (з) | gon 8 (3 ds] — BIS 0) —&(т—1) 


+ (о) SO — T (m, fs) (8) dil 


Replace s by z + о and then integrate between the limits (0, ғ). Then with suitably defincd 
kernels K, (t, s), Ka (t, 5) in terms of W and T and their derivatives, we obtain as before, the 
integral equation | m 


Gu (t) = «[f (m + t) —/(т + 0) + g(r +t) — в (т + 0) | 


+ J) Das Sr +3) + Ka (es) gin c] ds 
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If h (x) = 0, so that g(x) = 0 and the boundary condition (5.1) is given by 
(5.6, аа Uy (x, t) | ge + BU Qr) | uos = X (2; 
then we have similarly the integral equation 
t 
Gia (f) = a [f(a + t) — (п 4-0) + 5 Ks (t, 5) f (m + 5) ds. 


An argument similar to that in $ 4 then shows that 

(т +0) = f(r 0), g(a +0) = (т — 0) showing that f,g are continuous 
at x = т, 

Putting f = 0 and observing that W (т, 0, п) = T(m,0,7) = 0 it follows from 
(5.4) and (5.2), that 

f! т +0) — f’ (т —0) + h(a +0) —h(m— 0) =0 
and from a similar consideration with h(x) = 0 we have — 
f’ (m +0) = f' (т 0). 

We, therefore, obtain that f’ (x) and A(x) are continuous at x = т. 

Differentiate U (x, t) as given by (2:14) first with respect to x and then with respect 
to f and then put x = 0, £20. We obtain the relations 


(A) W, (m, т + t) | oo = =} Qla), Tm & mt) | i = 00) 
from (3.11) І 
(В) ot?) | = (т — 0), from (1 2) (second condition) 
ax 0t 1-0 я ' 
Жет 

and (C) (Wa i EP flr 0) =0 

Hat, =й i 
: (Ty (X, fs) ze; ) g(rzx 0-0 

Жет, рей 


from (3.1), where we use the notation 
[Py (x, 5 | я, 1 (EAD) = [I6 (X, 65) | sez; А (E + 9) 


Ww. {m0 


+ Ф, (X, 1, 8) | ш h (È — hs 
j=0 


Then by virtue of (3.1) holding for x = m, we obtain, 
2 (v —0) =f" (24-0) — f* (т 0) + k (m 0) EI (m —0) 
When A (x) = 0, a similar analysis gives 


Г (m0) =f" (т 0) 
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Thus f" (x) and W (x) are continuous at x = vw. Differentiate (5.4) with respect to ¢ after 
replacing s by т +- e and then put 1 — 0. Then by virtue of (3.1), (3.11) and the continuity 
condition on f" (x) at x = т, the relation (5.3) follows. We have thus the theorem : 


Theorem 5.1. If f(t) e C^ [0, т], à (0) С [0, т], A(t)e C1 [0, m] and є (t) 
€ C? [0, m], then f(r), h(t) can be continued to theinterval [ — т, т ] by means of the equation 
(5.4) such that f'(r)eC*[—s. m], Л (t)e C' | т, a], ifand only if (4.2), (4.3), (5.2) 
and (5.3) hold. 


The process can be continued and we can argue in the Levitan—Sargsyan way 
[ 2, p.12] to obtain the extension of f (x), В (x) to classes C? (— оо, оо) and С! ( — co, оо) 
respectively. Substituting for f(x), g (x) obtained in this way to (2.14), the continuation of 
the solution of (1.1), (1.2), (4.1) and (5.1) may be derived. 


The authors express their grateful thanks to the referee for his keen interest and 
valuable criticism which went a long way towards the improvment of the paper. 
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ON À FORMAL IDENTITY OF READ 


TAHA IBRAHIM SULTAN 
(an Egyptian Student) 


In [1] R. C. Read proposed the following formal identity 


со 1 
1) JA à : [^ (aya) 1 - i» 
=) 


= (L 1092 (1 0) р £595 (1 уа, 


«where H, (x) is the Hermite polynomial of degree n. 


- 


In solving the above indentity L. Carlitz [1] deduced the following more general 


Wüdentity 
c0 оо 
П ee х. ед Ж. 
(2) Mal > ( 1)” H, (Ж) Н, (75 ) Zh пі 


nnd 


H (1 me TET EET (1 = [?т-1\їзлу 
Nim 


by means of Mehler’s formula. 


The object of this note is to extend the result (2) of Carlitz in the following form 





= {rin 
(3) M > сен, (7 ) 5 (Ж) ni 
9-0 
m : р Е uU yt xi" 
= П (1 = mE -Rae (ү gene. qp, (тєк), 


те] 


by following the same method of Carlitz, It may be noted that (3) reduce to (2) on using 


Е = 0. 
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Now to prove (3) we first notice that [3] 


(4) E Hp) Bani 


жа (1 — 472)-(24)2 exp [> 


în a slightly corrected form, 


On changing ¢ into (— 1/2) we get 


n=0 


к= (1 ыда py (k+) /2 ехр 


Now we have 


со 
оо + 
П 


п=0 


= H (1 — fem (n) H, ( 


со 
. П exp 
Mal 


FEN hi 1 - ү®ту-(®н) 2 Ну. 


meal 


oo 


m» 


Mal 


“= 


6) 2 (= 1)" Hy (к) Н (у) (2 nl 


> orm (z 





x 
m 








l-—i- 


p) Han ( 


00-237 р y — 2xt 
q—4p | t7 (тал) d 


— 2xyt — (х? + y?) t? 
"те elg. 


"m 
Vii 


y + xt” 


[m (à — c9) js 


—2xyt*! — (х + y?) = | 


—2xv? 
[ тї 17) 


zt H (1 — ny; Ну 


Mal 


| 


т (1 „ы tm) 


y + xm 
[mu — ny uus ) 


деше 


| 


y + х" 


) prin} (Qn n 1) 


| 





[m (1 — 1? 


? pa 


) 


ON A FORMAL IDENTITY OF READ 


оо dos oo oo 


. exp У ld L 2xy >: een D d тг О? + ») > [nr 


Hel ўе] ` vol 





оо m 
= П — pum) y + xt 
mel PER Hi s ({ trey yee 


. exp z [ 2xy log (1 — {?#-1) + (x? +y?) log (1 — £20) ] 


"^ — p2mt\—(k+1) е y + xt" ) 
FS а. Hy (T (1 — 22) № 


H exp log La =) 421—1, 25у (1 рез qma a у] 


N= 


со y + xi” 
= B a-e aan ac emp n (татна). 


which is our desired result (3). 


It may be of interest to note that (2) can be extended furtber in the form 


00 oo 7 
eo (— 1)% (bk nm uf * 

m: tk kt — fà 

pal e 25 k! Сз F " 1—1 


Нон (у) i (75) 


= II (1— 1) ну) матн) ‚(1 — 022-1)2ғу 
ja 


x4 yt? y t xh 
Н (Буя) Н, ( [pi - ep ) , 


in exactly the same way on utilizing the following formula of Carlitz [2] : 


oo ES min (n, n) m "n ETT 
o $43 e0)U 63. 


y=0 


"Нут, (X) Ны, O) 
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= (1 = foy mena) exp [ 2хуў — (xà 4- үзү {% ] 


1—1 
х- уг 1 y — xt 
oia (c) Hs (tam): 


Acknowledgement, I am indebted to Dr, S. К, Chatterjca for suggesting tM 
problem and also to Miss Sarama Das for her keen interest in rcading this manuscript. 
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NON-SEPARABILITY OF SECOND-ORDER DIFFERENTIAL 
EXPRESSIONS IN THE LIMIT-CIRCLE CASE 


Jvor: DAS AND JAYASRI SETT 


1. Introduction. In this paper we consider the formally self-adjoint second-order 
differential expression 
d 
(1) Mly)S=— (ру), +9, (‘= To 0«x«o ) 
where p and q are real-valued functions satisfying 
(i) qeL(0, X) and qeL* (0, X), for all X > 0, 


(1.2) - (ii) p is absolutely continuous on [0, X ], 
| for all X 0. 


(ii) р(х) > 0 for all xe[0, œ). 


The manifold A (р, 4) is defined at that subspace of the Hilbert function space 
І? (0, œ) determined by fe A (p,q) if 
(1.3) (i) 712 (0, оо), (ii) f' is absolutely continuous on [0, X], for all X > 0, 
(i) MIP] = — (pf 4- af e L (0, oo). 

M [.] is said to be in the limit-circle case when all solutions of the differential 
equation M [y (x) ] = A y (x), (im A # 0) are L? (0, со), otherwise M [.] is said to be in 
the limit-point case. We say that M[.] is separated if fe A (р, 4) implies both (pf’)’ 
and gf are separately Lebesgue square integrable. 


In this note we consider M [.] to bein the limit-circle case and show that M [.] 
is non-separable under two sets of mutually exclusive conditions on p 


1.4 (i) F рё (0) 4 = о and (i) P p? (t) dt &o, 


although we assume 4 < 0 in (1.4) (ii). 


In $ 2 we discuss the notions of ‘strong limit-point аё оо” and a class “ p(y)”. 
In $ 3 the theorem required to prove is stated and proved. 


2. The Green's formula for M [.] is given by [1, (1.9) of Ch 9] 
t 

BD f (MIA - £M Lg]) dt = Us) (4) — [E] (h 
1 


where the associated billinear form 
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(227) (f81 (0 =p (4) 0089 (0) —f0 (n g} 
is defined for differentiable functions f, g e A (p, q) and for all x e (0, œ). 
It is known [2, 8 6] that M [.] is limit-poifit at infinity if and only if 
(2.3) hm [fg](x) = lim р(х) {/(х) g9 (x) — f (x) g (x)} = 0 
X =» со X- оо 
for all f, ge A (p,q). 
We say M [.] is strong liniit-point at æ if for all f, g e A (р, 4) 


(2.4) lim р(х) f(x) g (x) =0 
X =» со 


Since (2.4) implies (2.3), strong limit-point implies limil-point. Obviously (2.3) dces Dot 
imply (2.4). We say that M [.] is weak limit-point at oe if (2.3) holds but (2.4) is false 
for some f. g e A (p. q). 


Following the definition given in [4, $1] we say that the real valued coefficient q 


satisfying (1.2) belongs to the class P (y), where y is a non-negative real number, if fe A (Ps4) 
=> | g |? feL? (0, o). ` 


We then write єр (у). Thus from $ 1, Mf] is separated if q eP (1). We note 
the following property of (у). IfgeP (y), then geP (В) for all B e[0, y] 


The proof of the above property is the same as in [4, $3 lemma 1 ] and it is easily 
seen that the proof remains unaltered even if p Æ ] in (1.1). 


(2.5) Thus q e P (1) implies дєр (4), i.e; | q | PfeR (0, оо) forall fe A (p, q). 


3. ‘The result of the present paper can be expressed as follows : 


THEOREM. Let M(f)-(pf')--gf be in the limit-circle case at оо and let р, q 
satisfy (1.2). If further p and q satisfy either of the ‘ollowing : 


(9 [i p *) dt = оо and q satisfying the conditions (1.2) or (ii) P p^) dt < oc 
i | UU 
and q < 0 and unbounded below, then M [.] is not separated. 


Proof of the theorem 


Suppose M [.] is separatéd, i.e, geP(l). Hence qeP(3) from (2.5) i. e., 
(3.1) qf? eL (0, ). 


It may be verified on integration by parts, that 
p x X U ~ 
(3.2) Tf O gi) + а/е) dx = [pfa ] + V M Lg] f dx 


which is valid for all f, g € A (р, 4) and for all X > 0, 
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д 


(3.3)  Ifin(32) we take f= ge A (р, q) then 


( 
T (707 + af) de = POS OSO X) — р (0) FOO (0) 


+f SMIS] dx 
From (3.3), for any fe A (р. 4), 


f af OY dt = p(X) 00/9) (X) OSOS (0) - Tarta e T SM vla 


Since the integrand on the left is non-negative (p(x) 2 0 Гол all хє[0, |) and 
E 

the integrals on the right exist, the above equality indicates that [pf => œ as X у оо 
0 


if and only if p(X) ЛХ) 70) (Х) -» o as Х-> о. However p (X) f(X) 70) (X) cannot 
tend to oo with Y, for then f(X) and f() (X) would have the the same sign for all sufficiently 
large X and this would prevent f belonging to the space Z? (0,00). 
It follows then that 
lim p(X) РХ) f) (X) exists and is finite. 
X =p o0 i 


Also 
(3.4) рё fO) «12 (0,0). 
Arguing similarly we can establish from (3.2) that 
(3.5) lim — p (X) f (X) g@) (X) exists and is finite. 
X =p со 


We now show that this limit is zero. 

We first consider the case (i) : 
оо m Ч 
(3.6) { da= =. 

;From (3.5) if lim p (X) f (X) gM (X) is not zero fora pair of f, g e A (р, 4), then 

E X =p ро 

for some positive д and some x, > 0 we would have 

| р(х) (х) g( (x) $8 (X 2-X,) and so 
x 


Gm Poi AOI YE рб) ах 2X. 
0° 9 " 
Now from (3.4), p g(t) e I? (0, ©); and f e L? (0, c) as fe A (р, 0). 


Thus [ рї fe) remains finite as Y -» œ. 
x 
Q 
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Again by the assumption (3.6) the right hand side of (3.7) isoo. This is a contra- 
diction. Hence 


(3.8) lim — p(X)f(X) g9 (X) = 0. 
X =p оо 


Following the definition from § 2, (3.8) implies that M[f] is in the strong limit- 
point case at о, But we have assumed M[.]to be in the limit-circle case at о. Hence 
a contradiction. 


Therefore M [. | cannot be separated. 
Case (ii) ra p? (£) dí < о. 
0 


As we have g(x) <0 and g (x) is bounded above by any positive number K > 0 


q(x) <0 < К forevery K>0. 
Then [q(x)|> – К for every К> 0. 
(3.9) Let Q(x) = —4(x) > 0 Then Q(x) = |q(x)|>—K 
(3.10) Again let Q, (x) = Q (х) + К. 
(3.11) Then Q,(x)>K>0, forall K>0. 


Suppose М [. ] is separated. Then |4 |? f«L? (0, оо) -for өйү Se A (р, д). 
Then from (3.9), | 
(3.12) («QU fer (o) ne. QfteL(@, ў 
(3.13) Again from (3.10), Q, (x) f? = (Q (x) + k) f? «200, о) by (3.12) 
(314) Then 0, 2200, ©). 
Now we consider the differential expression М, [f], where 
Mf] = -PFY — Qf = МІ) —Kf forall K>0. 


Assuming (3.14) i. e, M [. ] is separated, our aim is to show that M [.] is in the strong 
limit-point case at co, which would imply M; [ f] to be in the limit-point case at о. Now 
M, [f | being in the limit-point case at оо would mean M [ 7] is in the limit-point case at оо 
as Mi[/] = M[f] — Kf, for К> 0. But we have assumed M[ f] to be in the 
limit-circle case at co and this then would bring a contradiction. 


So to show the desired contradiction, we can prove the theorem by taking М, [f] 
instead of M [ f] for every f є A (p,q). 


Arguing similarly as in (3.5) with M, [f] and assuming (3.14) we have here 
lim p (X) f(X) g (x) exists and is finite, | 
X-pa 
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To show that this limit is zero, we proceed exactly іп the same way as in [3; 6] 
А о g i 
using i p ® (t) dt < o» and (3.11). 


Then lim p(X) f(Xi g® (Х) = 0, would bring a contradiction, as argued above. 
Х=%со 
The authors express their grateful thanks to the referee for his extremely valuable 
criticisms and comments. 


REFERENCES 


mi] Coddington E. A. and Levinson N. Theory of ordinary differential equations (New York and 
London. 1955), 


[2] Everitt W. N. “A note on the self-adjoint domains of second-order differential equations’. Quart. J. 
of Math, (Oxford) (2) 14 (1908). 41-45. 


[3] Everitt W, N., “On the Nmit-point classification of second order differential operators", J, T.ond. 
Math. Soc. 41 (1966) 531-84. 


[4] Everitt W. N., Giertz M. and Weldmann J.. ‘Some remarks оп a separation and limit-point criterion 
of second-order ordinary differential expression" Math. Ann. 200 (1973), 335-340. 


~6) Everitt W. N., A note on the Dirichlet condition for second-order differential expressions, U.D.D M. 


Report. 
Received Dept. of Pure Math. 
3. 5. 84 Calcutta Univeralty 
Revised 
15, 12, 84 


ws а Ж ы ` 3 E oe " 


Jom, Еше Math, | 
Vel 4 (1934) pp. 43-46 | 


FINITE SUMS INVOLVING HERMITE POLYNOMIALS 


MANIK -CHANDRA MUKHERJEE 


In a recent paper [1], using the notion of forward difference E. Hansen has 
deduced three variants of finite. sums involving -functions satisfying three-term recursion 
relation. As an illustration, the well known three-term recursion relation for the Hermite 
polynomials is used and the following results are proved : 


m~i 


1) gin gk 2" H 
( ml Hn — kV Hy > (I) 7€" 
"-h - 


(2) (2z)!-" H, — Qzp-h Нь = — РА 2n (22)-* Hj, 


І ze. 
‚Мр CAE? ныма _ | (АН: _ (— 41 Ны ] 
ud 2 гей +® ТОНЕВ Pees ge 
eo _ 


The object of this present work is to point out.that the above results involving 
the Hermite polynominals can be deduced in a quite easy and natural way without using 
the notion of forward difference. 


First to prove (1), we notice the following obvious equality 


ut-i 711—2 


z” Ha (z)  _ gna 
(4) n 1 = > (a+ 1)1 Нь (2) 
H=k+l ttek 3 s um 


Now we have 
gm 


k 
-r Ha (2) — ep Ha) 
1:72 ` Б 
gni : 2% ~ 
= ( wet Be (2) + Ha ) 


221 
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Diss! 


^ H, (z) В 
- (5 =n" + fre) 


t= +L : : 
m-t did wat 2” Н, (2) 
с (Er mmo A 
Nma k ak 
MeL єй 
g^ 
= D appr [tm ®-2( +0 ee | 
peak oc 
ЕЯ 
z” Has (2 
= Zapi и+2 ): 
teak 


(by the recursion relation of the Hermite polynomials), which is (1); 


To prove (2), we notice the following obvious cquality 


91-2 1и—1 
O.D exta = У 20-е Hy) 
P n-k т=Ёё+1 


Now we have 
| Qzy-? Ы, (z) — (2z)!- Hy (2) 


тпа 
= ( (22) H (2) + xi 2z)” Hay (2) ) 


— ((z)-* Hy (z) + E Qzj-^ H, (z)) 


mmal m-i 
2 (z- Ha (2) — 5, (22) Hy (z) 
N= 


tok 


m-i 


=~ „2, (2z)-* {2z Н, (2) — Hoa (Z) 


mvi 
m — 2 2n Qzy* Ну (2), 


пей 


(by the recursion relation of the Hermite polynomials), which is (2). 
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In order to prove (3), we notice the following equality : 


12-1 . т ec 


(— A Honss (2) (— 4)-(ie) Honts+2 (z) 


(6) S 1 = $8 3 
п-в r(» 5*7) m—h r(n+ 547) 


Now we havc 








s. — 4)- -> Нан, K (—4kr* Fons 2 | - t 
(^ pee x 2g г (m F ML +) 


m1 
2 [ (—4)-* Hass (2) ше (= 4) Hons (2) 


E И RY 1 s 1 
2 r(k + 5E x) T (n4 > +) 
1-1 
х (— 4) Honssee (Z) 


+ (— 4-6) Hosms (2) 
5 3 
c 4. r(»4 +5) 


+4 
$ 1 
шті o nr 
( == 4)7* Hs (2) + > (— 4)-% Honsste =] 
s 1 $ 3 
nek |) nak ir (nt5+>) 


| 
=3[ > (n+ $43) oes peg 


+ 


ttm k 


ш. 


L (—À4Y? Houses (2) 
S «3 
& t r(nez*5) 


— 4^ r 
К т i 2 1 (^ + 5+ 3) Hints (z) + + Harga (2) } 


+ 


— 4у-п 
= ук ia, 
= r (v t >+ 7) 


(By the recursion relation of the Hermite polynomials), which is (3) 


Acknowledgement. 1 am indebted to Dr. S. К. Chatterjee Ph. D., D. Sc., of the 
Department of Pure Mathematics of Calcutta University for his kind help and guidance 
during the preparation of this work. 
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K TH DIFFERENCES OF FUNCTIONS SATISFYING 
THREE-TERM RECURSION RELATIONS (II) 


N. BARIK 


1. Introduction: In the earlier work [1], we have extended the first and second 
variations of E. Hansen [3] for some function /, (2) satisfying a three term recursion relation 
by using the notion of the usual k th forward difference [2] of a function in order to generate 
finite sums. 


The object of the present paper is to extend the third variation of Hansen, where 
the usual k th forward difference will not work at all. For this reason we have introduced 
the following kth difference 


k 
k 
5 Wants = > (—1y ( А ) Wontste (k=) 


f-0 


and discusseed the function f, (z) satisfying a three-term recurison relation, viz. 


(11) anfa (2) + Б.Р (2) H-n Sats (z =0 


with special concentration on the first and third terms of the recursion relation, in order 
to derive extended finite sums involving f, (z). It may be of interest to note that the 
following result of third variation due to Hansen 


m-l 
Cats Some Cates faites == bentsSontstt Cants 1 


: p Ants 


follows at once as a particular case when we consider k = 1 in our result (2.55). 


2. Extension of third variation of Hansen : 
Let us consider the following difference of the function Wyyss : 
8 Wonts 2 Wenters 7 Илче 
Writing Е for 1 + 8, we have 
F Wonts == (1 + $) Wonts 


= Winters 
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Again: 

ЕР Wants = FF Wants 
= ЕЙ; 
= (1 + 8) Иза; 
> Wontars + Те 
= Ила 

Proceeding in this way we get 
ЕЁ Wants каш Wonssiok 

Now 8^ Wants = (F — DÈ Wants 

= ( — 1) (1 — F) Wants 


In other words, 


2 


(2.1) 8^ Wonts = Wontstek — ( i ) Раа + ( 


т 


) Wontsto(h—2) =... 


bo 


k 
T (= 0^ ( k ) Wants 
Now we can express the function W, in the following way 


(2.2) И 9 = nÍn 
where C, is so chosen that 


Ome 2 2 ©. 
C5 а 


Now choosing С, — 1, we find 
r-l ( __ Cents ) 
(2.3) Суу B Ants 


Next substituting (2.2) and (2.3) into (2.1) and summing n from / to т-1, we have 


т В k 
` X ( TT. 1)4 () W ontsi2(k—-r) 
n=] 0 


m-i 


| | 
= күр» C5 +s 
e4 = Y Xo (5 (à аа Fre 
п = 


yap 
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(2.5b) 


(2.6) 


which can be expressed as either of the following two forms by means of (1.1) 


т-д. 


> 5 Cary (E) Pas 


n=; r= 


m-l k-2 k 1 1 
si = 
-> (a он) [ > ( — 1)! | Р m ns m + 
on pao opis = X S ) 





nth-(2+t) b 
И ( П od ) boy sents—2(1+t) Santak+s~2(1tt)4 
?-n Depts 
h- = 
+ ( d ) ( = 1) | , bents Љу 1 
Gants 
т-1 k 3 х z 
k 
Y » (= ( r Wonts+elk-r) 
© 
n=l 7=0 


m-l k-i 7 ? 
- У Xcin(*r!) o 1l "pen _ соры i 
n=l cja Gont2k+s—2(1+t) p=0 ops 


J . 
bon+2k+s-2(11) Jontak+s-2(1+t) +1 


We now observe the following particular cases. 


If k = 1, then we immediately get from (2.5b) 


m~i 
banys foneski Conts эс 


Woms ES W stes = Gants 


n=l 


which is the result (6.3) of [3], by Hansen. 


(2.7) 


Ifk—2, then from (2.5a), we get 
(Womtsta — Ита) — (Wairst2 — И аз) 


171 


Conts MM 
тет x. FA (esnts ben+s+2 Í: 2n+s+3 + Gen +542 b № 
2 Gents Fontste ( z st2 Bents Sentsts) 
nm 


Similarly for k = 3, we obtain from (2.5a) 
(Иза — 2 Ида + Ways) ЕЗ (Ила — 2 Ж + Walts) 
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> Cons 
Q.8) = ЕНЕ РГЕ Cents Contst2 Cantera fossas 
ents Fomtete Ganist 


пы] 


+ 2 Cents bonts+a Üontsta Senrses F Gentsia Genesee Cants fantsta) 


Adding (2.6) and (2.7) we get 


E 


-l 


Con 
- EN +5 
(2.9) Жат Wojrsre = А dub didt (Cases Pants+e Sents+a)s 





3 
т 
~ 


Again adding (2.7) and (2.8), we get 


(Fossa 5 ъа) ы (Worcssa 7 Wottsta) 


<- ma б 


C 
(2.10) = eS (Cants Canrsts Pantsts Jants+s 
Gants Fayts+e Fants+4 





Rs, 


- + Counts Ворона орава Sontses)s 


Now comparing (2.6) and (2.9) we obtain 


(Pares Грен) 





Cons 
та, ое; (Bemis Sam+si) Dy d 
nits alt+s 


Gants Azn+s+3 
Neal * 


С, 
(2.11) ==" У —— E Ó (Cons Cantsta Jantsts + Antista Bants нъ): 


Again comparing (2.7) and (2.10) we obtain 


Colts 


- (Cats Dari ssa Јанева + Чә b 1 
Gis @йда s s al+s+2 Dalys Гусі) 


Cans 


a (Coss Бота ЈЉу+з+з + a, b f 
a mtsta "25s J2 
25s Фи +5+2 s Jamts+) 


m= 


e 
(2.12) "x cU — (Cass. Conssra Банга Sonts+s 


Gents Gonssea Üipkska 


+ 2 Capys Dontstz Asntsta Jonts+s + Оер. Gonts+a Snes Sonesta) 
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Adding (2.9) and (2.10), we get 


. mei 


С, 
(2.13) Wantsia — ъд== - ——— ———— " 
, Cans Fants+2 Üantota 
E “Ts 


* (Cants Contsee Danesea Jants+ts)e 


Now we substitute m + 1 form. and / 4-1 for / into (2.9) and then comparing with 
(2.13) we obtain 


Pad „= — 





Сыны Com 
Gel+s Falts+s (Colts baltsts Fassia) E азу а. А 
+ (Comes Osmtsta Samtsts) 
m-l . 5 
(2.14) = ғ а Саве d (Conts Conts+2 bantsta Льв 
pa "nts “ants+e Santst4 


+ Gontsta Cons Ornssia Ámissal- 


— Lastly substituting m + 2 for m and /-- 2for / into (2°6) and comparing with (2.13) 
we get 


C. 2mda- s+? 
Üo,n--54 





C. 
> (boss Fonsi) тен 
S 


+ (bam+s+2 fea 


Сыз 


С, 
— (Pa; Рн) a. — (Ба. ъа Јна) йір. 
91-65 


Gali ste 








зл 


(2.15) = Cons 


CAL. Cents Aaststa Fentsis 
nel Е 


(Cants Cositesa Dontsta Possis 


— азһаѕ+э Asmtsta Dents Sentsrr) 


3. Application of extended third variation : 
We use the recursion relation for the Hermite po lyno mials, | 
2(n+1) Hy — 22 Hy + Hy = 077 


From (2.3), we get 
Е $ 1 
(~4° Г (5+ z) 


(3.1) Copes = 5 1 == 
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so that (2.5b) becomes 
ma R ву (= 4 )-(n+k-r) D 3 + +) 
(—1 »( Р ашуы. I Hos esos y) 
mes; 10 P(ntk—-ryt 7 
m ki Е С 4 )-(n+k-1-1) Г (5-+ +} 1 
3300 
1 1 5 danti = 
"el 1-0 „Р (^+ =t= $e 25-28 2 (11) 


7 “Dantagts-ali+t) Hentekts-2i—1s 
which does not seem to appear before. 


If k =1, then it follows immediately 


m~l 1 
( — 4? Ны 


5 3 
er(zt) 
— 4)-1 _ 4)- 
r (14 5+) - г (m+ ++ 


which is the third example of [3] by Hansen. 
Next for k = 2, substituting (3.1) into (2.7) we get 
| ( = 47m 


pr 


г (m+ S44) Hamts ) 


TH, amts 


1 








— 4 \~(m42) 
( 2 5 3 Honts+e n $ = 
г{т+ zt) г (m+ + 
(— 47! 





— 4y- Gn) 
9 s 73. Hasta + : i 
г (1+ zs} rez 


m-l a 4j 





= 22 5 5 
e rb s) 


For ] = s = 0, this becomes 


пел 
pus —4—2 
(SAT? Hants + (40+ 6) Heyes) 


Pees a. 


550 


mk s 


Н: alt+s 


(Hontsta + (4n +28 + 6) На). 
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m eee (— 4)-™ (=a 
Ут. 22 Pim +4) 4(m+%) _ 


For s = ] and / zu we obtain 





+ Ham) 


ma 
4)-п-2 
$t (п + "(п +2) ants + (4n + 8) Hants) 





a_t qub (—4}” (74) 
i (Ui (mti Hansa 7 Hone ). 
For k = 3, substituting (3.1) into (2.8), we obtain 


(= 4j 6 — 4 
a pe a ODE PE ҮҮ Hamista ыжын 2 HL 





5 2:-kst2 
г (т + 57] КЖ 
2-2 Гіт+ > > + z) 
(— 4)-" ` (= 47-099) 
+ г{т + 8 E Н — r ( » 5 Hotessa 
(r2) t3) 
(— 4,7 C4) — 4) 
+ атур ысын Нунын — == pm Hairs 
г(1+ 5+4) г (1+ +1 5) 
m-t 
ES (— 4) 


TUTTO ОДЕ ча (Hontsts 402и + s +5) Нз 
= г(п+-у + =) 


+ (4n 25 + 6) (4n + 25 + 10) Hentsar)- 
Now for s = / ~ 0, 


ади ( (— 4) 


1 4 
Гр (ти и Homes + Tomy Mame Ва) ура 
1-1 т — - s 
(— 4) 
= 22 > Tani Нов + 2 (4n + 10) His + (4n + 6) (4n + 10) Hou) 
п=0 - 


Next for s =1 and /=0, we get © 


m-i 
— 4)-n-3 
г У Gps] (биш + 2n 12) Ин + Un 8) (+ 12) Hag 


nad - 
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(— 4y7m ( (— 4? 2 1 Ў —— ) 
УГ Ga) (ma 2) Pms (a F rj Pea + Нанна 


_ (As As 


"Again substituting (3.1) into (2.9) and simplifying we get EO ee 








(— 4)-(m+1) — 4)-(Нна) 
TCU Ri Himen ay Haase 
m-i 
= 2z (— 473 peret 
а r^ 


then for 5—1—0, we wet 


(—4Y-6n41) H _(27.- 1) Е 2 AG (—43 Hants 
T (mig) ante + rU ns = 22 = T (nti) 
n=0 
Next for s=1 and /—0 we have ve 


Next substituting (3.1) into (2.10) and simplifying we get 


( —4)-(m43) T u ( — 4)-(m+1) 
S 3 5 amts 7770 F у Hime? 
(n 3+3) г (т+ў +3) | 
(— 4)-(Н+) —4)-—(Н+ч) 
oco ese Ны + 1 Нат 
г(1+ 5+3) г(1+ 5+5) 
3-1 
—4-5—-8 


NUN CE USE ЖЫШ ( Нә»++ь + 2 (2n+s+5) Fantsts )> 
n=] r( d ore 3) 
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assuming /—5--0, we have 


( —4)7(m«9) (—4)-(т+) 222 (22% —1) 
{нар "ин Pom rey Нм — ЕЕЕ 
m-i 
= 2 У f (Hanes + (4010) Hanae) 
fi-0 A 


Next assuming /=0 and s—1, we get 


(—4)- (m+) (—-4)- (4) z H, 
"туг fims — wd; ames 6 
m-1 
(4173 
== 22 (n4-3) 1 ( Hinte + (4n4- 12) Ну ). 
п=0 


7 Again substituting (3.1) into (2.11), we get 


= 4 
( ) + I) Наза т 


— 4m 
DOMUS MERECE AH s — lY Hanisay 
Mza P( 1+ 5+ 5 1) 


$ 
(m +222) P (m + 3*3 





(= ре 
“ 2 les (Ва + 2 (20 + 5+ 3) Нш). 
n=l r (n Tue i) 


Let / =s = 0, then we have 


(OTE Biss + 2028 1-3) Hony) 
S Г (n 4- 5) ?%п+3 ан+1 


Se ener. reis i Н 
Мт 2 (2т +1) PF (m+ 4) "mai 


Next assuming / = 0 and s = 1, we get 


a; Eam S a 
Pi rp fee Pi x32) 1 artt ne 2) Ha. 
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Similarly substituting (3.1) into (2.12), and simplifying we get 


M (—4 
y Е ~<a (Aanists + 4(2n + 5+ 5) Hontsea 
n=l ~ (п + ut x) 


+ 4n + s + 3) Qn +s +5) Н) 


ES ceo ee (Homases + 2 (2n +s + 3) Ну) 


- a (Hassia + 2(21 + 5 + 3) Нан) 
г(1+5-+) 


Assuming / = s = 0, we have 


m-i 


— 4 )-n-3 | 
AZAT (apis (2n + 5) Hanya t 4 (2n 3) (20 +5) Hag] , 
^ г(т+5) 
na @ 2 
І — 4)-m-2 | ә 
=- ега ( Hames + 2(2т + 3) На) — < 28. 
2 ут 
[ee] 


Next assuming / = 0 and s = 1, we have 


; AO (— 4) 
ЕТ г Нон + 8(п+3) ВН + 16 (0 +2) (п +3) Нш) 
n=0 ` 
m -m-—a 
= Dp (Hama 40и + 2) Hames — $ (425 — 4z* — 1)) 


Again applying (3.1) into (2.13) we get 


m-i 


—4yn-s 
2z EE Fanises i 
n=} T ( п + 2 F 5) 
[d y erem (— 4)y- 0m 
= POEM e ҮЧ Hom+s+4 — —1 . $ 5 ү Hesr 
(n*2 3) r( 1323) 
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Let s = / = 0, then we have 


(mme y O В aa NUT AY y 
Timp "SUD — Paty) Т 


n=0 


Next let / 20 and s = 1, then we obtain 


31-1 


(—4 yu) oH; _ (— 4-9-3 
(m4-2)! Fans эл = 2 Уу (n4 3ji нө 


е0 


Again substituting (3.1) into (2.14) and simplifying we get 








»m-—1 (— 4) -n-3 

сс ( Нан + 2 (2n+54+5) Heossia ) 

r (" LI 2) 
nal 2 2 

—4)1-m-2 — 4)-1-2 
= D ) ZV Hemtst+s pi Su е Шаа L 5 Нуз 
(nez) г(1+ 5+ +) 

Let / = 5 = 0, then we have 
m-1 E 

D ROME RI QN ( 2 (2n4-5) H 
2 Pin +4) ( Hanys + 2 (287-5) Hanis ) 
nal 
ао: Ве 


н. m 
T(mii) m+) 2m+8 Live 


Next assuming / = 0, s = 1, we get 


9-1 


(—4)-%- 


(n+3) | (Haye + 4 (n+3) Haga ) 


n=0 


NE con! ioe - Е 7 
m (m--2)1 370-4 32^ 


At last substituting (3.1) into (2.15), we obtain 


Hom+s+1 5 (—4-” 4- Hyntsts (— 4у-@з1 ) 
5 5 5 z 
r(m+3+3) rn i] 
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"" Has (—4)-! Нерв (—4 y (La) 
5 3 5 5 
ее) Fekat?) 
rq T (—4)72 


= ay TENERE eae ота (Нала — A (2n-+ 54-3) (20--5-Е5) Н ›. 
c 16 (n ++ =) 


Assuming] = s = 0, we get. | А 5 


Ham+ı 4)j-m3 Hy542 It Az 4z (22? — 3) 
H(m + 3) (— Aiti Hm + $) наш) dt 3 m 


t" | 
e У тыйер ents Ane 3) Qn +5) Hass! 


п=0 


Next assuming / =Oand-s-=-1; we - = i = 


wee — Ais 
^ 


Homie A Moma gom ` 
ESSE (— 4r" 4- (m 4 2)T ( 4)- (тн) 
m-i 
(— 4у% 
= У терут Han — 6n +2) (1+ 3) Haad. 
Пе —2 "E 


then substituting п — 2 for n, we at once obtain . | 


m2 ml 
(—4 


fedi Ml 


ON ca 
alo (n4-1j | 
nag 





Hanse — 16п (n+ 1) Hy, 
which are our results. ; enters 


Conclusion. Applications of our result on extended third variation to other special 
functions satisfying three term recursion relations are merely routine work. 
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ORDINARY DIFFERENTIAL EQUATIONS OF SECOND ORDER 
INVARIANT UNDER ONE PARAMETER GROUPS 


S. К. CHATTERJEA - 


1. Introduction: Although Lie suggested a most ingenious method for finding 
differential equation of second order invariant under a given one-parameter group n any 
years ago, yet in recent year O. Blazo [1] has studied in details the general form of ordinary 


differential equations of second order invariant under the one-parameter group whose 
generator is 


д д 
2 A. ы 2 i m 
(ах? + bx + c) dx + (22 + my 8 ay 
where a, b, c, l, m and п are constants. It may be of interest to note that the final form 
of е (x, y, y’) would remain the same provided one could set 


214 (x, 
сы ж 


in the work of Blazo. 


The object of the present paper is to point out that the study of Blazo can be 
extended to the more general one-parameter group generated by 


Moreover, one can study the general form of ordinary differential equations of 
second order invariant under the one-parameter group generated by 


a ә 
20) a. + & (x) ye 


Ordinary differential equations of second order invariant under the group generated by 


д 


TF UET 


We consider the following second order differential equation 
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(2.1) y =g (x,y, у). 


Now the problem is to find a general form of the function g(x, у, y’) so that the 


equation’ (2.1) ` admits the group generated by £ (x) E ct») P 
The once-extended group corresponding to the above group is given by 
; » д ð „д 
(2.2) U= È (x) ay + 1 (7) By + bay 
з Ы 7 , 7 dé , dq 
where f= (y — £)y, È gr eae 


The cquation (2.1) is equivalent to the following system of differential equations 


(23) dy =y dx, dy’ =g (x,y, y) dx. 
` апа the above system corresponds to a single partial differential equation 


Q4) Y) Efa +y fy + у =0. 


S - пы 
Now the necessary and sufficient condition in order that (2.4) admits the group given _ 
by (2.2) is 


(2.5) [ Y, Ulfzk(xyy)Y(, 
where | Y, U ] = YU — UT, 


which reduces to 


^ 


(2.6)  Y£)f,-- QY (o — U 0) f, AYO — U (9 fy І 
== k (х,у, у) (fy ty fy + ot’). 
From the above identity we have on eliminating k 


(2л) О и 
Y () — 8Y = U (9). 


Now the first condition of (2.7) is an identity, whereas the second condition implies 
that 


1(2 Eg, + gy t+ (v ENY gy = (ту — 8) y t (ү — 28) в, 
which is equivalent to the system 
dx dy dv de 


(2.9) 4d - Ww-£OY yEy t — Be 
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From the first two ratios -we obtain 


(210 X—Y = c, where X (x) = í E and Y 60) =| a 
- 1] 

wherefrom we write the following explicit form 
(2.11) у= ф(х, с). 

Then from the first and third ratios we get - - к 

dy' & ї (9 (x; с,)) 
213 2- 4 8 da= 2M 6 6/) ay, 
(212) y ue dx z dx 

Putting ¢, (x, су) = | ае dx, we derive 
(2.13] »' = Cy ф (х, G) 
where _ Я 

Ф (5, с ), Ж m : "y 

(2.14) ф (X, су) = £1 e f 

Lastly from the first and fourth ratios we obtain 

dg 220 4s 6) 07 (6 e)» ey. 
(2.18) "dx + £ 8 £ ? 


which being a linear equation, gives us 


(216) g = [a eH (x e) SE J, Hs e) = | dx, 


ё 
ѕо that 
—4, (x. X—Y) — e on еф (5 E ZY ae X — y) 


peg PRO EE. „ LL UE ge 


(2.17) с = ge 


From the general solution of (2.9) we have 


(28) cs = Ф (c о), where Ф is arbitrary, 


so that we derive 
(219) og (x, y, y) = ef 0X — Y) pe wy — ү гуе $i (EX —У) 


ae (y? e Ф: (x, — Y) Н (x, х — у) e у gra, 
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| Hence the desired general form of differential equations is 
(20 y act X —Y p фух у, буе THX D) 


+ (уре t (% X — Y) H (x, X — Y)—£y' £3 


3. AUR differential equations of second order invariant under the group generated by 
? 0)3 3. tee E 
PN the Кы е differential equation 

(31) у" = g(x, y, y’) 

admits the one-parameter group generated by (у) £ + ð Now the once- 


2 ©) ay 
extended group corresponding to the above group is given by 


2. E 9 д, 
(3.2) U IMs, +8 (0) 55 + бу: 


where { = £' — «y (у')?. where 2' = Z and y = 5. 


Proceeding exactly in the same manner as in £ 2, we observe that the necessary and 
sufficient condition that the partial differential equation _ 


G3) YS) е7, Фу еу =0 
admits the group given by (3.2) is 


64 УО) У) - Ur) + Y (0 — U (81 
= k(x, Vv YN Sg + У fy T 87у). 
By virtue of the identity (3.4) we have 
Yin) = k (x, y, у) 
(3.5) Y — 0 (07) = k (x, y, у)у 
Y (2) = U (8) = К (х, у, y)s 


Eliminating k (x, y, y") between the equations of (3.5) we get 


Y — 
(3.6) dn А —y Y (=U (у) 


— 8 Y ( =U (8) 
Now the first condition of Fa 6) implies that 
d 
$- (У ue =f, 


which is already stated in e 
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The second condition of (3.6) implies that 
(3.3) «8, Egy +E —з (УЗ) gy, =F — v (07) —38gyw, 
which 1s equivalent to 
(3.8) ы : 2 = ЕЗЕРА. ЕЕЕ . 
E Powy E= Q'—38gy' 
From the first two rations, we obtain 


‚ (30)  X—Y =c, where X (x) = (£dx and Y (y) = [s dy, 





wherefrom we write the explicit form 
(330 у= ф(х, су). 


Then from the first and third rations we get 
dy’ ql st g ML 
(3.11) ах ty 0) = 


which is Riccati’s equation. From the theory of one-parameter group, we know 





that y' = ey is a particular solution of the Riccati's equation. 
dy' т ( ф (хе) ) ,, 2 ё 
312) = + Aa = — 8, 
619) et ас) 0) T яй 
Now the transformation 
panl ё (Хх) 
Y= т) 
changes the equation (3.12) into 
(3.13) dz 279 7 (Фф (x. сл) ) ё 2 ww o су) ) 





dx qv ($ (х, Cx) ) q ( $% с) ) ' 


which being a linear equation, gives us 
(844) z = eT © Lr dy (x, oy) J, 


7? ($ (x c0) 


and фа (x, су) = | ты» eft (% бу) dy, 


where фу (х, с) dx 


Thus we obtain 


= фу (X; су) ё (x) 
ETC ENTRE Mp ыз о эшш сэл уь 
(3.15) y = Ce 4 ds ER см) + 7 ( oix, €, 1 3 
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So that = 


eft (x, c) | 


: = ss фа (0 С 
(3:16) а= уефа) $a (% а) 


Lastly from the first and fourth ratios we get — — ey 


dg „ 3y'n'( ¢ (x, e) E — n (e (x, e) )(у% 
347) SE qp LP EN m с 
03) ae taba) E "(4 босу) 
which being a linear equation, gives us 


g c3 (8%) — 


(3.18) Bs) (% Car в) [es + 44 ( сс») ], 


= (Ayo e) _ ern en 
where gg (x, с, с) \ C399 ey)" Gad AT 


oe ( Fav eal onm, Qd (n es 4) 32 $ me y 
and $4 w Cis Co) -| | "6 o Lees 3 1 C2 1 1 


It follows therefore from (3.18) that 
› ©: — 3/2 n e NM : 
TUN S ола К 
Now from the general solution of (3.8) we have M mon ; 


(8.20) с; = Ф (c, сз), where Ф is orbitrary. 
Hence the general form of the ыы differential equation is 
(821)  y'seexp[3/244G, x — Y) ds 05 x — ү, е 15x — у). 


| { d e tO | — ф( (x —Y)l 


: [2 (x —v, gh (% в) 





leds TIS. li — by (xo). 


\ 
А 9. (хе) П é E 
4 d. x —y, hf ulis b В suum — ф(х, су)) ] 


Remark. Since the present work which was to appear in Math. Balkanica vol, 10 
(1980) with some applicatiions, still.remains unpublished, the author wishes. to publish it in 
the departmental journal only stating the main results. 
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AN APPROACH TO FIXED POINT THEOREMS 
ON 2-METRIC SPACES 


KANAN MAJUMDAR 


The notion of a 2-metric space was introduced by S. Gahler [1]. Recently, fixed 
point theorems in 2-metric space have received much attention. 


We ([3],[4]) have already studied some fixed point theorems in 2-metric 
space. 
The object of this paper is to use the notion of orbitally continuous self-mapping 


due to К. Iseki [2] in 2-metric space in proving two fixed point theorems which. are stated 
below : 


Theorem 1. Let {f,}(#=1,2....) be a sequence of mappings of a complete 2-metric 
space X into itself. If the following conditions hold : 
(1) fo is orbitally continuous . 
(ii) for some A with 0 < X < 1 and every x, y, a of X 
min [d (fox, уа) d(x, fo a) d (f, а )] 
—min[d(xf,y,a)d(,fy*a)] < A d(x,y,a)], 
then there exists a common fixed point of f, (n = 0,1,2, .. ..) in X. 


Theorem 2. Іеї: X -* X (X being a complete 2-metric space) be orbitally conti uous: and 
for some positive q < 1 and every х, y, ae X 

(i) d(fx fy, а) qmax{d(x,y,a',d( x,fx а), d(Y, fy. a), 4 (у, fe, а )}. 

Then f has a fixed point. 


Proof of theorem 1. Let x, be an arbitrary point of X. We define.a sequence: as 
Хо, Ху = fo Xo Xa = fa Xis Xa = fo Ха, Xa = Sa Xa. 

Now by the condition (ii) we have 
min [ d (Jo Xo fy xy, а), d (Xo fa Xo 2), d( хь fax» а)) 


~ min[d(x»fixo a) d(xofoxo.a) | <А d (Xy xy a) 
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or min [d (x, хь а), d (хо, Xp a, d (Xy, Xs a)] 
— min [d (xy Xa a), а(х}, хр a)] < XAXd(xg ха). 


Since X is a 2-metric space. 


d (Xp, ху, a) 5 0 forsomea eX. 
Hence А 4( хох, a) < d (Xo, x, a) forA <l 
implies d(x,x,a)sAd(xy х,а). 
Similarly d (x, xpa) < А d(x х2, a) 
< A? d(x, xy, a) 


d ( Xs, Хи а) < A” d( Xo X4, 8 ) 


Thus(x,) is a Cauchy sequence. As X is complete, { x, } converges to a limit 
u( say). І 


'. lim d(x, ua) = OforallaeX. 
n - 00 


As f, is orbitally continuous, 


lim d( fox,» fot, a) = 0 for alla e X. 
H-b» 
AC du, fat, a) < d (u, fou, foXn) + d (и, fo Xm a) 
+ d (Jo Xm fo % a) 
> 0as n-o% forall a eX. 
Hence 4 (u, fa u, а) = 0 for all a e X. 


If u fou, then d (u, fu, а) = 0 for some a « X by the definition of 2-metric 


space. 
и -fou 
Now we put x = y = uiu (il) and we get | 
min ( d(fyu fau, а), d(u fau, а), d (u, fat a) } 7 


— min (d (u, fa us, a), d(u fom a))} <A d(wu a) 
implies d (u, f, u, a) = 0. 


If u Æ f, и, then dw, fa и, a) Æ О for somea eX. 


S Ómf,u. 


Therefore и is a common fixed point of f, (n = 0, 1, 2, .... ). 
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Proof of theorem 2. Let xy be an arbitrary point of X. We define ( х„} as follows 


Xp Xg = Xp oee XQ = fX 


Саве 1. Ifforsome m, Ху = Xm then {xp} isa Cauchy sequence and the limit of {x„}is 
a fixed point of f. 


Case 2. Let Xy, Æ Xm-p for every m = 0, 1,2.... 
By (i) we have - 
d (fx, y, fx,, а) < q max { 4 (Xa хь а), d (Xa fX а), d (Xm fX, a) 
| d (Xm /хд-ь @)} 
ог, хь Xato а) S 9 max (d(x, y Ха), d (Xo, Ху а), d (op Ху A) 
d (Xn, X, а)}. 
Since X is a 2-metric space, 


qd (X4, Ха, @) < d (xy) хр 4) for g< 1l. 


;. In both the cases, 
d (Xy, Хар а) < 4 d (X4 y Xm 4) 


ооч 829295 29 аа эз a * 59 епа 


< q^d (Xo, хр а). 


Thus (x,) is a Cauchy sequence converging to a point и e X, since X is complete. 


KA lim dif" xy, u, a) = 0 for all a e X. 
n» о 
Orbital continuity of f implies 
lim d(f^"x,, fu, a) =0 for all ae X. 

n =} оо 

0 (и, fu, a) < d (u, fu, f" xo) + d (u, f?" xy a) + d (SP+ ху, fu, а) 
-> 0as n -> o 

Thus d (u, fu, a) = 0 for all a e ¥. 


Since uy f(u) implies d (u, fu, а) = 0 for some ae X, by definition of 2-metric 
space, we have 
u = f (u) mu 
i.e. wis afixed point of f. 
This completes the proof, 
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OPERATIONAL DERIVATION OF SOME GENERATING 
FUNCTIONS FOR THE EVEN AND ODD 
GENERALISED HERMITE POLYNOMIALS 


=" BANDANA GHOSH 


i. Introduction. The Hermite polynomials H, (x) can be reduced to the Laguerre 
polynomials L,(*) (x) with the parameters « = 4- à by means of formulas [4] : 


(LD ., Hop (x) = (— 1)? 229 n! L,C19 (хә). 
(1.2) Honig (X) = (= 1)" 20 nl x L0) (x8). —- 


Dickinson and Warsi [2] have generalised the relations (1.1) and (1.2) between the 
Hermite and the Laguerre polynomials in the form : 


(1.3) HU) (x) = (— 1)" 22? n1. L, (9) (x?) А 
and 
(1.4) ns (x) = (— 1)? 274 nix L,(**) (э). 


The object of the present paper is to derive some generating functions for 
generalised Hermite polynomials by means of a different operational technique, 


2. Generalised Hermite polynomials. Following O. V. Viskov's [5] operational re- 
presentation for the Laguerre polynomials : 


(2.1) І, (x) = Cu et (x D? + < D + р)" e ; Р = [4х 

we derive operational representations for the generalised Hermite polynomials in tbe form 
(2.2) eH. (vä) = 22% e? (x D? + < D + D)! e* | 

29) HO), (V8) = 298 уз e* (x Dè + a D +20)" ес, 


To derive the generating functions of the said polynomials we-shall require the 
following operational formula [3] : 
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Ёл 
(2.4) g (XD «Р+Р) -rs (р шукы) e EET 


Now using (2.2) and (2.3) we shall derive some. generating functions.for the said 
nolynomials. 


At first we note 
Ў n9 (v3). 
ao nl. 


oo ub 
e У 29 et (xD 4 4D- р)" e-* —. 


Nod n1 


e* кы (x D*--« D4- D) e 


= (1-441) ex е TAT 


atx 


— 


= (1 + 4f)-(«#) eius 
Thus we obtain 


2 
es É ню (0) = (LE at) е Teer 
fi 


Next we have 


eo («) m 


P Hann (VĒ) AY 


= X эши / eë (хр «р + 2р)" e z 


чо 


= E X OD. (xD? + «D 4- 2D)” e-*. 
Nal 


= 2e* y3 elt (xD? + «D +2р) e* 


I 
IMP 


== 2e* VJB (1 4 40-69) e 


Aix 
= ya pa 79 QUE 


(2.6, 


(2.7) 


OPERATIONAL DERIVATION OF SOME GENERATING FUNCTIONS ETC, 


Thus we derive 


2 
ate 
bi Ні) x Rd = 2х (1 + 4-7) gt 
tu nek п! 
Lastly we derive ће sum 
oo (a) i 
Ў нан (nl. 
Ney 
. At first we putk = 2m. Then we have 
0o («) 
2 Нэт (v2) zi 
eo і" 
= A nenem е? (x.D? + «Р + Р)” es al 
пч0 = 


oo 
= e 22M (уру? m » (dtr 24; “e~” 
e (xD? + «D + D) Z, Sr e? + «D+ D) 
== e 2m (x p? + 4D 4 ру" ett (xD? + D + «D)e-* 
=, 
= (1 — 4) e* 2?^ (xD? + aD + D)” eF 
Now putting (Le == 2, the right hand member becomes, 


(1+ 40) eme) etie 2 er (zD? + «D, D,” ет 


= (1 46 dno eme) eur Н) (yz). 





(«) 
= (1+ е E Ha, ( ge = Gi ). 


Thus we have shown that 


$47 Go 


nO 2п+ат 


diy — («) 
= (E + 40) 6и) enr н, (ores I+ 47 =) 
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Next we substitute k = 2m + 1. Then we get 


" А 
= X Qmeuma Y ох xD? + «D 42Dyem er м 
1-0 п 


= Rex pm > (xD? + «D + apm 2? (xD? + «D 42D) e” 
п» 


= VÀ e* 2279 (x D? + <р + 2D)" eft (0° + aD +20) ы 


1 


(1 + 4t)- (2) ү/# e* 22mH (xD? + <р + 2р)" ePi 


Now putting = 2, the right hand member becomes, 


EN 
1r4 
(146 40) 0999/8) уз gus 2201 ez (2р2 + 4D, 4- 2D)" e 


= (1+ 4p- (ema ets ну (VZ) 


diy - zu 
= (14-4n- eem) e THF Hen. (/ i za). 


Thus we have shown 


со (к) 1% 
(2.8) 5 Нън+зтал (X) Г 


• 


2 
siy x 
= (1+ 4t)—(<+m49/2) e EI (т ale 


Combining (2,7) and (2.8) we obtain 
оо («) t? 
=) БАА Нақ (20 nt 
ate 
= (LAAM) ели ну! ( х ) 


108 res ae 


OPERATIONAL DERIVATION ON SOME GENERATING FUNCTIONS EIC. 17 
3. Applications. It is interesting to note that if we put «== —1 in the above 
generating relations of generalised Hermite polynomials we may easily obtain differeent 


generating relations for the odd and even Hermite polynomials. , 
At first putting « = — $ in (2.5) we have 


>» t? el ша? 
(3.1) 2 Hy, (x) —— = (1+4)? ets 
n=0 п! 


Next substituting « = — $ we obtain from (2.6) 


^o tn ats” 
(3.2) У Haga (х) Gp = 2x (1 + 40)905 eius, 
n=0 
Again putting < = — } we may easily derive from (2.7) and (2.8) the even and odd 


generating functions for Hermite polynomials respectively. 


oo 1* 
(3.3) E Hontem (X) aT 
2 
= (1 -+ 4t)-(41/) e H LN 
] oo te 
(3.4) 22, Hantam (x) nl 


ша? x 
= (1+ 4t)-(092) e Vt На (жгт) . 


It may be remarked that (3.3) and (3.4) can be easily combined into the following 
single result : 


eo tn 
(3.5) ‚2, Honth (X) “ТЇ 


(&41)/ a 2) 
m - 1 M 
= (1+ 42) e m (F it 


which can be compared with the result (1.7) of W. A. Al-Salam [1]. 


Acknowledgement. I am indebted to Dr. S. K. Chatterjea for his kind help in 
preparing this work. 
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WEISNER METHODIC SURVEY FOR 
GEGENBAUER POLYNOMIALS 


TAHA IBRAHIM SULTAN 
(an Egyptian student) 
AND 


S. К. CHATTERIEA 


1. Introduction: In а recent work [3] Е.В. McBride has studied Gegenbauer 
polynomials C," (x) to obtain generating functions by following Weisner’s group-theoretic 
method by means of a suitable interpretation to the index of the polynomial The raising 
and lowering operators R and L for Gegenbauer polynomials are as follows : 


t 


= 2 — 9 2 9 
R=(x Пур + ay + 20 АУ 
-io pyri EH 
such that | 
КІС, (х) y] = (n 1) Cus (х) yn 
and L Ss (x) у = — (22 — 1 + n) e (x) yt. 


The operators Ї = y » R, L satisfy the following commutator relations : 
> 


[Z L] = — L, [, R] = К, [L, R] = — 21 — 2», 


so that the operators 1, Z, R, D generate a Lie group. In[4] B. Viswanathan has studied 
Gegenbauer function group-t heoretically. 


Later S. Das [2] has studied Gegenbauer polynomials С, (х) to obtain generating 
functions by following Weisnet’s group-theoretic method by méans ofa suitable interpretation 
to the parameter » of the polynomial. 
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The raising and lowering operators in this connection arc as follows * 


R=xy 4 2 Din 
xy 2 rae Ты 


^" x 


L= x(x? — 1) d P (н en) +19, 


such that z 


v 7+1 Й 
К 5 (x) »| —2» Cy (x) у" 


"n 


; 2» -n—1) (2р -n—2) 4 
and BY о; „у „ |= eee Cr (x) 


Zi —1) ye 


The operators I = y » R, L satisfy the following commutator relations 


| [7, L] = — L, [ZR] =R, 
[LyR] = —2(n—4) I +4 (n—1), 


so that the operators 1, I, R, Д generate a Lie group. " 


е - 


Also A. K: Chongdar[1] has studied Gegenbauer polynomials C,' (x) to obtain 
generating functions by following Weisner’s group-theoretic method by means of suitable 
interpretations to both the index and the parameter of the polynomial. 


First we like to make some remarks on the works of Mc Bride, Das and Chongdar. 


Finally, we like to study modified Gegenbauer polynomials С (x)for obtaining generating 


functions by following Weisner's group-theoretic method by means of a suitable interpre- 
tation to the index (и) of the polynomial and furthermore we like to point out that double 
interpretation like Chongdar is not necessary when a single interpretation to the modified 


Gegenbauer polynomials gives rise to the same generating functions, 


2. Remarks on the works of Mc Bride, Das and Chongdar : 


In [1] we notice that 


. со 1 
1) р су (x) = > (29+ ns Cy (x) y” 
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where 
P= У (1 — 2xy y) 


It may be of interest to remark that the left member of (2.1) gives rise to a different 
relation. In fact from [ 3, p. 53] we have 


(2.2) e€ e? [ C," (x) yh] = (у# — 2xy + 1)" Cy” (£) và 
where 


— & = (1 — ху) [4 (1 —2xy +») 





апі 
т= 11 (1—2xy + y? i 
On the other hand we have 
| gea pos (x) yh] 
e Cn 1 y» 
SoS eren 
® 0 Яш un 
e Сп ҸӘ (2 Qr Е 1) 
$-0 Heg 
NN =" (29 —k $1) 
-S Scoti etie ee um 
=й Pla) 
e oo 
-5 5 CLP Зун Em Ds Cr py унт" 
„1 ite = men 
n=O Fim 
x yn Ч (—1)^(—2» —k-- D (kK -—m+1) p k-m 
2.3) = "i > ee a ml = Chinom (2) y4- 
9-0 Mal 


Ce (k-m+1),—0,m>k, n> 0) 
Equating the results (2.3) and (2.2), we get 
11 


11 4 П : ' E - m T 
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(2.4) p-k C," (=>) 





oo k 
ун WC (20 Е 1) (E — mal, e | 
5 > ni 2 m! E Р Срат-т (x) y", 


Ned $0 


which may be compared with (2.1). 


Since [ B, C ] 40, we can well apply the operator e® eC on C,"'(x)y^ in order 
to derive a generating relation analogous to (2.4). In fact, we have 


eB e€ [ C$" (x) y^] 


= e7B ой = 2xy + De ( y ) ej ( х ~ у ) 
Vy — 2ху+1/ 7^ \уу дута 


= (a 2 nas с) 
el» Beo E WX хук |: 


1 — 
E e fo mV VE ray). 
we obtain i 


(2.5) e? eC [C," (x) y^] 


z (у? + 2ху + 1) yc Ср" (—— | 
Vy = 2ху т 1 


On the other hand from the left member, we have 


Pl c ia [CY (x) y$] 7 


Э > = Dix he Cp, (n) уне 
=O 





(— 1)" (k +1) ч 
MEE cla B^ [ Cham (x) 3] 
nad 9-0 


~ 
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(— 1)" (Kk 4-1 — 2р —k —m--h AO 
T Е | т! pee TEC La umm 





4-0 71-0 





(k + Lha y? (— 1) * (— D” (— 2» - k — m-- 1), z 
MET $c Chinn (x) ys т 


"mi vix El o 
i=) 


Equating the above results, we get 





v — (v -L ъ»\ 
it D th (oe) 


m! n1 3 Сът- (x) yh ae 


72-0 =O 


htm 
{К + 1)... vi" > {1% (5.23 — k — m + 1) 


which may also be compared with (2.1), 


n [2] S. Das has proved the following general theorem by means of the raising 
operator : 


Theorem : If there exists a linear generating relation of the form 


со 


ym 
б (х, w) = У n Cs" (x), 





95-0 


then there exists thc following bilateral generating relation 


x ил /2\_ 
1—w?l—w 





(L— wn? G ( 


y a 


mi Cy (x) Bin (2), 


Н 


where 


m 


Em (2) = > a; (7) any €] 2%. 


k=O 


zum 
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It may be of interest to remarkthat a similar theorem can wel be established by 
means of the lowering operator. n 


In fact, let 


(2.6) Fiam = У бт С," (х). 


i-o go. 553 


Replacing w by уух in (2.6) and operating both members of the derived equation 
with exp (w B), where 














В = x (х%— 1)у"! +2 Š — пб 10) + уз E 
2 —1)(2 Ре Еа x 
B[C,'()»'1-— etna 100294 Ct» 1, 
` and 
е f (x, y) 
= (1+ 26/y)7p (1420->=)" у — TAREA 
ib 
у 
we obtain 
(1+ 20у) (1 +2» ty Lyr — e: 2 (9 + 2%) 
(2.77) 142» 1 


js 
— W 


| k eo o” 
oò oo Ru - om 
Е Moms — 
ті kl(t—m) ? n 


т=0 k=0 





If we put w = 1, we get 


— x? nja 


(1+ 2р) ( 


у 
Tie 





Е — К 
piace 


—iWb'—2m—n4 1) n-h m-h 
2d — KHr-m 0 (907 
ap 
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In [1] Chongdar has considered the following operators ; 


rk 





4 =» 5, Аз =z 0, 
Ag = (x? — ly 2 3x + 2x zŠ xy ts, 
А, = y me, 
such that : 
4, Г С» (x) у" z” | EE p Ip сул (x) ya p 
ind 


4, | Ch (x) y" z” | = 2p Cr (x) у zma, 
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But, by interpreting the index n and the parameter » of the Gegenbauer polynomials, 


one can Consider the following operators 
ч 


[ Ау= y дў? 4,=2—, 
| В = ха уа 242 9 — угра lz — ya, 
| ax ду д2 
(2.8) ETUR 29. КД 
i G Xy ax + 2y ay tar 
| д 
= ~2 9 .. -1 2 z bs ; 
| М = ху 2 yz az? А 
N= 2. -172 0. 2.243 9. eo -1,3 9. 
[ x(a 0) ул f+ Data 5. + xt 1) утаа аг. 
such that 


(29 +n —1) (29 + лп ~ 
2 (» —1) 


by 


[С„' (х) у" | = 


\ G [ C (x) у" 2"] =? р Ce (x) у 2", 
[ Cp" (х) y! zh] = 2x eU (x) y+ zn, o. - ; 


n4 1) (п+ 2 yz * 
( ie j ) Сз (х) y — gute, 2 


= қ 


[C5" (х) у" 2'] = 


2) #4 (x) yt z^, 
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The operators A,, 4,, В, G, M, М satisfy the following commutator 1elations : 
: [45 43] = 0, [4,, М ]=M, [4s № = Ns [4,,B]= — B, 
| [4,G]=G, [4,8]= 0, [456] 506 [45 M1 —2 M, 
(2.10) 
| [4 N] =2N, [M,N] =44,+2, [B,N ] —0, 
{ 


[B,M]=0, [G,N]=0, [G, М]= 0, [8,6] = 84; - 44, 2, 


Thus the operators 1, A» As» В, б, М, N generate а Lie group LG and 1, 49, M, N 
and 1, A,, Aa B, G generate subgroups of LG. 


One can notice that 
LL =— MN +34, + 452-42 
xL 


{ 


— BG + 4402 +2 A, + 4 44 А, + Ag + 4», 


where 
.8 a ô. 


+ 202 буд 


z? a" 
уд2 


2 
Е Эз : az ^^ az 


2 
a — 207 рау ax 


One can calculate 


e ву (х, J; z) = abya” F0- y + 2b, glz xz), 
where | 
0 = 1 = (1+ 25y7) 0 — x?» 
euN f (x, y, z) = (1 + 2 wy гул 


T ат шш. 


8 = 272 (1 — 2w (xè — 1) у 22), 
e£ f (x, у, z) = f (ХАИ Зву), Xl — 22у), 214/1 2gy) )› 


х2 
eof (x,y,z) =f [oum 





where 


ШЫ » уну), 


f 
| 
| 
| 
| 
| 
| 
| 
| 
| 
| 

(2.11) { 
| 
| 
| 
| 
j 
| 
| e^ у (x, y, z) mj (me у, z) 
| 


b e^ f(x, у 2) =f (Х%, У ez). 
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" ' UN Db : 
Using the, operators e e e е on C, (x) y” z”, one can obtain : 








оо m оо " oo " eem — 
g m 
^ $5$45 SH St 
В=0 y=0 S-0 pad 
— 2y — 2s — n + 1), (n—2p + 1) 
es prt (2) ( ay 2k i 
( pis (=v—p =з Їр 


ecu ЕРИК vtbts-r-k 
. Qyju-rà 2209р С .uay (х). 


= (1 + 2wy3zph (01. 2b43)'38 (yy) 


è 
. (1 — 2g5 — 4bg -v-n|a (7-2,,\n/2 Cy ( REN, ае -) 
where : s 
т = yz? 823 (1+ 2wy-1z?) 
§ =z? { 1 —2 w (x? — 1) yz 
L у= 27 8 (1 — 2by3 (x? — 1)) —2mq — 4 bm. 
Some particular cases of (2.12) are worthy of notice : 


Case I: 


If w = g = m = 0, we obtain from (2.12) 





со (=) 5 j 
> 2y (—2»-—n-4 ls, poen (x) 


rl d-—2»), 


x 


= туна (1 — 2by-1 (x2 — 1) H С! (|= 
(1 + 2by)'-t (1 — 2by7 (x )) п Sa CEST 


which can be compared with the result of Das [ 2, formula (3.1) ]. 


) 
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Case П : 
If w = b = m = 0, we.obtainfrom (2.12) 


i > (2 ву) (>), С" (x) 


5 | » in 
$-0 = 


=(1—2gy)-"-"2 С," (75) , 
( n V1—2gy 


which can well be compared with the result of Das [ 2, formula (3.2) ]. 


Case III 


If w= b = g = 0, we obtain from (2.12) 


со 2 2t 
lp = “е >)» Сб) 


Н 


0 


T 


= ( (22 — 2m y) yh w (Tar) 


Case IV 


If pag =m = 0, we obtain from (2.12). 
WM 0—9 2y) _ (n1) 
0 212у п 2k Y- 
2 ki [oe FT aa 00 
m0 
- (1 p2wy zy (142b) , (yiq) (2748-9 ул C, lx. 


Cas V 
if b=g=0, we obtain from (2.12) 


4 (—z2wy S 2 з үр (2 \, 
с бае Зонти ge 


k=0 pad 


WEISNER MEDHODIC SURVEY FOR GEGENBAUER POLYNOMIALS 89 


(n —2 p+ 1); v5-h 
U(-x»-piin Cp € 


= (14 2wy ety al (r3(z18?—2mmqyhb .(y4y 





С" х [20 ). 
(cns A 


Case VI : 
If w —g — 0, we obtain from (2.12) 
S cum x , 0) 2 1) 
yy » (—2» —n+ vip 
2m 2р MTS) TT A. (үр 
2 > о 7 Ty p! (—-» —P 1), wap (9 
$-9 


= (1 + 20713 [1 дуч (wt — 1) — H (y + 2b) ph. 


Y 


C ET ue eI ы p Sr шас 
"A a-259 (x? — 1) — 2 (o 20) 


Case VII : 
If w= b — 0, we obtain from (2.12) 


(2 gps = i2my {2°? 
(sb p! 


$ =й p=0 


Crop (х) 











= (1 — 2gy)-"-9l* (1 — Imy2-2)-nl2, С, (Se ) 
80) ( pes ш V(1 — 2gy) (1 — 2myz?) }` 


Case ҰШ: 
If g = m = 0, we obtain from (2.12) 
oo oo 
оу. (—b/2y)* (—2» ~ n + 1), (п + lj Qr-r-h (x) 
ri j (1— 9) ro SENE 
в=0 ym 


= (1+ 2wy zya (Es 2b), (73 ар)" (218-2 (1—.5y71 (x2 —1) уп 
A x/z8 _ f 22 
Vz-* 87 (1 — 2by7t (x* — 1) k Г li m 
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Similar other two cases when w = m = 0 and b =m =0 can be easily calculated 
from (2.12). 


Furthermore the four particular cases w= 0, b = 0, g = Oand т = 0 can be easily 
calculated from (2.12). For example if w — 0 we get 


3 (— b/2y)r 3 (28у) < (2 mylz?)? 
ri s! > p! : 
9250 $=0 pad 


(—2» —%s—n-+ l)y 


(pis (—»—p-—5s-c1), CT T (x) 


= (1+ 2byyak (1 2ру — 4bg)-'-»l [1 — 2by (x? — 1) — 2m (y + 25z-*]rl* 





j x 
es ( V. — 2gy — 4bg) (1 — 2by™ (x* — 1) — 2m (y + 2b) z7?) К 


3. Group Theoretic study of the modified Gegenbauer Polynomials СУ” (x) : 


The modified Gegenbauer Polynomials C, " (x) satisfies the following differential 


equation 
3.10 [(1— x?) р? — (2v —2n4+1)x D+ (22 —n)] y=0 when D —djdx. 


Now, we require the following two independent recurrence relations satisfied by 
each element of the set. (C^ (x) } : 


(3.2) D Cyr" (х) = 2 (0 =n) C7" (x) d 


928-1 


(3.3) (1—x) DC," (x) = (20 —2n —1) x Cz? (x) 





(n+ 1) (27 —n — 1) - 
^ — 2(» =п = Curs 00. 


In order to use Weisner’s method we construct from (3.1) the following partial 
differential equation by replacing 
d 


д 9. v-n T E 
dx by Эх? nbyy 5 , and Ci (x) by w(x, y) 
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2» 95. 0? 0? | д д 
3,4 l1—2x) 2€. RN E HESS _0_ =f 1 
(3.4) | laa PU ру орк РА аса И ›2 | 
би (x, y) = 0. 
We observe that 
и (x, у) = Су (x) у" 


is a solution of (3,4). 


Now, we rewrite the equation (3.4) in the form L и = 0, where 





yx) 2 pp LN LA 
І = (1 X) 38 * AY аеру ay: (29 +1) х + Qv 1) y 3y* 


Next we scek linear differential operators which will commute with L. 


For the modified Gegenbauer Polynomials, we will now actually find the first order 
linear differential operators B and C suchthat 


зз B| сеи аста wym 


апі 


(8.6) С | CL х) у" | = ra Cra (х) ун 
Now, let 


0 
B = BS RE Bs 


where cach B;(i = 0, 1, 2) isa function of x and y which is independent of n. 


By using (3.2), we get 
B| eo | = n» (20-2 cu m ) +%л жаз су") 


To make the coefficient of C; 7*1 (x) y"? independent of x and у, we choose Ву = y~! 


^ B| e | = 2% =) cm er 


ee [rn a | 
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Again to make the coefficient of C, ^ (x) y" is equal to zero, 


we have 
B, —0, В, = 0. 
4 s| с^" (x) уп ] = 0200 п) С" (x) y" 
where 
Ж в=уз бы - 


Secondly, by using (3.3), we get 
n = 
cf C," (x) » | = пау [ хб» -2-0 C, ^ (х) 


_(п ы m "i 1) cnm œ] + c CL (x) ny + co Ca” xy 
TUO da n 


To make the coefficient of eL (х) у independent of x and y we choose 


€, = y (x? — 1). 
1)0»—n-—1 -n- 
E el Cy” (x) y” | = лы 3 са Zi) 2 Cmi * (x) ym 


+ СГ" (x) уп [пс yt со — xy Qn — 2n — 1)] 


Again to make the coefficient of Cy” (x) y”? is equal to zero, 


we have 


Ca me 2x72, 


€, = (22 — 1) xy. 
s vs 1) 2v —n D yy 
Es [ Ca” ed» ] ee Cr ee DM 
where, 


Cay (д2 — 1)-®- —axy + Qy — 1) xy. 


дх ду 


WEISNER METHODIC SURVEY FOR GEGENBAUER POLYNOMIALS 93 


Group of operators ; 


д. 
UA Gy s 
s Yay 


Then the operators A, B, C satisfy the following commutator relations 
[А.В] == — 
6:  lACI- C 
[В, C] = — 2А + 2» – 1 
where 
[4, B] = AB — BA. 


Therefore, the operators 4, B, C generate a Lie group. To prove that these operators 
commute with Г, or + (х) L, when v (x) is a suitable function to be determined, and 





9 +00 уб 


& а 
І = (1 — x?) > + 2xy aye Cr Thx 


5 дхду ду“ 


We try to express L or +(x) Lin terms of these operators. 


ô 
ay’ 


To this end, we note that 


д?и ди ди 
MM — oy? ——MÁ — у xc. =n 
Lu = (1 — x?) D 2 xy 35 y ETE — (20+ 1) x 5- + (20 1) у ду 
Ви 
Аи = у? = aa: a 
әу ду 
and 
а gu 2 1) 
CBu = (x — 1) Sr — oxy ae EX») 
so that 
(3.8) L = — CB — A?-2»4. 


By means of this identity and the commutator relations we note that L commutes 
with each of the operators 4, B, C. = 


Now to calculate е8 f(x, y), we choose new variables & and Y, such that 
ВХ =1, BY = 0 


19 y -1 2. 
& y РМ 1; у дх Y=0 
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The subsidiary equations of y~! È X = 1 аге 


de dp ak 
os amet rm 
from which we choose the particular solution 


X = ху. 
Again the subsidiary equations of y7} =. Y = 0 аге 


dx _ dy dY Y 


y б^ о 
from which, are can choose the particular solution 
Y = у. 
'Thus we get 


х=ХҮТ!, у = У. | 
In other words, we have shown that the substitution X == ху, and Y= y will 
transform B into d/ d X. 
А et (ку y) = ebdlax (XY, Y) 
= j ( (X + b) Y~, Y) 


Generating function : 
If b = 1, we get 





_ (vt 1 \ 
ej (ху у) i(* y 55] 
^ 8 [Cpt (x)y"] = y? С," (=) se (1) 


But 


B [ C, (x) у" ] api) (2 —п ) С" (x) у 


sepe an сү Сус" (x) »*1 


2 25 t- 2% (y — n су-и yn-h we (ii) 


WEISNER METHODIC SURVEY FOR GEGENBAUER'POLYNOMIALS 95 


By equatiag (i) & (ii), we obtain 


k 
(3.9) > (>) 


Ax. (pony Ce o) = Ст (2+1), 
! 


y 
h-0 


which can be easily compared with the result of Chongdar [4, formula (1.3) ]. In fact, 
chahging vinto > + n, and putting E = fin (3.9), we obtain the exact form of Chongdar 


viz. 


k! 
k=O 


n 
2h 
(3.9) > M (yu CTE prm = CI (x 0). 


Thus it is clear that a double interpretation on both. index .and parameter of 
C," (x) like Chongdar gives rise to the same result vix. (3.9') by usinga single „interpretation 
on the index of the modified Gegenbauer Polynomials C,"-" (x). 


Next to calculate e^€ f(x,y), we shall seek the function ¢ such that 
Сф = 0. 
дф дф 
r EEA pea PR 2 LE. m = TEN 
re NR ae aes o ee Toe 
For y0, we get 


дф дф 
2. А 5 Оф ee ss € 
(x? — 1) ax Эу (22 — 1) хф 
The corresponding subsidiary equations are 
_ NEUEM EMEN 
QG?—1) | 2xpy ~~ Q»-—1)x$' 


from which we obtain the general integral 


yin | ; , 
Pow (> ог — 1), : ) == 0, where с is arbitrary. 





Thus we can choose the particular solution 
ф= у" (08-1), 
so that 
SAO Еж ф- Сф 


ə д 
= E = (x? — Oo 2 0. 
=> (x Dax nud Е 
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Now, we choose new variables X and Y such that 
oY 


келуй 9f ol ef. _ i 
MeD Aa es. m) 


ax ox А 
x? — 945 — Oxy? SO. a 
( 1) у à 2x) ay 1 di) 


The subsidiary equations of (i) are 


dx __ dy _ dY 
(02—11) 2x O° 
from which we can chose the particular solution 
Y = y(x- 1). 


Secondly, the subsidiary equations of (ii) are 
dx dy dX 


yp^—1) 2x 1" 





from which we can choose the particular solution 


Finally, we have 


Y =у(#—1), X= х, 
i y qc — 1) 


Inversely we heve 


Y 
х= ХҮ, у= үгүтү 


2 d 
Now Eis transformed into 54 


noe f(xy) =e EE” F(x, y) 
= h eE p> f(x) 
= унай (х®— 1) eedlax (y- 3? (x — 1уз) f(x, у). 


= уна (x? — 1) ecalax (y-vals (x? ys — 1). 


Y 


yaf? (x3—1) [ YoY? ((X + e У? - rmn. 


y 
i r (et «a Ү, туту): 
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Thus we obtain 


e*€ j (x, y) — ( 1 + 2exy + c? y? (x? — 1) )'-1%, 


M y 
. /( x + cy (x 1), ~ 1+ 2сху + clyi (x — 1) ) * 
Generating function i 
Ifc — 1, we get 


ef (x,y) == (1+ xy y? (x? — 1) 
al x y (x — 1), тууар): : 
ЕА «| с" (x) у? | 
= y^ (1 + 2xy + y? (x? — 1) )'7"35 Су (x + y (x? — 1)). (i) 


On the other hand, since 


v= __ m4l) (2y —n — 1) Y—n-1 
: [ C, "at ] = 0р п = 1) . Сы (x) ye 


we get, 


[cae] = po Er pete] 





(a+ d) (n+l), + (n+ 1 — 29), Lv-n-h d Е 
= | ЕТЕДГ (a+ 1— »), Cark (x) у | (ii) 
k=0 


By equating (i) and (ii), we obtain the desired generating function 
= | | — 2») 
(3.10) Y (n + 10), (п +1 —2»)& Crm-h (x) y 


k 1 25 (n --1— »); nk 
k=0 


= (1 4 2xy + y? (ха — 1) YE Сү” (x + y — 1)), 


which again can be easily compared with the result of Chongdar [ 4, formula (1.2) ]. 
In fact, changing » into » + n and putting viet in (3,10) we obtain the exact form of 
Chonedar, viz. 


13 


l -x-4 


> = + 
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ос 

п 4 1) (29 п 1 
2 DS 2s - Cu (х) 1% 
-0 


= (1 + 4xt + 418 (x? —1))'3* С, (x + 27 (x? — 1)). 
To calculate е8 еб© j (x, у), we notice that ес (х, y) 


= (L4 2e xy ty t c yn (x + суб 0 (oorr 


xy +b 
э? y) 


and eb? j(x, у) =j ( у 


Then we obtain 
eb ecc j (x, y) 
= (1 + 2exy (1 + bc) + bc (2 + be) + c? y? (x8 — 1) jette, 


j (24 -- 2b) + b (1 + be) + cy? (x? — 1) y 
y | ? EAA О С) 


Generating function : 
Ifb=—1i,c=1 


J 67868 j (x, y) = (Pt — 1) f ( —x+ y(x? — 1), дт) . 
We thus obtain 
еВ eC | сү» (х) y" | 
== у%#-#-1 (x? — 1)-23À Сеп ( — x + y(x? — t). 


But the left member of the above equation is equal to 


= = a | | ee » | 
2 


SOW Ds (n+ 1— 20) 
n n — 2» 223 А 
- У > ТЕ н (a7 ona» | cio i) yrs | 
90 =O 
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со nèk 
Ж ( —1) 2)?-5 (у — n — k),, (n+ 1), (—2» +n +1); nj 
т-ти 1 





v-n-htm (xy) yntk-m 
Com (x) у Е 


Thus we obtain the desired generating relation 


(3.11) yi-^a (x? — 1)7-з-3 Cp?" (— x + y(x* — 1)) 


co ntk 





5 ad a К)» (n + l)a (— 2» 4-n + 1) 


mikl(—v-n-1) 
k=0 Mab 


Сири" qx) ут, 


which can well be compared with the result of Chongdar [ 1, formula (3.3) ]. 


changing y into » -+ n in (3.11) we get 


Y Y (— 1)" 2#-Ё (у — k)m (n + 1) (—2» —n + 1); 


k~m 
тікі (1—27), : 


= [59 — 1) PAF c, (ху (х®— 1)), 
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In fact. 


which is Chongdar’s result if one puts аз —1, a,=—1, А = v, z =] and changes y into 


y^ in [ 1, formula (3.3) ]. 


Since [ B, C] = 0, we may well apply the operator e€ e^? to CY? y"(x) and obtain 


a different generating relation analogous to (3.11). 
We obtain 


eC e-? [ cr" (х) у" | 


= уп (1 + 2ху + у? (x? —1))r Cr (——). 
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But the left member of the above equation is equal to 


со со 
2% 2 = [eer] 
mao Ў 


Е=0 


I 


cow (Lm и и) 
ул а кыен] 


k=O m=0 
oo п 
=N (— D QV? (p = m, (п-т + Dy (20 -nt Е Np 
=> k! m! (p —n+k—1), ; 
k=0 Mag 


y—htm-h yn-M+h , 
. Chemik » 


Then, by equating, we obtain the desired generating relation in the following form 
T RS 
(3.2) (1+ 2xy + y? (x? — 1) #0 Суг" (= =») 


_ 5 je [ZY" ene ич 1) (20 Еп пп 
=> > p (2 mlkl(—»tn—mtl, 


v-ntm-k 
n-m+ k (x), 


which can well be compared with the result of Chongdar [1, formula (3.4)]. In fact, 
changing > into » + п in (3.12) we get 


wx 
(1 2xy + y? o — LHP С," (===) 


S S pae y V7. (2), (n —m + 10) (— 2» —n— m +), 
= У У (— 1) (> miki (~v -m +l); 


Вей — meo 
"m-k 
Cromsh (X) 
which is a correct version of Chongdar's result if one puts а, = — 1, a=], A —»,z-—1 


and changes y into y~* in [1, formula (3.4)]. The incorrectness of Chongdar's result occurs in 
the co-efficients as well as in the inner sum due to the fact (n — m + 1), = 0 for т> и. 
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ON A TYPE OF SEMI-SYMMETRIC METRIC CONNECTION 
ON A RIEMANNIAN MANIFOLD 


M. C. CHAKI AND SWAPAN KUMAR KAR 


1. Introduction. Let (M, g) be an n-dimensional (n > 3) Riemannian manifold 
metric tensor g. A linear connection 7 on (М, g) issaid to be semi-symmetric [4] if its torsio 
tensor F satisfies the relation 


(1.1) T(X,Y)—-m(Y)X—m(X)Y, 

Where is a l-form and X, Y are any vector fields on (M, в). If, in addition to (1.1) 
V satisfies the condition 37 g = 0, then 7 is said to be a semi-symmetric 1 metric connection. 
This paper deals with a type of semi-symmetric metric connection ў whose curvature 
tensor K satisfies the relation 


(1.2) (Vw К) (X, ¥)Z = B(W) K(X, Y) Z, 


where B is a non-zero 1-form and үу denotes the Levi-Civita connection. Denoting the 
curvature tensor of V by R and the conformal curvature tensor of (M, g) by C Has shown 
that if (M, g) admits a semi-symmetric metric connection X7 for which the condition (1.2) 
is satisfied, then in (M, g) 


R(X, ¥).C=0 but div C #0, 


where R (X, Y) is considered as a derivation of the tensor algebra at each point of (M, g) for 
tangent vectors and divergence of C is with respect to V. 


`2. A useful result, In this section we shall derive a useful result. 


The conformal curvature tensor C of (M, g) is defined by 





(2.1) C(X,Y)Z = R(X,Y)Z-FA(Y,Z)X -A(X,Z) Y 
+ g(YX,ZLX-g(X,Z)LY 
where 
1 j 
(2.2) A (Y, Z) = ——, S(Y,Z) + 20-1]a-3j 8002) 


and Lisa (1 — 1) tensor field such that 
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S and ғ being the Ricci tensor and the scalar curvature respectively of (M, а). 
Since Vg = 0 we have (Vxg) (LY,Z) = 0 from which we get in virtue of (2 3) 


(2.4) (УХА) (Y. Z) = gI(VxD) (Y), 2] 
Again, from (2.1) we have 


(2.5) (Vw €) (X, Y)Z = (VwR)(X, Y)Z + УА) 3,2) X 
— КУА) (0 Z)] Y + g (Y, Z) (V«L) (X) 
— g (X, Z) (V«L) (Y). 
In virtue of (2.2) it follows from (2.5) that 


(2.6) (div C) (X, Y) Z = (n — 3) [(VyA) (X, Z) — (Vs) (Y, 2 

Using (2.5) we have 

(VwC) (X, Y) Z + (VC) (Y, W) Z + (V.C) (W, X) Z 
= (УА) (У, Z) — (УА) (Р, ЛУ 
+ (УА) (07,2) -(VgX)(X,Z)]1Y 
+1 (Vyd) (Х,2) — (УХА) (Y,Z)] W 
+а(У,2)[ (Vw) CX) е: ier 
*t£(X Z)[(VsL)(Y) - (Ve D) CW 

L)(X 


*t£UP,Z)[CVxL)(Y) - (V | 


RASEN 
+ (40 C) (X; Y)Z) W] 








(27) TE(Y.Z)I(Vs E) (Ж) CCVx E) IW] +8 (0,2) 10У 000) | 
—(VyL)(W)) 
+g (W,Z)((VxL)(Y)—(VyL)(¥)} ( by (2.6) ) 


Hence in virtue of (2.4), (2.6) and (2.7) we get 
» gl Vy OUS Y)Z + (УС) (У, W)Z + (Vy C) (W, X02, U] 
= Lr pe, U) (di C) (Y, W)Z в (Y, U) (d C) (302 
4g(W,U)(dvC) (X: Y)Z c g(Y,Z) (divC)(X, W)U 


(2.8) 4+ g(X,Z ) (dv CÓ (Y W) Ut g(W,Z) (dv C) (Y, X)U] 
We shall use the result (2.8) in section 3. 
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3. A special type of semi-symmetric metric connection 


In this section we consider a semi-symmetric metric connection on ( М, g ) whose 
curvature tensor K satisfies the condition 


(3.1) (VwK)(% Y)Z =B(W) K(X, Y)Z, 


where B is a non-zero l-form. 


It has been shown by one of the authors elsewhere [1] that if a semi-symmetric 
metric connection V satisfies (3.1), then 


(3.2) (VwC)(X,¥)Z=B(W)C(X, У) 2, 
Let us suppose that С з 0. 
We now define a function f on (M, g) by 


(3.3) У = g(C С) 
where the Riemannian metric g is extended to the inner product between the tensor fields in 
the standard fashion [2], [3]. 
Using the fact that Vyg = 0 it follows from (3.3) that 
2f(Yf) = 2f? B(Y) 


or 


(3.4) 


Yf = f B(Y) (because f зё 0). 
From (3.4) we get 


X(Yf) = + (Xf) (Y f) + (ХВ (У) f. 
Hence 

X (Yf) - Y (Xf) = (XB(Y) - YB(X) f. 
Therefore . 
(3.5) 


VxVvy — VyVx-— Vl» vl) f = {XB (Y) — YB(X)- BUX YRS 
= (dB (X, Y)) f. 
Since the left hand side of (3.5) is zero, and / 0, it follows from (3.5) that 


x 


(3.6) d B (X, Y) = 0. 
This means that the 1-form B is closed. 


Now, from (3.2) we have 


(VxV« C) (О, V) W = (XB(Y) + BX) B(Y) C(U,V) W. 
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Hence ‘ 
(R(X, Y).C) (U, V) W = ((dB) (X, Y)} C(U,V)W 
= 0 pu. (by (3.6)). 

Therefore 
(3.7) R(X, Y).C — 0. 

Next we show that div C 3 0. 

“If possible, let 
(3.8) div C = 0. 


Then from (2.8) it follows that 


g [(VwC) (X, У) 2, U) + 8 [(VxC) (Y W)Z, U] +8 [уу C) (W, X) Z, U] = 0. 
Or 


> 


(33) B(W)'C (X, Y, Z, U) + B(X)'C (Y, W, Z, U) + B(Y)'C(W, X, Z, U) =0 
(by (3.2)) 


where 
(3.10) 'C (X, Y, Z, U) = g (C (X, Y) Z, U), 

Let о be the vector field such that ` 
(3.11) g (X, о) = B(X) 


for any vector field Y. 
Putting W = ø in (3.9) we get 


(312 _ B(se)'C(X, Y, ZU) +B (X) 'C (X, е, Z, U) + B(Y)'C (e, X, Z, О) = 0 
In virtue of (3.8) and (3.2) we get 
B(C(X, Y)Z) = 0. 
or 
(3.13) С (X, Y,Z,0) =0. 
Hence in virtue of (3.13), it follows from (3.12) that 
(3.14) В (о) 'С(Х, Y,Z,U) =0 
Since С + 0, from (3.14) we get В (e) = 0, 
ог, 1 (о, о) = 0. Thisimpliesthat о = 0, because g is positive definite. 


Hence from (3.11) we have B (X) = 0. But thisis contrary {о the assumption that В is 
a non-zero 1-form. -Therefore div'C Æ 0, 


ON A TYPE OF SEMI-SYMMETRIC METRIC CONNECTION ON A RIEMANNIAN MANIFOLD 107 
We can therefore state the following theorem : 


Theorem. Ifa non-conformally flat n-dimensional Riemannian manifold (M, g) (n>3) admits 
а semi-symmetric metric connection whose curvature tensor is recurrent with respect to the 
Levi-Civita connection V, then in (M, g) 


R(X,Y,)J..C—0 but div C #0, 


where R(X, Y) is considered as a derivation of the tensor algebra at each point of (M, g) 
' for its tangent vectors and divergence of C is with respect їо V. 
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ON AN;EXTENSION OF THE THEOREM OF 
V. A. AMBARZUMYAN 


N. K. CHAKRAVARTY 
& 
SUDIP KUMAR ACHARYYA 


Introduction : 

In a paper published in 1929, V. A. Ambarzumyan [1] proved the theorem that if 
{Мм}, n = 0, 1, 2, ..., be the eigenvalues of the operator ` 

.Y' + (à — 9) y = 0, 0xxzm, у (0) = у (л) = 0, 

q (x) a real valued function of x continuous in [0, я], and if A,=n?, then q=0. 
This theorem is considered as a first step towards the solution of the inverse problem 
associated with the Sturm—Liouville operator. 

In the present paper we propose to extend this theorem to the matrix differential 
system 


(1.1) Lg = 4 


where Le (>ч r ) D=d/dx, р, а, г are real valued functions of 
r -D:g/, 
x such that p, а, г are integrable over [0, =] and ¢ = (e S (9). 
The boundary conditions to be satisfied by the solutions ф of (1.1) are 


и (0) = v (0) = 0 
OD ша) =v 4) = 0 


the ‘Neumann boundary conditions’ at x=O and x=m respectively. The problem (1.1) 
along with (1.2) may be called the ‘Neumann boundary value problem’. 
When p = q = r = 0, the system (1.1) reduces to 
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(1.3) D*àó--A4$-0, 
уч 0, үч 
vene - (09) 

When the solutions of (1.3) satisfy the boundary conditions (1.2) we obtain the 
‘Fourier problem* corresponding to the ‘Neumann boundary value problem’ (1.1) and 
(1.2). 

It is easy to verify that the eigenvalues for the Fourier problem are precisely given 
by the set {п}, n=0, 1, 2, 3, ... . 

It is noted that equations of the form 

Y" + Y =[v(x) + 6x?P] Y, Ox«oc 


where V = I vg (X) 1,2 is a Hermitian matrix satisfying 
C oa, 
| x | V(X) | dx «ос, —ec «e 0-61. 
0 


and P= (9 0) arises from the Schrodinger equation for а deuteron (in ground state) 
if tensor interaction forces are taken into account [Agranovich and Marcnenko—The — 
inverse problem in Scattering theory, Gordon Breach, NY, 1963, P.7 ]. 
2. Asymptotic estimates : | 


Let the solutions (7) of (1.1) satisfy the general boundary conditions at x—0 апа 


xc, ViZ., | 
(2.1) anu (0) + аи (0) +аз у (0) + а; v' (0) =0 í 
(22) by u (7) + беш (x) +0, V (я) + by v (я) =0. , 
j=1, 2, where a, , b, are real constants (independent of à) such that 
i) rank (a) = rank (bi) = 2; 
i) а а, + ag ay = 0, і, К = 1,2; 
ii) by; Deg — Dis Ber + bis b, — b bi = 0; $ 
iv) b, 8 + би às =O, f= 1,2; 
V) Баз + блаа F 0, һа + Буз Ayg=O; j = 1, 2. 
Then the system (1.1) together with the boundary conditions (2.1), (22) and the 
conditions (j)—(iv) determines a self adioint eigenvalue problem in [0, 7]. 


Let {Àn}, where lim A, = oc, be the eigenvalues of the system (1.1) with the 
n—-oc 


boundary conditions (2.1) and (2.2) Then to solve the present problem we exploit the 
analysis of Levitan and Gasymov (8, Appendix 1, П) as follows. 


Extension of the Theorem of V. A. Ambarzumyan 


Let A be the matrix A — (e а) and let the ith row апа the jth column of any 


matrix M be represented, respectively, by М, or (M), and M, or (M). 


Put ХО) = (у бе ү), X(0,0)=0, and Y¥(x, 9 = (иб 0). 


Y (0,0) 0, where X, Y have absolutely continuous partial derivatives with respect 
to x and t. 


Then a necessary and sufficient condition that the vector 


(23) Фб) = (му) 


х 
__ [aw соз ул x+ ац Sn уХ x X(x, t) S(t) 


„(35 COS +/A X+ 815 Sin +/A jud Y(x, t) 20) dt 
0 


where 
S(x) = Gy VA x) and X(x,t)S(t)=X,(x,t) cos 4/A t+X.(x,t) siny t, with a 
sin yA x 


similar meaning for Y(x,t) S(t), is a solution of the given differential system (1.1) with 
boundary codditions (2.1) at x=0, is that all tha conditions (3.6) —(3.9) of Ray Paladhi 
(4, Theorem 1, P. 172—175) are satisfied. One of the conditions explicitly required in our 
discussion is the following : 

(2.4) X'(Qxx)—1/2 Fas (х), Ү'(х,х) 2 1/2 Fae (x), 

where 


F “(о р+а г а T+-414 q 
ап р+аџз! ац газ 9/. 


Differentiation of (2.3) yields 


u' (х) Таң COS V/A x— а, Sin4/) х X(x,x) S (x) 
(5) € (x) Jeva ( а COS VÀ x— ay, Sin4/A а ( Y(x.x) S (х) ) 


x д 
—X(xt) S(t) 
+\ (2 dt. 
2 t 
д ax Y(x,t) S(t) ; 
When A=), is an eigenvalue for the problem (1.1) with (2.1) and (2.2) so that 


¢(X,A,) may now represent the corresponding eigenvector, it follows from (2.2) on 


substitution for ( Ӯ ) К v ) as given by (2.3) and (2.5), utilization of the relation (iv) 


satisfied by aj , bi; and subsequent reductions, that for j=1,2, 
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Q6) [85 ГАТ +B)! 9, (z, 7) | созул = 


+ [en ТА Гул. (B) ТА Т + (Ву Oye (arn) ] sin ул 


| COS4/À, t dt 


Х= тп 


t д 
| Je um (0-7 ox (B) T Qui (x, t) | 


т 
| ie T Qylat) + = (В) Tan не t) | | siny t dt=0, . 


Х=т 


b, b (Хбх, 1) Хбх, t) 
where Bie (ра ьи), C= (viro ҮМ 


and A, Aix, A, etc. are as defined before, «8 as usual stands for 
«ү a... (% 
ч satha Pa where «= (6) в (59) 
From (2.6', as noc 


eee VY - acd 
(2.7) sin /À, 2-0 (№ ^ *) =O 
‚ Also by adopting the analysis of Titchmarsh (Б, P. 19), it is easy to deduce that 
№. as n tends to infinity [see for example Chakravarty—O. J. M 19(74), 1968, P. 216)]. 
So that a first approximation of А, is given by 
ММ —n4-o(1/n), as n tends to infinity. 
Put 
Vs = naf, +11, |= 1,2, where a, are constants independent of n and y, 
tends to zero as n tends to infinity, implying that 
V/A, ~Уп+ап. 
Then 
(2.8) зіп VAn ж= (—1) (a,2- 1,)/п--о(п-3) 
апа cos./A, xe (—1)'(1--o(n7?). 
Also by the Riemann—Lebesgue theorem, the integral terms in (2.6) vanish as n 
and therefore A, tends to infinity. Hence from (2 6) by using the relations (2.8), we have 


т т T T AT 
а= (oT АТ +E) T. aus os a) Ite) T ATI 


( (Bj) Ж АТ Æ 0, by the condition (v) оп 8, by.) ) 
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' Since р, q, r are integrable over [0,2] (or in particular p,q,r are continuous over [0,2]), 


it follows by using the relation (2.4) that 
" à 
-T OT T T т T 
(2.9) a=| (В) А + 1/2 ( (B) Е od [| (т (В) А 1 j=1,2. 
2% lx 0 l+ 1% lx 1% 


The vector with two components a,, a; so obtained may be called the ‘boundary 
characteristic vector’ of the given problem. |n particular, a, may be equal to а». 


3. Solution of the problem : 
T 4T ; T 
If, (By) A. =0, and if the elements of (Bù as well as the constants ajo, аң 
x 1x 


assume values independent of each other, it follows from (2.9) that 
л л л 
(3.1) |p а= {а dx=(r dx=0. 
0 0 0 
when а;=0. 
Let the eigenvalues for the Neumann boundary value problem be given by {n}, n 
= 0,1,2, .... Then the vector (a,,a,) is null. Also for the Neumann boundary conditions, 


the requirements relating to (Bj) т. AT, etc as stated above are satisfied. Therefore in 
this case (3.1) holds. 
f 
Now let c, be the Fourier coefficient of a vector f -( i ) such that f e C! (1),1=[0,], 


and? is absolutely continuous overl, Ifí'(0)—1'(z)-0, then from Chakravarty апа 


Sen Gupta (2, formula (3.2) P.23), 


oc oc 

(32) D(,f)-D() > У \һоё>м у с=п? 

Е neo neo 
where 

zx 
5 : T pr 
D(f) = ({ Б | 4f Pf \ dx, e-( ) Me 20. 

^ 0 Т q = = 


The equality in (3.2) holds if and only iff is an eigenvector corresponding to the 
eigenvalue A, for the Neumann boundary value problem over [0, x] and now 


(3.3) „=тїп ( D(f,0 ufu ) 
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the minimum being taken over all #50 D, satisfying the Neumann boundary 
conditions at x 0 and x=, where D is the set of all compléx-valued vector functions 
continuous in [0, x] and having piecewise derivatives іп the same interval. 


C Tam 
Let t= a) be an arbitrarily chosen non-null constant vector. 


bo 


f, satisfies the Neumann boundary conditions at x=0 and x-x. ‘Also by utilizing 
(3.1), it follows that D(f,)=0. Hence from (3.3), f; is the eigenvector corresponding to 
the minimum eigenvalue ‘0’ of the sequence {п2, n=0, 1, 2, 3, .... Therefore from (1.1) 

pC, t 1C, — 0, . ,+gC,=0, 

leading to p=q=r=0 almost everywhere in [0, x]. 
We thus obtain the following theorem. 
Theorem: A necessary and sufficient condition that the system (1.1) with the boundary 
conditions (1.2) reduces to the corresponding Fourier problem ( i.e., the system (1.3) with 
boundary conditions (1.2) ) is that the eigenvalues of the given system are characterised 
by {п}, n=0, 1, 2, 3, ... . 

Remark 

An elaborate and revised version of the present paper is due to appear 
. in the Proceedings of the Royal Society of Edinburgh, where some of the shortcomings 
and ambiguities have been Corrected. 
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ON THE RIESZ SUMMABILITY OF A FOURIER TYPE 
EXPANSION OF A TWO COMPONENT FUNCTION 


N. K Chakravarty 


Abstract 
A theorem on Riesz Means of order / >0 for a Fourier type series or the F—series 
of a two component function (f, , f;)" differentiated p times, is obtained under a set of 
conditions analogous to that of Fe'jer—Lebesgue in ordinary Fourier Series. 


1. Introduction : The theorem. 
Cousider the differential system 
(1.1) d'u/dx? +ли= 0 
d?v/dx?--Av = 0 
in the interval [0,7], where \ is the eigenvalue parameter. 
Let the solutions (u, v) T of (1.1) satisfy the following boundary conditions : 
At x=0, 
(1.2) 8, и (0) Рањ и (0)--a5 v(0)-aj v'(0)—0, j = 1,2, where 
i) rank (а;,)=2, 1-1,2, j= 1,22,3,4 ; 
i) Ay aktas Ayg=O0, ]JK—1,2 ; 
ili) (8,4, 8,4) Æ (0,0), when j2 1, n—1, m—3 and when j=2, n=2, m=4; 
and at x=7, 
(1.3) bg u(z)-4 b, u'(x) + dys v(x)--bg v'(x) 20, , = 1,2, 
iv) b; b;5—D;s Бә, tbis Оз Оа bas —0 5 
у) rank (b,;)=2, 1— 1,2, j—1,2,3,4. 
a; , by аге real valued constants independent of the parameter А. 

The eigenvalue problem associated with the system (1.1) along with the boundary 
conditions (1.2) and (1.3) over the function space L, (0, x) is well-known. (See е. g. 
Chakravarty [2], p.135 — 150). The problem is self-adjoint by the conditions (ii), (iv) on 
аң, by We call this problem, the E—problem. 
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Let f(x)-(f,f;) possess continuous derivatives upto’ the order two; or more 
generally, let { (x) be the integral of an absolutely continuous function on (0, x). It f (x) 
satisfy the boundary conditions (1.2), (1.3), respectively, at x=0, х=л, then f (x) admits of 
the eigenfunction expansion 


ec 
(1.4) f(x) - С, Р(х), 0 <х<л, 
0 
X 
where C, = | (f, V.) dt, are the Fourier coefficients of f ; ^, (x) are the normalized 
0 


eigenvectors corresponding to the eigenvalue X, of the E—problem. The series is uniformly 
and absolutely convergent for Ox; xxix. 
Let a, , b, satisfy additional conditions 
(1.5) Den. aim, bu а, zx, К, j2 1, 2, (b not all zero), where «„,==0, if (m,, Mg, Ny, n5) 


are the arrangements (1, 2, 3, 4), (2, 1, 4, 3) of (1, 2, 3, 4, «550 for other arrangements. 
In view of the conditions (1.2)— (ii), (iii) on ay, it follows from (1.5) that (bj, Bim) = (0,0), 
when j21, n2 1, m3, and when j=2, nz 2, m=4. 

Put Dj—p a? D? |а| 2,1, 2, 

and О,= ёл? |а, |? |а, |? | а-а, |? >0 


where а; = (а, ‚ав , Aj, аи) with usual norm | a, | * and inner product (a; , аз). 
If 
(16) С, (хп) = f 2e COS NX + ansin Ns 
аң COS NX + aj, sin nx /: 


where n is a positive integer, then it can be easily verified that 
(7) Ya(x) = {> Ce (х, n)—D, Cy (x, n) yet 


is a normalized eigenvector corresponding to the eigenvalue п? associated with the 
E-problem. (Compare Acharyya [1], where eigenvectors in this form occur in a different 
context.) | 
Definition. The series on the right hand side of (1.4) where V^, (x) has the explicit 
representation (1.7) is defined as the “Fourier type series corresponding to the two 
component function f (x)", or shortly, the F-series of our problem. | 
Evidently, the F-series is an eigenfunction expansion of a two component function 
f (x) (with none of its components a classical Fourier series) when f satisfies certain 
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conditions including boundary conditions as above stated. F-series as an eigenfunction 
expansion in used only for mean convergence considerations needed in the context. 
It may be noted that the choice of У”, (x) need not be restricted to the form (1.7). 


In fact, if 


A, cos nx4- B, sin nx : : 
Ку (x, n) (с cos n D к 5) and A,,B,,C,,D, are suitably restricted, it is 
1 i 


possible to choose a linear combination of К, (x, п), К, (x, n) and a normalizing constant, 
not so simple as that in (1.7), as the normalized eigenvector for the E-problem, 

The summability problems (including Riesz summability) for the Fourier series of scalar 
functions have been extensively studied ; but no such problems involving the F-series 
appear to have been taken up. The standard methods available for the single component 
functions cannot also be readily extended to hold in the present case. 

Levitan and Sargsyan ([5] p. 54—57) obatined for the ordinary Fourier series 
F{f(x)} of f (x) a theorem on the summability of F' {f (x) at x—x, by Riesz means of order 
one to f'(xg, when (i) f(x) exists andis continuous at x, and (ii) f(x) is integrable 
in the neighbourhood of хо. Their method is considerably different from the available 


ones. They use in their investigation the Tauberian theorem : 
Theorem A. Let о (v) be a function of bounded variation in every finite interval, 


such that 


w+ vc 
y о(у)=о (|v | 9), 120, Һу) d с (у) =0, where 
u oc 


€ 


h(y) = x | К (t) exp (—ivt) dt, K is an arbitrary function having bounded (r+2) th 


== 6 


derivative and К. vanishes outside (—e, є). Then for all s>0, 


ос 
| (1—02) do= o( | | '—S) as tends to infinity, the passage to the limit 
—0QC 


being uniform. (See Levitan and Sargsyan ([5], p. 85, Appendix) ) 
In the present note we investigate the problem involving Riesz means of order / >0 
for a p-times differentiated F-series under a set of conditions satisfied by f (x)= 


(f, t) analogous to those of Fe'jer—Lebesgue for the classical Fourier Series. We note 
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that a series (Za,, Zb)! is summable (R, A, k) if Xan, ХЫ, are so in the usual sense. (See 
Chandrasekharan and Minakshisundaram [4]) The theorem to be proved is stated as 


follows. 
Theorem 1.1. Let f(x) be a two component function, p times differentiable on (0, x), 


such that 
t 
(1.8) | |P (x--u)—f69 | * du—o (t ) r>1, 
0 
as t tends to zero, where x є (X9 —8, Xp+5), хо fixed and 8 >0. 
Then 
u 1 _ 
(18) (i) іт \ (1а) d, S (Р) (х, о) 6 P (х) ои P7: 
и->сс 6 
the result holds uniformly for x, —8 < X< ху-Е8, 87-0 : S(x, и) is given by 
(1 9) S(x,u) = 5 CP. (x) 
ku 


ii) The p-times differentiated F-series is summable at x, by the Riesz means 


of order] to f e (хо), I2 pz0, the result hoíding uniformly for x, —8 < x«x,4-8, 870. 
iii) In particular, if f ©? (x)eL. (0, х), r>1, the the result is valid almost 
everywhere in (0, л). 

The second part follows from the first part from definition. The third part is an 
immediate consequence of the second partand the Minkowsky inequality, since (1.8) holds 
for almost all x, if f (> e L, (0, x), r21. (See Zygmund [7], р 237). It is therefore enough 
to establish the first part of the theorem which we do in the following. We follow Levitan 
and Sargsyan [3] indicating steps but emphasizing the parts where we considerably differ, 

2. Proof of the theorem. Let ff, (x)} be a sequence of vectors defined on (0, x) 
satisfying the conditions of validity of the expansion formula (1.4) when VY, (x) is given 
by (1.7). Then 


oc x 
Q3) iO) = Ze, 9 wo, c, 0 |, a 
k=0 0 
the series being absolutely and uniformly convergent for Ox x«cx. 
Let {fn (x)} converge to f (x) in the norm of L (0, т). 


As in Levitan and Sargsyan ([5], p. 20-22) let 9. (х) be а scalar function, satisfying 
i) g. (9-9 7X), (ii) 9, 069-0 for | x | Se and iii) 9. (х) has а bounded 


second derivative. If $. (u, is the Fourier cosine transform of 9. (x): 
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(2.2) Ф. (w= n (u) cos wu du, 


9 
then Ф (ши) is even and 
(2.3) $(u)-o(1]1?), as u tends to infinity, by integration by parts. 
It easily follows from (1.6) and (1,7) that 
(2.4) [Paxta xt) = F(x) cos nt 
Then from (2.1)— (2.4), 


€ . сс 
(25) | [fs (K+1)-+f (к<) 19, (0) at = | 4, (0) d, Sa (х н) 


0 — о 


where 
$ (х, и) = GU v, (х), n=1, 2, . ... 
ku 


The mean convergence consideration permits us to pass on to the limit under the 
sign of integration on the left hand side of (2.5) and the same operation is permissible 
on the right hand side of (2.5) in view of (2.3). Therefore from (2.5) 


(2.6) er () d, S Qs и) = a [f(x-+t)+f(x—t)] g, (t) dt 
—o 0 
where S (x, и) is given by (1.9). 
In view of the finiteness of S(x,u) and the relation (2.3), itis possible to differentiate 
the feft hand side of (2.6) with respect to x under tha sign of integration and the same 
process is obviously applicable to the right hand side. Hence from (2.6), 


ос (р) є (р) (р) 
(2.7) \ Фе (а) d, S (хи) =| [f (x+t) +f (x—t) ] g (t) dt 
— 0 0 
where х є (Xp—45, X +45) and the superscript p indicates the pth derivative of the 
concerned function. 
Put 
€ 
(28) « (x) = (к, “= Р) ext) t P) o ty cos wt dt 
0 
Then applying the Parseval theorem for ordinary Fourier Transform to each component 
of «(x,u) and (2.2), it follows that 
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ос u 
(2.9) ( вки) а tS x, wal (xv) di] 0 


— 0С 


ѕіпсе Ф) and (x, и) are each even functions of gu. 


It can be easily verified that 
u-+1 
y (SCP) (х, uy =0(и»), as и tends to infinity, 


utlppu 
also p [ | «(X,v) су | =o (1), as и tends to infinity. 
u 


Hence from (2.9) and the Tauberian theorem A, 

! x w + 

© Флоу face a 8) az -- 
0 

as u tends to infinity uniformly for x, —48 < x<X +48. 


«(х,и) du ]=о (ue TH) 


QUÀ 


By a change in the order of integration, which is easily justifiable, we have : 


3 


(211) (tao? [i d, SOx»). 


i 
e Ree Uu < 
$ (t) dt | (1—›°/н#)Ї cos vt dv 
ш 
dt | (1—›°/г\/ cos vt 0,4 о (#7?) " 


0 


42:0 (x) 


=l +h + оа’ 0 as и tends to infinity, 
where 4 (t =f C gt D cgo aros, 


“in 1,, (let ‘us evaluate the inner inte gral by Watson [6] p.48, formula (3) ), change the 
the variable in the intergral and then utilize the Weber integral (Watson [6], P 39). 
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By fixing e and making и tend to infinity, it follows that 1, tends to i0. (x) as u tends 
to infinity. 
It follows from (1.8) that 
t 
(212) Фу = | I$) {йш 
0 
where e, is а preassigned positive quantity, t being small enough. 
Evaluating the inner integral in 1, and then changing «t to t, we have 
Fi 3 qe 1+4 
(213 1h22 (+ Pr? f $003, , QR dt 
© 


The integral on the right hand side of (2.19) is equal to 


1 ГА а 
afff tf оа 

0 1 u 

= 1а + he + lis, Say. 

Then 

[А [1° «97 (Uta | t+ | he [7+ | ha |} r2 1. 
Using the inequality 

| J3, Œ Jz | «12 ”T(v+1), > — 4, (Watson [6], p.49) 

and the inequality 


b r 
f Tel 


(2.14) {ЕЈ <(b—a) ji dt 


& 


for a vector 
b 


F= | fdt, we have | inl Ree 7 
0 
Since | Jv(z) | <B, for any real value of 221, where B is a constant, it easily follows 
that 
т EN LX 
[141° < Bu 079 (e1 eec). 
To estimate 1;,, we have, by integration by parts, 
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ie eee todo. p ruines S wisi 
the} «Нод 901) 4 079) осию (OUT Mgr an 
Vu 
=J; +J tJi, Say, 
where H(p)=B'/u =h —Au) Eel tends to zero, as и tends to infinity, if г ї>1, 17-4, 
Now J,, tends to zero, as и tends to infinity, since H(u) does so. Also, by (2.12), 
| Jis | <s; as и tends to infinity. 
To estimate Ј,;, we divide the interval of integration (Uus. 1)into sub intervals ( (1 Jum) 
and (1, 1) and choose 1] such that for O <t<p, Ф(1)<є t". Then by familiar arguments 
| Jus | <€ аз и tends to infinity, uniformly in xo—8<x>xp+-4, 820. 
Altogether, from (2.13), 1, =0'(1), as y tends to infinity, uniformly in Xo —8s X X,--8, 870. 
Hence from (2.11) we obtain (1.8a), valid for 170, p>0. 
When г=1 in (1,8), (1.8а) follows by an easy adaptation of Hobson ([7], p.567—569) by 
replacing the function C, , (t) by the Bessel function Sing (9. К 


The theorem in thus established. 
The author expresses his grateful thanks to Dr. D. К. Ganguli of the Dept. of Pure 


Mathematics, Calcutta University for helpful and constructive criticisms of the manuscript. 
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ON COMPARISONS OF CERTAIN NON-CONTINUOUS 
MULTIVALUED FUNCTIONS BETWEEN 
BITOPOLOGICAL SPACES 


M. N. Mukherjee and S. Ganguly 


Abstract 
In this paper certain classes of multivalued functions strictly weaker than continuous 


one, have been introduced for bitopological spaces, which present extended and 
generalized versions of their single-valued and multivalued counterparts between topolo- 
gical spaces. They have been characterized and studied specially with regard to their 


mutual dependence and interrelations. 


1. Introduction 
For the last quarter of a century, different mathematicians have been taking keen 


interest in the introduction and study of numerous kinds of mappings in topological 
spaces, most of which are strictly weaker than the usual continuous or open maps. Such 
a vast study has not only effectively characterized various concepts of topology butal- 
together new directions of further research and study have emerged. Some of these 
maps have been generalized to their multivalued forms too. 

The notion of weak continuous map on topological spaces was first introduced 
and studied by N. Levine [5] followed by its further study by Т. Мой [10. 11, 12] 
and others. М. К. Singal and A. R. Singal [13] introduced the concept of a very important 
class of a non-continuous. map which they termed almost continuous function. This 
kind of map was later found to be a natural tool and extremely useful for studying nearly 
compact spaces, almost regular spaces and for fruitfully characterizing H-closed spaces as 
the almost continuous images of minimal Hausdorff spaces. Due to its effectiveness ard 
use in application, the concept was subsequently generalized to fuzzy topological situation 
by Azad [1] and to its multivalued form in a more generalized structuie of bitopological 
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spaces in [9]. Functions between topological spaces under the same terminology viz, 
almost continuity were also studied by Husain [3] and others [2, 15], but each of those 
functions is independent ofthat of Singal and Singal. Investigations of these functions 
along with their mutual interactions are found in [6, 7,8]. A certain study of almost 
continuous (in the sense of Husain) ‘and weakly continuous multifunctions is done by 
Smithson [14], generalizing some results derived earlier for single-valued case. After the 
introduction of the theory of bitopological structures by J. C. Kelly [4] in 1963, the last 
two becades have witnessed a tremendous growth of the theory resulting to a vast 
literature of papors dealing with numerous concepts of topology in more generalized 
premises in a very effective manner, Such structures are seen to be naturally inherent in 
certain situations like quasiuniform, quasi-pseudometric or quasi proximity space and the 
theory contains the theory of topological spaces in particular. Apart from extension of 
concepts of topology to a more generalized perspective, the study of bitopological spaces 
has alreaby shown some real worth in getting newer concepts, more general, more fruitful, 
specially when-the two topologies are very much naturally associated. Though а good 
number of papers have appeared dealing with some single-valued maps between bitopolc- 
‘gical spaces, the multifunctions have recently been touched demanding a substantive 
theory in this context to be evolved. 
With the above motivation in view, our aim in this paper is to introduce and study 
.the multivalued forms of weak continuity of Levine and almost continuity of Husain in 
bitopological spaces and make a conparative study of these maps along with almost 
continuous multifunctions studied in [9]. 

. By X and Y we shall always mean the bitopological spaces (X, P,, P,) and 
(X, Q,, O0) where P,, Р, (Q,, Qe) are two &rbitrary topologies on X (respectively Y) and 
Е will denote a multifunction from X to Y. · P,-clA and P,-intA will respectively star d for 
closure and interior of a subset A of X with respect to the topology Р; on X, for i = 1 or 2. 
Similarly tha notations О,-сІВ and Q,-intB are defined. We make the convention that in 
any sentence where the suffixes i & j both appear it is understood that i, | = 1, 2 and i =]. 


2. .Weakly Continuous Multitunctions Between Bitopological Spaces 
Definition 2.1 Let (X, P, P,) aud (Y, Q, О, be two bitopotogical spaces and F: 
X — Y be a multifunction. Then 
(a) the upper inverse F* (G) and lower inverse F- (G) of a subset G of Y 
. under F are defined by 
Ft (б) = {xe X: F(x) CG}, Е- (6) = fxe XK: Р(х) Пб # gf, 
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(b) The multivalued :graph function Gg of F is defined to be the function from 

(X. P4, Ps) to (X x Y; P, x Q,, P; x Qe) given by Ge (x) = { (x, y): ye F (х) } 
forx eX ; by R, we shall denote the product topology P, x О, (fori = 1, 2) 
on the product space X x Y. 

Definition 2.2 Let F : (X, P,, Pa) > (Y, Qy Q;) be a multifunction. 

(a) Fis called О, (P,Q,)-upper weakly continuous (u.w.c.-in short) if for each 

22 point хоє X and each Q,-open set V with F(x,)CV, there exists а P,-open 
neighbourhood (henceforth nbd., in short) U of x, such that F(x)CO,-clV, 
for all x e U, i, j2 1, 2 and ij. 

(b) Е is called Q;(P,Q,)-lower weakly continuous (l.w с.-іп shart) if for each 
point xye X and each Q;-open set V with F(x) ПУ = @, there exists a P,-open 
nbd. U of x, such that F(x)MQ,-cl V Æ ø, for every xe U (i.j=1,2 and 
iz j). 

(c) Fis called pairwise u.w.c. (pairwise l.w.c) if Е is Q,(P,Q,)-u.w.c. (lw.c.) 

os and O,(P,Q;)-u.w.c (1. w. c.). 

(d) Fs called pairwise weakly continuous if F is pairwise u,w.c. as well as 
pairwise l.w.c. 

Theorem 2.3 A multifunction F: X — Y is Q(P,Oj-u.w.c. iff its graph function 
Ср: X—(X x Y, Ri, Re), where R,— P, x О, (fori- 1, 2j, is R,(PiR,)-u.w.c.,for i,j=1,2 and 
iz j. 

Proof Suppose F is О, (P,Qj)-u.w.c. and Xe x be arbitrary. Let W be a R,-open 
set with С р(х) СМ. Then Gg (xi c Ux МСМ, where Ue P, and Ve О, so that F(X;,)CV«O,. 
Since F is О, (P,Q))-u.w.c , there exists a p,-open nbd. U' of xo with U’CU such that F(U’) 
CO,.clV Then Gg (U') -U' x F(U)CU x Q-clVCR,-cl (UxV)CR,cd! W. Hence Gp is 

_R,(P,R;)-u.s.c. conversely, let Gp be R,(P,Rj)-u.s.c. and let xe x be arbitrary. If Ve О, with 
F(xj)CV, then G (х) СХ x МВ, and hence by hypothesis, there exists a Р,-ореп nbd. U 
of x, such that G.(U)C  Recl (X x V)=% x О,-сі V. That means U x F(U)CX x Q,-cl 
V so that F(U)C Q,-cl V and hence F is О, (P,Q,)-u.w.c. 


Corollary 2.4 Е : X — Y is pairwise u.w.c. iff its graph function Gy is so. 


Theorem 2.5 A multifunction Е: X — Y is О, (P,Q,)-l.w c. iff its graph function Gg : X 
(X x Y, Ry, Re) is В, (PRy-Lw.c.. for i, j2 1, 2 and iz j. 

Proof. Let Е bo О, (Р,0,)-1.м.с. and:x, є X be arbitrary, If We Ry with G(x) NW = Ø, 
then there exist Ue P,, Ve О, such that О x VCW and F(x,.)QV z ø. By hypothesis, 
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there exists a Р,-ореп nbd. U of x, such that F(x)f10,-cl V 44g, forall xe U. Now, 
G(x) Rel (UxV) = ххх) П Ryel (UxV) = [ {x}xF(x) IN [P,-clUxd,-clV] Æ ø. for all 
xeU so that G(x) Вс! W 5 ø, for all хє0 anc hence Gg is В, (P,R,)-l.w.c, Conversely; 
let Ve Q, such that F(x) NV z @. Now Gzg(xy()(X x У) 4G, where X x VR. Since 
Gris В, (Р,В,) l.w.c. there is P,-open nbd, U of х, such that Gp (x)MRy-cl (X x V) 5 0, 
for all xeU, i.e., [{х} x Fo9IQY[Pec! X x Q-cl V] z ø, so that F(x)NMQ,-clV z ø, for all 
хє U. Hence F is О, (P,Q,)-l.w.c. 

Corollary 2.6 Е: ХҮ is pairwise l.w.c. iff its graph function бу is so. 

From Corollaiies 2.4 and 2 6 we obtain— 


Corollary 2.7 A multifunction Ё: X + Y is pairwise weakly continuous iff the multi- 
valued graph function Gg of F is pairwise weakly continuous. 


Theorem 2.8 If a multifunction Е: XY is О, (P,Q,)-u.w.c. then Р,-сі [F-(V)]C F- 
(Q,-cl V), for every O,-open set V. 

Proof. Suppose x&cF-(Q-cl V), where VeQ; Then Е(х)СҮ— О,-сІМО,. Since Е is 
О, (P,Q,)-u.w.c.. there exists a Р,-ореп nbd. U of x such that F(U)CQ,-cl (Y—Q,-cl V). 
Then F(U)MV=g@, since V is Q,-open so that UMF-(V)=g. Hence x¢P,-cl [Fz(V)]. 

Theorem 2.9 If a multifunction Е: X — Y is Q,(P,Q,)-l.w.c., then P.cl[F«(V)] CFt 
(Q,cl V), for every Q,-open set V. 


А Proof.' Let x@F*(Q,-clV), where Ve Q, Then F(x)& Q,-cl V so that Fix) (Ү— Q,-clV) 
Æ Ø. Since Fis Q,(P,Oj)-lw.c., there exists a Р,-ореп nbd. U of x such that Ех) п 
Q,-cl (Y—O,-cl V) z ø, for all x'eU. Then Р(х”) М, fcr all x’ «О, ѕіпсеМпО,-сі(Ү—О,-сМ) —g. 
Then ОПЕМ) 29, where xe Ue Py. Hence xeP,-cl F*(V). 

We know that the continuity of multifunctions between topological spaces is 
defined by the introduction of two associated concepts viz. lower semi-continuity and 
upper semi-continuiy. Analogously we ‘define the notion of pairwise continuity of 
multifunctions between bitopological spaces as follows. 

Definition 2.10 A multifunction F : X — Y is said to be 
(a) O,(P,)-lower semi-continuous (ls.c-in short) if for each point x; of X and 
every Q,-open set V in Y with F(x) ПУ 52 9, there isa P,-open nbd. U of 
Xo Such that Е(х) ПМ = @, for all x of U (i=1, 2). 
(b) О(Р,)-иррег semi-continuous (u.s.c -in short) if for each point x, of X and 
every Q,-open set V in Y with Е, х) СҮ, there is a Р,-ореп nbd. U of x 
such that F(U)CV (i=1, 2), 
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(c) pairwise I.s.c, (u.s.c.) if F is Q,(P,)-l.s.c. (u.s.c.) as well as Q,(P2)-I.s.c. 
(u.s.c.), 
(d) pairwise continuous if F is pairwise 1.5.с. and pairwise u.s.c. 
It is clear that every pairwise l.s.c. (u.s.c., continuous) multifunction is pairwise 
I. w.c. (respectively u.w.c., weakly continuous). In order to investigate for the converse 
problem we require the following definitions. 

Definition 211 [4] A space (X, P,, P,) is called P, (P,)-regular if for each x in X and 
each P,-closed set V with xg V, there is a Popen set U and a P,-open set W disjoint 
from U such that xc U and Vc W, where, as before, i, j— 1, 2 and i Æj, X is called 
pairwise regular iff it is Р, (P,)-regular and Р, (P,)-regular. 


Definition 2.12 A set A of a bitopologicál space (X, P, Р,) is called strictly P, (Pj) 
-paracompact iff every cover yY of A with Р,-ореп sets һаѕ а refinement eB with P,-open 
sets, which cover A and 6B is Py locally finite, i,e. for each point x of X there is 


а popen nbd. U of x intersecting at most finitely many elements of SB. A is called 
strictly pairwise paracompact if it is strictly P, (P,)-as well as P, (P,)-paracompact.. 

Theorem 2.13 If a multifunction F : X — Y is О, (P, Q,)-l.w.c. and Y is О, (Q,)-regular, 
then Е is О, (P.-l.s,c. 

Proof: Letx,« X be arbitrary and V be a O.open set with F(x) N V == ø. Let 
ye F(x) MV. Since Y is О, (Qy-regular. and y e V eQ, there exists D є О, such that 
ye Dc Qccl ОСУ. Now since D «О, and ye Е (x) N D, there exists Р,-ореп nbd. 
U of x, such that F (x) N Q-cl D z ø, for all xe U. Then F(x) П V z 0, for állx eU 
and hence Е is Q; (P, )-l. s. .c. 

Corollary 2.14 For a multifunction F from a bitopological space їо а pairwise regular 
space the concepts of pairwise lower weak continuity and pairwise lower semi-continuity 
coincide. 

Theorem 2.15 Let (Y , Qı . Q,) Бе О, (Q,)—regular and for each xe X, Е (x) is strictly 
О, (Q)-paracompact, where F : ХҮ is О, (P, О))- u.w.c. Then Е is О, (P)-u.s.c. 

Proof. Being similar to that of Theorem 3.9 of [9] is omitted. 

Corollary 2.16 Fora multifunction Е from a bitopological ‘space X to a pairwise 
tegular space the concepts of pairwise upper weak continuity. and pairwise upper 
semicontinuity ‘coincide, provi ‘ed F (x) is strictly pairwisé paracompact for each x of X. 
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3." WEAKLY CONTINUOUS AND S. ALMOST CONTINUOUS: MULTIFUNCTIONS 
M.K. Singal and A.R. Singal [13] initiated the study of almost continuous single- 
valued function between topological spaces. The concept was generalized to multivalued 
case and that too between bitopologicel spaces by us in [9]. lt is the purpose of this 
section to correlate the concept with that of weakly continuous multifunction иней їп 
the last section. | j 
Definition 3.1 [9] For a multifunction Е: (X, Р, ‚ Р) > (Ү, О, О) we define 
аз foliows. | | | | 
(i) Fis Q (P, Qj)-upper almost continuous in the sense of Singal ‘and Singal 
(abbreviated as О, (P, Q,)-S.u.a.c.) if for each х, of X and each Q.openset V "with 
Е (хо) CV, there exists a P,-open nbd. of x, such that F (x) CQ. int (Q,-cl V). for all x e U. 
(ii) F is called О, (Р, Q,)-lower almost continuous in the sense of Singal and 
Singal (abbreviated as Q, (P, Q,)-S.l.a.c ) if for each х, of X and ea:h Q,-open set ү with 
F(x) ПУ # 0, there 18-а P,-open set U containing x, such that F(x) П [ Q.-int 
(Qy-cl V) ] 3 gØ, for all x e U. 
(iii) F is called pairwise S 1.а.с. (S.u.a.c.) if F is Q, (P, 0,)-5.1.а с. (S.u.ac) as 
well as Qa (Р. Q;)-S. l.a.c. (S u.a.c.). І 
(iv) Е is called pairwise S. almost continuous if Е is pairwise 5.1.а.с апа pairwise 
S.u.a.c.. 
It is obvious that 
Theorem 3.2 ҤЕ: xoYi is a multifunction, then 
(a) Fis Q, (P, Q,)-S.u.a.c. (pairwise S.u.a c.) 
=> F is О, (P; Oj)-u.w.c. (Pairwise u.w.c.) 
(b) -F is О, (Pr Qj)-S.l.a.c. (pairwise S.1.a.c.) 
=> Fis О, (Р, Q,)-l.wc. (pairwise l.w.c ) 
(c) F is pairwise S. almost continuous = F is pairwise weakly continuous, 
Definition 3.3 Let F : X —Y be a multifunction. 
(a) Fis called P, (Q,)-open, if for each P,-open set U, Е (U) is O,-open (i—1 or 21, 
F is called pairwise open if it is P, (Q,)-open and P, (Q,)eopen. ' 
(b) Е is called P,(Q,)-point open if for each Р,-ореп set-U, Е (x) is Q,-open, 
for all x eU (i,j=1,2; iz j) Е is called pairwise point open if it is P, 
(О,)-аѕ well as Р, (Q,)-point open. 
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Theorem 3.4 If a multifunction F : X — 'Y is О, (P,:0,)-u.w.c. and Р, (Q,)-open, then 
' FisQ, (Р, Q,)-S,u.a.c. 

Proof. Let x, « X be taken arbitrarily and let V be a Q,-open set such that Е (x) C V. 
Then there exists а P,open nbd. U of x, such that F(U) C O,-cl V. Since Р is’ P, 
(Qj)-open, F (U) C Q,-int (O,cl V) and hence F is О, (P, Qj-S.u.a.c. 

Corollary 3.5 For a pairwise open multifunction.’ the concepts of pairwise S upper 
almost continuity and pairwise upper weak continuity coincide. 

Theorem 3.6 lf a multifunction F : X — Y is О; (P; Og-l.w.c. and P, (O,)-point open, 
then F is О, (Р, Q,)-S.l.a.c. | 

Proof. Let xy « X be arbitrary and V є О, such that Е (xj) П V = #. Then there is a 
Р,-ореп nbd. U of x, such that Е (x) П Q,-cl V = p, for alix eU. Now for each x«U, 
since F (x) is Q,-open, we must have F eon Qvint (Qjcl V) 5 Ø. for all x «eU. In fact, 
if for some x e U, Е (х) N Q«int (Ос! V)=@, then since Е (x) N Q,-cl V 4 à there must 
exist y є F (x) such that ye Q,-cl V but yc Q,-int (Q,-cl V). Then Е (x) is a Q-open nbd. 
ofy and hence Е (х) П V 4, so that Е (х) П Q-int (Ос! V) # ф, as VCQ,-int 
(Q,-cl V)-a contradiction. 

Hence Е is О, (P, Qj)-S.l.a.c. 

Corollary 3.7 For a pairwise point-open multifunction Е: Х —> Y, the concepts of 
Pairwise S.l.a.c. and pairwise l.w.c. coincide. 

The following theorem gives alternative conditions under which pairwise upper 
and lower weekly continuous muitifunctions may be identical with pairwise S. upper 
and S. lower almost continuous functions respectively. 

Theorem 3.8 Let F bea multifunction from X to a pairwise regular space Y. Then. 

(1) Fis pairwise l.w,c. iff F is pairwise 5.1.а.с. | 
` (d) Fis pairwise u.w.c. iff F is pairwise S u.a.c., provided Е (x) is pairwise 


a 


strictly paracompact for each x of X. 


Proof, Follows from Corollaries 2.14 and 2.16, and the fact that every pairwise lower 


(upper) semi-continuous function is pairwise S.l.a.c. (S.u.a.c.) 


4. WEAKLY CONTINUOUS AND H. ALMOST CONTINUOUS MULTIFUNCTIONS 
A new class of non-continuous single valued maps under the terminology ‘almost 
continuous functions’ was introduced by T. Husain [3]. Husain’s almost continuity is 
seen to be independent of that of Singal and Singal [13]. This section is devoted to the 
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introduction: of an extended: form of Lrusain's. almost continuity for multifunctions іп a more 
generalized setting of bitopological spaces. Such a multifunction is characterized and 
studied briefly and its behaviour with regard to weakly continuous and 5. almost 
continuous multifunctions has been investigated. 


Definition 4.1 For a multifunction Е: X—Y we define as follows. 
(i) Fis О, (P, Р,)-иррег almost continuous in the sense of Husain (О, (P, Р,)- 
H.u.a.c. - in short) if for each xo of X and each Q,-open set V with Е (xy) CV, P,-cl Ft (V) 
is a Py-nbd. of xy. 
(ii) FisQ, (P, P,)-lower almost continuous in the sense of Husain (О, (P, Р,)- 
Н l.a.c. -in short) if. for each x, of X and each Q,-open set V with Е (Xo) ПУ = 0, 
P,-cl Е-(М) is a Р,-пра. of xo. ` 
(iii) Е is called pairwise H.la.c. (H.u.ac.) if Е is О, (Py Р,)-Нл.г.с. (H u.a.c.) 
as wellas О, (P, P,)-H.l.a.c. (H.u.a,c ). Е is called. pairwise H.a.c. if Е is pairwise 
,Hla.c. and pairwise H.u.a.c. | 
Theorem 4.2 Let F : ХҮ be a multifunction. Then 

(a) Fis О, (P, Py)-H.u.a.c. iff F} (V) C Peint [P,-cl Ft (V)], for every Q,- open 
set V. | 

(b) Fis Q, (P, P)-H.l.a.c. iff F-(V)C Pint [P;-cl F- (V)]. for every Q,-open 
set V. 

Proof. 

(a) Let F be Q, (P, Pj)-H.u.a.c. апа х є Ff (№). then F(x) CVeu, Then P,-cl 
F+ (М) isa P,-nbd. of x, so that x e P,-int (P,-clF* (V)). Conversely, for any 
x, of X and a Q,-open set V with F (хо) C V, we have x, « Ft (V) c P,-int 
(P,-cl Ft (V)). 

Thus P,-cl Ft (V) is a P,-nbd of x,. 

(b) Let Е be О, (P, P)-H.L.a.c. апа xeF^(V) Then Е (x) n V £g. Then 
there exists Р,-ореп set U such that xe U C P,-cl F- (У) and hence х єР,- 
int [P;-cl F-(V) ]. ; 

Conversely, xy e X and F(x) y V z, whereV eQ, => x) € ЕТ (V) CP, int 
‚ [Peel F^ (М) c P,-cl F7 (V) 
Theorem 4.3 A multifunction F : (X, P, P(Y, Q.. Q2) is О, (P; Pj)-H.uac. (Н La.c.) 
if the graph function Gg : Xo(X x Y, R,,R;) is В, (P, P,)-H.u.a.c (H.l.a,c), where 
Ry=Px x Ох. (for K=1, 2). 
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Proof. First let Gp be R, (P, P,)-H.u.a.c. and let x є X be arbitrary. Suppose V eQ; 
such that F(x) œ V. Now X x V e R, such that Gp (x) C X xV. Then P,-cl [Gg* (X x V)] 
is a P,-nbd. of x. Now, G+ (X x V) -ÍxeX: F(x) C VE=FF (V. Thus Pci (F*(V)) 
is a Py-nbd. of x and hence F is О; (P, P;)-H.u.a.c. 

Next, let Gg be В, (P, Pj)-H.La.c. and х є Х be arbitrary. If V is any Q,-open set 
with F (x) n V Æ @ then Ge (x) п (Xx V) = g, whereX x VeR, Hence there exists a 
Р,-ореп nbd. U of x such that xe U CP,-cl [Gg(X x V)]. But Gz(X x V)={xe X: 
F (x) n V 5 03 = F- (V) and then Е is О, (P; Р,)-Н.1.а.с. 

Corollary 4.4 A multifunction Е is pairwise H.u.a.c. or pairwise H.l.a.c. or pai wise Н. 
almost continuous if its graph function Gp is respectively so. 

It can be easily seen that weak continuity and H. almost continuity of a multi- 
function between bitopological spaces are independent notions. In fact, they are also 
so even for single-valued case. We shall now derive conditions under which they can 
be correlated. 


Definition 4.5 A multifunction F 3 X—Y is called 
(i) О, (P, О,)-иррег almost open (u.a.o., in short) if 
F+ (Q,-clV) C (P;-cl (Ft (G) ). for every V є О, 
(ii) О, (P, Q)-lower almost open (l.a.o., in short) if 
F- (Q,-clV) G P,-cl (F^ (V) ), for every V e О, 
(iii) pairwise u.a.o. (l.a.o.) if F is О, (Р, Q,)-u.a.o. (l.a.o.) and О, (P, O;)-u.a.o. 
(l.a.0.). 


(iv) pairwise almost open if it is pairwise u.a.o. as well as pairwise l.a.o. 


Theorem 4.6 A multifunction F3 X—Y, which is О, (P,Q,)-u.w.c. and О, (P,Oj-u,a.o., 
is Q, (P,P,)-H.u.a.c. 


Proof. Let x є X be arbitrary and Ve О, such that F (х) cV. Since Е is О, (P,Oj-u.wc, 
there exists a P,-open nbd U of x such that F (U) c О,-сі У. It then follows that 
Uc Ft (Q,-clV) cP,-cl (Ft (V) ) (since Fis О, (P,Oj-ua.o.). Thus P,-cl (Ft (V)) is a 
P,-nbd. of x and Е is О, (P,P,)-H.u.a c. 

Corollary 4.7. A pairwise u,a.o. multifunction is pairwise Н.и,а.с. -if it is pairwise 
u.w.C. 


Theorem 4.8. A multifunction Р: X—Y which is О, (P,Oj-l.w.c. and О, (P,0-l.a.o., 
is О, (P,P,)-H.l.a c. 
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Proof. Let x, є X and- Ve Q, such that F(x) n V z ø. Since Е is О, (P,Q,)-l.w.c., 
there exists a P,-open nbd. U of x, such that F (x) п О,-сІ V z ø, for all xe U. Thus 
О cF-(Q,-cl V). Again, since F is О, (P,Q,)-l.a.o., we have x, « U cF-(Orcl V) c Ру-с! 
(F-(V) ). Thus P,-cl (FZ (V) ) is a P,-nbd. of x, and F is О, (P,Pj)-H.l a.c. 

Coroliary 4.9- А pairwise l.a.o. multifunction is pairwise H.l.a.c. if it is pairwise l.w.c. 
From Corollaries 4.7 and 4.9 we immediately have. 

Corollary 4.10 A pairwise almost open and pairwise weakly continuous multifunction 
is pairwise H. almost continuous. 

Theorem 4.11 A О, (P,P,)-H.u.a.c. multifunction Е: X—Y is О, (P,Q,)-u.w.c. if P,-cl 
[F*(V) ] cF* (O,-cl V), for every O,-open set V of Y. 

Proof. Let x « X and V «Q, such that F(x) cV. Since Е is Q, (P,P,)-H.u.a.c., P,-cl 
(Ft (V) ) is a P,-nbd. of x. Then there is a Р,-ореп set U such that xe О cP,-cl APR )c 
F*(Qg-cl V). Thus Е (U) c Q)-cl V and Е is О, (P,Q,)-u.w.c. 

Theorem 4.12 A Q,(P,P,)-H.la.c. multifunction Е: X—Y is О, (P,Q,)-l.w.c. if P,-cl 
[F-(V) JC F-(Q,-cl V), for every Q,-open set V of Y. 

Proof. Let x, «X and У e О, such that F (xj) n V 5 8. Since Е is О, (P, Pj)-H.La.c., 
there exists a P,-open nbd. U of x, such that U C P.cl (Е- (V) ). Using the given 
condition we have x, e U C F- (Orclv). Thus F (x! n Q-cl V > ø, forallxeUand Е is 
О, (Р, Q,)-l.w.c. 

From Theorems 4.11 and 4.12 we now have 

Corollary 4.13 (a) A pairwise H.u.a.c. (H,la.c.) multifunction Е: X—Y is pairwise 
u.w.C. (l.w.c.) if P,-cl [F* (V) ТСЕ} (Qel V) (respectively Р;-сі [F7 (V) ] cF- (Q,-cl V) ), 
for every O,-open set V of Y, where i, j=1 and 2, і + ј. 

(b) A pairwise Н. almost continuous multifunction F : X—Y is pairwise weakly 
continuous if P,-cl (F^ (V) ) C Ft (Q,-cl V) holds for every Q,-open set V of Y 
where i, j==1 and 2, i 4 j ' 

The following theorems, obtained as immediate consequences of certain previously 
deduced results, present connections between S. almost continuity and H. almost 
continuity. 

Theorem 4.14 (а) A multifunction Е: ХҮ which is О, (P, Q,)-S.u.ac. (S.la.c.) and 
О, (P, Qj)-u.a.o. (l.a.o.) is О, (P, P,)-H.u.a.c, (H.l.a.c.) | 

(b) A pairwise u.a,o. (lLao.) and pairwise S.u.a.c. (S а.с.) multifunction is 
pairwise H.u.a.c. (H.l.a.c.) 
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(c) A pairwise almost open and paitwise S. almost continuous function is pair- 
wise H. almost continuous. 


Froof. (a) Follows from Theorems 3.2, 4.6 and 4.8 


(b) Follows from Theorem 3.2 and Corollary 4.7 and 4.9. 
(c) Follows from Theorem 3.2 and Corollary 4.10. 


Theorem 4.15 (а) A P, (Q,) open and О, (P, P,)-H.u.a.c. multifunction F; XY is 
О, (P, 0,)-5.и.а.с. if P,-cl [F+ (V)] C F* (О-о! V), for every O,-open set V of Y. 
(b) A pairwise open. pairwise H.u.a.c. multifunction Е : ХҮ is pairwise S.u.a.c. 


provided P,-cl [F+ [V) ] С F* ( Q,-cl V), for every Q,-open set V of Y, where 
si, j=1 and 2, i z |. 


Proof. (a) Follows from Theorem 3.4 and 4.11. 
(b) A consequence of Corollary 3.5 and 4.13 (a). 
Theorem 4.16 (а) A P, (Q,)-point open and О, (P, P,)-H.l.a.c. multifunction F s ХҮ is 
О, (P, Q)-S.La.c. if Py-cl [Fz (V) ] € F (Q,-Cl V), for every Q,-open set V , of Y. 
(b) A pairwise point open, pairwise H.La.c. multifunction F : XY is pairwise 
S.l.a.c. provided P,-cl [F- (V) ] € F- (Q,-cl V), for every Q,-open set У ої Y, 
where i, jz 1 and 2, i == |. і 
Proof. (a) isa direct consequence of Theorem 3.6 and 4.12, whereas (b) follows 
immediately from Corollary 3.7 and 4.13 (b). 
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ON THE MAXIMUM TERMS OF THE DERIVATIVES OF ENTIRE 
FUNCTIONS IN SEVERAL COMPLEX VARIABLES REPRESENTED 


BY MULTIPLE DIRICHLET SERIES. 


B. C. Chakraborty and Md. Muklesur Rahman 


Abstract : A family F of entire functions in several complex variables represented by 
a multiple Dirichlet series has been considered. Hadamard multiplication and the concept 


of rank of a maximum term of any function f, e F have been introduced. Partial derivativos 
ofany order of two different functions are considered and a few inequalities involving 


their maximum terms ani ranks have been obtained in R^, real n-space. After removing 
the set of discontinuities of the rank from А”, the special forms and the consequences of 
the above inequalities are also obtained. 


1. 


Notations : We denote complex and real n-space by Сз and R” respectively and the 
set of non-negative integers by І, so that I^ will denote the Cartesian product of n 
copies of 1. We indicate the points ( s,,...... Sa Do o, ..--- ‚о ), ( m,...... m, ) etc. of C^ 
or Вл by their corresponding unsuffixed symbols s, c, m respectively and make use of 


. the standard notations of the single variable which are easy to understand from the 


context. 


Fors, w є C^ and « «C where S= ( s,,...... „За ), W= Wises ) 


we define 


i ) s=W iff $,— Wi, izl,....,n 


ii) s-Fws (8s,-rw,...... So - ), 


ill) «8-(«S,....- ,< Sa) 


iv) S.W—S,W;-...-- S. Wn 


V) да SÉ si Hunt Lsa 1 1 


Fora e R, ѕ є Сз, 
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vi) s-a- ( 5,-Ьа,...... S,+a ) 

Also for x,y e R^, we “у that 

vii) x«y iff x, < y, i = Two , ; TEE. 
viii) x< yiffx < y but xży 


ix) x<< yiff x, y, bl,.....,n. 

The positive hyperoctant R*, in Rx will be" 

А" + siki x e R?, X, 20, = А n}. коре R”, 

We set | t | Tes +ta and for m є I”, т! =my.. mal. Lx 


Also for s e C^, te R^, we shall denote IK а by 
d ' * 1 7 Sa iLi Я i E А 
4 0 m Y = Das . | 
st, ( T j^ 1 even if s=0). Fork € R, K will denote the real n-tuple (k,.....,K ). For-an 
S (к! aC Е 
“йг i 


entire function f with domain Сл, f* will denote the function P ka where k є |. апа 
i 7808.285 ө 


ч - . ' ? " r 
a 2 Й 


ft 

. ae E , 1 Ң Я a ; 

. An unorthodox notation : In the definition of a multiple Dirichlet series we taken 
Do EE * , t 


id 


, 
m - 


: ` со : 5 " 
SERE bas \ Don pede: n of exponents. , . "m 
j D 


€ ted à Bi Е 
We shall often require the n-tuple ( 3. aia Vel е Ме, ) of those sequences. ‘For’ ‘brevity we 


denote this n-tuple by ( Жаш ). Also, fora particular set of values of m, ,. У ‚ say 
р = (Pi ,.-....ра), the n-tuple CO rm ‚м ) will be denoted by (A,,).: Thus, 
n 


S. (А ) will mean 51 Am quor 99 пт 
pote n 


nm, 


2. We consider an entire function in С^ represented by the multiple Dirichlet series 
со 


f(5,....9,) = X аһ ОТА "а exp ( Sm ves + S,Àm, ) 


m,..... Qm X Q8 
i. e. 


со 
(2. 1) f (8) = Zan ехр{ s. (am )} , where 
m-l : " 
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оо 
m = 1 


are n sequences of exponents satisfying the conditions 


(2.2) O< л knee. O9 asko, for jo. n. Throughout we 
tacitly assume that 


(4.3) ; іт Jog my _ g =! 


A. 1. Janusauskas [ 2] had shown that if (.2. 3) holds then the domain of 
convergence of the series ( 2. 1 ) coincides with its domain of absolute conver- 


gence. 
Let F be the family of all entire functions represented by a series of the form 


eo 
4. 02.1) having the same sequences of exponents la. \ ‚(1,6 ) 
E ! m = | 
1 
p 


and satisfying the condition (2.2 ): 
(c For fy, f, e Е, we define f = f, * fẹ by 


© 
(2.4) f(s) =f,(s)*f,(s)= Е an On exp T Osa, where 
Е m= ‚ 


) 


o 
(2 5) fi(s) = 2 an eko | S. (dam | and 


„©О Ga а as i 
(2.6) f.) = Z baexp { s. Os) ] 
mre n s 


Throughout this paper f will denote the product function f; * fa as given in ( 244 ), 
Theorem 1. The function f, as defined by ( 2.4 ), belongs to F. 


со - 
Proof: Since (2.5 ) іѕ entire, the series 2 | a, | exp i5 ( Ма s convergent 
4 бє Ж m= .^ t 


5 + со 
for all c є Вз. In particular, it is convergent atc = o, so that. |a, | is 


convergent, Thus, lim [а | =0 and hence the n-sequence у | am | \ is 
| m || +00 g | { ў } 


со 
bounded. Also the series 2 | bm | | с. (А 2 is Convergent’ for all с є В» 


m=1 
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© 
and consequently 2 | Pm | 16. | exp { с. (№) ү is convergent for all o < Ах 
pus " n 


с a 
which implies X e bm exp b Cua } is absolutely convergent for all s є C^. 
m- M. i : 


Hence ( 2.4 ) represents an entire function and fe F. 
3. Corresponding to any fie F we define the functions: the maximum modulus 
М (о, fı), the maximum term p (о, f, ) and the indices у, (о, f, ) of the maximum 


term p (o, f, ), (j = 1,...... n) On R? by M( o,f, ) = max |[#(5) 1, 
А Re s = ọ 


, fi) = max f | an | ехр јо. ( А y 
ilm oe G » 
»(co,f,)- max [ т: | am | exp fie ма Эу = Co hi = 1, niei ,n. 


We call» = v ( ofi) —(n,..... va ) as the rank of the maximum term 4 (o, f, ). It is 
shown in theorem | that tne series ( 2.4 ) belongs tof. Consequently, for К є I^, 


k с k k 
{к (6) = (f (в) * Ыз)) =Z (Aa )ка, bm exp ( S. Aam ) | and f (s) = Ё, (s) * f, (s) 
т] n n % 


© 
=F (Àm ) * än Da oxo S. (Anm } are also elements of Е. 
m-l n n 


| k 
Let M( о, К), М* ( о, К) be the maximum modulii of f* and f respectively and their 
* ! 


respective maximum terms be denoted by p ( c, k) and p* (с, К). Then, 


pB(Co,kK)z max [ (Am )& âm Б. | exp fo- Con p 
mela n n 

ре (о, К) = max [ (А. )* | an ba | exp [902 »t 
. m «cl? n $ E 


Also let » = и (о, К), and y* = руж (о, К), j=l, ......, n, be the indices of p ( c. К) 
and 4* (о, К) respectively and v e v ( о, К) = (n ,... v) v* SF (o, К) = 
(vp * ..... а? ) be their respective ranks. 


Theorem 2. For о <с << бапак є 1°, 


k 1 M* (2,0) 


M (o, k) < 1—07 
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Proof: By Cauchy's integral formula 











Iki f(s 
p adhi ndo o den 

ki k, ( 27i)” (w-s) n - 
99, ...... 05, 0 
where С=С, х.. x Сб: [w-s:| =&-o,i = d... п. 

ҮК Е 
Непсе, a f (s) E k: M(Z О) 
k Ka p (5-с) 
д5 ......... ГИ 


Since M(c, O) = М* (о, О ) for all o e R”, the theorem follows. 


Theorem 3. For any с є Аз and К є I», 


k 
CS a ELEL «Ost y, 


where р = (D,.....,p, )isa position of occurrence of џи ( с, К) and »*( о, К) is th 
rank of u* ( c, К). 


Proof: Let u(o,k) occur at a position p=( p,...... ; Pa ) and &* ( о, К) occur a 


* * 
p* =( р„......р„). Then, 
p Co, К) S (Aa )* | a, b, | exp { o (As, )] 


— gt (о К) 


> (Аж )* | Ape Dos | eel с. (A nox | Oo Y 
np 


Hence BEL шла * Evidentl * D 22 h 
теа э apx )*, Evidently рж < y*. Due to ( 2.2) we have, 


* k 
en EG < („у 


Again, u* ( o,k) =( Аар» ye ар b,* | exp te (Gaps ) \ 
=> (А) [а by | exp { о. №) } = ( № ) & (o, К). Hence, 


Я p* Co, К) 
(3. 2) (А) < и (о, К) 


Combining ( 3.1 ) and ( 3.2 ) the theorem follows. 
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Theorem 4: For any k 20 ande є R, 


Nia uie ü ‚К 
nm X E x MI x А», mIIE Алу, 


where q = ( qp ...... d.) is a position of occurrence of u( c, k-1) and » = 
( vy, +. ) is the rank of u (о, К), 


Proof: Letu (œ, К ) occur at p = (p, ....- Ра). Then, 
и( о, kel) = (Ang ) К?! | aa b, | exp {= . (А )\ 


" k) > 
> (А ) j apb, | exp f о. (А) \ = Hen, Hence, 
z др p Jp { } Е zum 


Ip 
— 1 


(39.3) (о, К) 
u (о, Kd) ^ 


Again (о, К) > (Аа) * | aq bg | ы о. sa) 


= Agi +++ Ang, ( о, k-i ) . Hence, 


Apt «Лр E . „Азра 





‚К К 
(3.4) Agqr-+-Anan e ai) ; combining (3. 3) and (3.4) the theorem follows, 
Theorem 5. For any К> О and о e Аз, 


Alar” Anan” «UR 


Am Ата, 


where. q* = (9 iiiv. F Gn) is a position of occurrence of u* ( c, k-1 ) and »* = 
( n*...... , vy* ) is the rank of u* ( o, к). 
Proof: The proof is exactly similar to that of theorem 4. 

4. For апу f, є Е, let D be the set of all discontinuities of v in Аз, where v = ( »,...... Va) 
is the rank of the maximum term и ( c, fj). Also let S denote the set of all c є R? 
at which и ( o, f, ) is attained by more than one term of the series 


n 2 | an | exp { 7. (amp) }- 


m=l 
R. K, Das [1] had shown that D and S are identical. (A similar result for entire 
functions represented by multiple power series was proved by J. G. Krishna [3]). 


Hence fore є R?-D, u ( с, f, ) is attained by only one term of the series (4. 1) and 
the position of that term is y = ( и ,..., vr): 
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Hence in sucha case, the theorems 3,4 and 5 will take the following forms in 
theorems 6, 7 and 8 respectively. 
Theorem 6. For any с є R®- О апак ef, 


u* (c, k) 
(4. 2) (Aw) < p (sky aw) 





where у and »* are the ranks of u and u* respectively and D is the set of all discon- 
tinuities of v ( c,k ) in В», 


Theorem 7. For any с є В - D, andk>>O, 
К) 
(4.3) ъи (о, k-l ) vee An Vn ( о, К-Ї ) <E RETE vy ( с, k ) sn Vn ( б, k ) 
where D, is the set of all discontinuities of » ( c, k-1) . 
Corollaries : For any с є R»-D, , 


i) Ал (о, б) Aava (o, O) € Am (o, Т)... vn (e, 1) ...) <... 


fi) z(e g (2) <... 
щ о, б) u (0,1) 


iil) Putting k=], 2 ,...... , p successively in ( 4.3) and multiplying the resulting p 


inequalities and using (i) we have, 


PONE 4 
и (ору ° 2 " 
< Ам (о, р) А, va (о, р). 


àr ( о, О )...Алу„ (о, б) < { vet 6) 


Theorem 8. For апу с є R®- D; and k 20 
* * (р (ok) u * * 
(4. 4) Алу (о, КУА va (o, КТ) <) и (o, КГ) < Ат (о k) Àn (о, К) 

where р, is the set of all discontinuities of y* (о, k-1) . 
Corollaries: For any с є R»-D; 

: * = * РЕ ж ж t 

i) № (0,0) "Лу, (0,0) < àm ( o ) e Anlo 1) <... 

ii) a*(o, Т) < E2) <.. 


и* (о, б) и* (о, Т) 
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1 
u*(o,p)V2p — 


ii) e 
u* ( с, О ) on A uh o, p js 


м» (о, 0) "Xx va (аб) © { 


* T 
Àn Yn ( 9, p ) 
Theorem 9. Еогапу сє В - DUD, and Kel (к> О), ^ 


1 и* (o, k) \ eat 


An Co KE) AC EO) © | rcu 


* 
Awv(o,k) 


ES ` 


Xs ње (о, К), 
where D is the set of all dicontinuities of y ( о, К jand D, is the set of ali disconti- 


nuities of y ( c, k-I ) . 5 z 
Proof : From (4.2), using (4.3), we have 


u* (о, К) € « (o, К) (Ау ( о, ox 


< р (о, Kl) A n(o, К) Ау (о, K ) CA (о, K)) 
Hence, 


(4.5) и (оК) M ae _ К 
E < n(o,K''"Av(o,K)(Av»*(o, К) 
и (о, k-) : 


CHA = k 
Again, from (4.2), p*(ak) 2 р (о, К) (А v(o,K) >p (о, K-1)* 


| К 
Ayia, К). An vs (о. Kl) (А, У (o, К) 
Непсе, 


(4. 6) ар > А (о, KL) "Av (o Kl) (Ау (о, К). 
и (о, К- 


From ( 4.5 ) and ( 4.6 ), using ( 4.2 ) and the Corollary (i) of theorem 7, the result 
follows. The second author wishes to express his gratitude to the "Govt. of India" 
for awarding him a scholarship. 
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А NOTE ON PAIRWISE SEMIOPEN SETS IN A SUBSPACE 
OF A BITOPOLOGICAL SPACE 


M. N. MUKHERJEE 


ABSTRACT In this paper, pairwise ,semiopen.and semiclosed sets and their different 
properties, especially with regard tó subspaces. of a мыр space, have been 


© 


studied: 


Norman Levine [2] introduced semiopen and semiclosed sets in БИТИР 
space and investigated some of their properties. This paved the'way for a very wide 
research in this direction. The corresponding notions were: introduced in the more genera- 
lized and richer structure.of bitopofogical paces by S. Bose. [1]., it.'is the purpose of 
this paper to make a further study of the concepts of pairwise semiopen, semiclosed sets 
and pairwise semiclosure, and semiiriterior ‘of sets’ of a bitopological space with special 
reference to subspaces. Such a study turns out to be of immense help and sometimes 
indispensible when study of certain, semitopological concepts e.g semiconnectedness in 
bitopological Spice; $ aed out in terms of subspace topology. To make the expo- 
sitions self-contained as far as practicable, we quote a few definitions and results from 
[1] as follows БУД Ж; eli Ta) or simply by-X we shall mean a bitopological space, ` ` 
A subset A of-( X; BRT} Wil be called (1,2)- semiopehi- [1] -in X, written as ( 1,2 )- 
SO(X), if. there exi8ts''a 5f. open set B such that BCAC Т,-сІВ (T,-clB denotes 
the T,-closure of В in Xe) viSimilarly; sets which are ( 2, 1 )-semiopen in X are defined. A 
( CX) is called ( i i, ] -semiclosed“(-in ‘short, (ij) Scl (X)) if -X-A is ij -SO (X ) where 
i, j =1,2 andi + j Тһе,.ѕеіоё all: ‘Subsets that аге (i,j )-semiopen ( semiclosed ) in. X 
will be denoted by (T1, Ti) SO (X) (respectively by ( T,, T, )-SCI ( X)), fori, | =1, 
2 andi * ]. The subset A of Xi is called pairwise semiopen or simply p. s. o. ( pairwise 
semi-closed or simply p. s. cl. ) in X [1] if A is (1, 2)-S0(x) and (2, 1)-50 (X) 


( respectively, ( 1, 2 sci ( X ) and (2, 1)-SCI ( X )). 
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s 


It has been shown in [1] that a set in ( X, T,, T; ) may be semiopen in both 
( X, T, ) and ( X, T, ) but is neither (1, 2)-SO( X) noris (2,1)-SO(X). Also a set 
тау be p,s. o. without being either T, or т, semiopen. Obviously every T,-open 
set in (X, Ti, т») is ijÓ-SO(X) fori, j =1, 2 апа i + j, but the converse is false. 
Though the union of any collection of sets, each of which is ( i, j )}-SO( X ) , is also so, 
the intersection of even two sets that are (i,j )-SO( X), may notbe( i,j )-SO( X) (i, i 
= 1,2 andi Æj). This is seen from the following example. : 


EXAMPLE 1 Let X = (a b, c, d}, T, = fx бда}, {be}, fabe} } and т, 
= x в {a}, {bd}, {ас}, (a b d] } Then (Ty, T4)—SO(9— 


{xo {a}, {b,c}, {a,b,c},{a,c}, {b,c, d} | and ( Te T1)-$009— 


{х Ø {а}, {6,9}, {ac}, {a Ьа}, fad}, {а, р, с}, {а, с, а}, {b,c d} \ 
Now, {b,c}, {a,c} аге (1,2 )—SO( X) but {b,c }M{a,c} = { с} is not so, 
though {b,c} є Ту. Again {a,c,d} and {b,c,d} are (2,1 )-SO( X) but their 
interesection i.e., {c,d} is not (2, 1 )-SO (X ). 

Theorem 1 in a bitopological space (X,T,, Т,) if A is (1,2)-SO(X) and B e T,NT. 
then A П B is (1, 2)-SO(X). 

Proof. There is T,-opensetV such that VC AC T,-clV. Since B is T,-open, 
we have T,-cl V N BC T,-cl (VNB). 

Thus VM BC А П Bc T,-clV N BC Т,-сі (V N BJ. Since V П B is T,-open, 
it now follows that A N B is (1, 2)-SO(X). 

Remark 1. itis clear that in the above theorem if A be (2, 1)-SO(X), then 
А ПВ is also so. 

Definition 1 (а) Let x be a point of (X, T,, Т,). A subset М of X is called a 
(1, 2)-semi-neighbourhood of x [1] in X if thereisa(!1, 2)-SO(X) set B (say) such 
that x e BC N. Similarly, (2, 1)-semi-neighbourhood of x in X is defined. 

Definition 1 (b) Let AC (X, T, Т,). A point x of X is said to be a (1, 2)-semi 
accumulation point of A in X if every (1, 2)-semi-neighbourhood of x intersects A 
in atleast one point other than X. Similar goes the definition of (2, 1)-semi accu- 


mulation point of A in X. 


ns 
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Definition 1 (c) Let AC (X, Ti, Т). The intersection of all (і, j)-SCl (X) Sets, each 


containing A, is called the (i, j)-semi-closure of A in X [1] and is denoted by Ar (T) 
Zr N'I 


where i, j=1,2 and i zz j. 
Therem 2 (Bose [1] Let AC(X, Т, ,Т,). (8) A is(i,j)-SCI(X) If and only 
е TAT) 


(b) х e ArT) if and only if x is either a point of A or a (i, j)-semi accumulation 
point of Ain X. In (а) and (b), i, j=1,2 andi = |. 

From Theorem 2, we have 

Theorem 3 AsetA in (X,T,,T,) is (i, j)-SCI(X) if and only if A contains the 
set of all (i, j)-semi accumulation points of A in X (i, j-1,2 andi £ j), 

Theorem 4 Let YC (X,T,T,, Then a subset U of Y is (1, .2)- SO(Y) 
>U=V N Y, for some (1, 2)-SO(X) set V (here (1, 2)-SO(Y) means U is (1, 2)- 
semiopen in the space (Y, (Т), (T2) y). 


Proof. U(CY) is (1, 2)-SO(Y) 
=>there is a We (Thy such that WC UC(T;)y.clw, 
But, W=ViNY, where У, є T,. 
Now, U=(V,UC U-W) NY and V,U(U-W)cT,-clV,. 
In fact, ОМС U=U п YET) -cIW N Y с T,cIWnY 


=T,cl(ViNY) n YCT,-cl Vi T.-cl ҮПҮС Tecl ViNYCT.-cl V, 
Thus putting V U (U-W)=V we see that U=VNY, 
where V; CVCT»scl V, and Ve Tj, i,e. V is (1, 2)-SO(X). 

Remark 2 Converse of Theorem 4 is false even if Y be Т,-ореп: as is seen from 
the example below. 


Example 2. Consider (X, T,, T,) of Example 1 and Y={ а, c,d}. 
We have (T4), = fY. 0, {a}. {с}, {a,c} \ 


Tay ={ Yet {а}, {d}, tach. tad} } 


(Cm, (тәу) 80) vio, {а}, {с}, (uer) 
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CU. (Ty) SOV) Y. g; {а р, гар, (o ed 2 - 


Now, (b. с, d) « (TuT) —80(Х) but (b, c, d)nY-(c, a«( то, 2.;)-seQ. 
Also, (b, c, d} e (T,Ti) -S0(X) but (b. c, d)nY—(e,d)& ^. ; 

(my тү )—80(ү). 
Again, Z={a, b, d) is T,—open., | | Bae 05 
Then, T= ga, (b), (a, ы} | m | un" "T 


(ics t $, (a), ba}. 
(тә 132—800 = {Z 4. {а}, (Ы), (а, Ы), (b, aj}. 


(ота, (тә„):——80@ = {2, 4, (а), (5.4) fa, 8). 
Now, (a, b, cje (T,,T;) — SO(X), but (a, b, c)nZ 


={a, be ((Ta)z (T).)— S0 (2), though 2:73, | 

Theorem 5 Let YC ( X. Т, Т). A subset Е of Y is (112)—SCI (Y ) = 
F=VNY, for some ( 1, 2 ).—SCI ( X ) set V. i 

Proof. We have Y—F is ( 1,2)—SO( Y), Then by Theorem 4, Y—F—Y[0, 
where О is (1. 2)—SO( X). Then F = Y — (YNO ) = (X—O )nY, where V—(X—0) 
is ( 1, 2)—SC! (X). 

Remark 3 The' converse of Theorem 5 is false even if Y is both T,—closed and 
T,—closed. This is shown in the next example ` 

Example 3 Let (X T,, T, ) be same as in Example |, and let ү! b, c, d |. 


Y is Т, — closed as well as T, — closed. 
We have (T)y-1Y. ф, (b, 9%}, (Т) y= iv ф, (c (b, 9), 
( Ty} (T2)¥ Toa = y ф, {b, с}, }. 


(Ty, (T2 v )- soto ={у, 4, {с}, to. d}, Ф, c} (c. 9). 
Now, (b, d) is (1, 2) —SCI (X), but (b, d)nY —(b, d) is not (1, 2) —SCi(Y), 
although Y is T,--closed and T,— closed. 

From Theorem 5, it immediately follows that 
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Theorem 6 ket AC YC (X Ty Ту), Е 
(а) If x (єҮ) is a (i, j)-semi-accumulation point of A in X then x is also a (i, j)-semi- 
aceumulation point of A in (Y. Ty, (Tog) 


b) A A 
ED ay SF? ту. (тугу 
| 

In (а) and (b) above, i, j—1, 2 and i Æj. 

Remark 4 The reverse inclusion in Theorem 6(b) does not, in general, hold as 
is seen from the next example. i 

Example 4 Consider (X, T,, T;) and Y of Exampla 2. 
Let A—(a) CY. Then 
A ={а, d, A 
S (Uv (aU c ees 


A =A —ía). 
But ~ Ta(Ta) TT.) 


Theorem 7 Let A CY C(X T, T,). IfY«T, then 
A ПУ = А ), where i, j= 1,2 andi = j. 
Т, (T) - (TC ( T з) Y 


(тәү (тәү) 7 9 


Froof. We prove the theorem by taking i= 1 andj —2. Similar will be the proof 
when i — 2 and j — 1. 
Let us put A = 
РР T3 Y (Tay? А 

By virtue of theorem 6, it is enough to show that 
АС Атту NY- where Y «Т. Let x A; and B be (1, 2)-SO(X) such that x e B. Then 
there is a T,-open set 0 such that 0 CB cT,-cl 0. 

Then ONY є Ty and ONY CBnYC T.-cl ONY c (Ta) PONY) (since YeT,),Thus 
B n Y is (1,2)-semi neighbourhood of x in Y. Since x e A,, by Theorem 2 (b) An (BnY)-z6 


and hence А n B f, i.e, x «А T, (Ta) Thus A, c Ат (T and this completes the proof. 


Remark 5 Theorem 7 may not hoid if we replace the hypothesis ^Y e T," by 
^Y єт or by "Y є (Т, Т,)-50 (X). . 

This is verified in the following example. 

Example: 5 We consider (X, T,, Т.) and Z of Example 2. 


LetA—(d)CZ. Then Ay ry) Band (rj ( (1)7) 099 
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Thus Ат, (т,) П А (Ts) of (T,)z). though ze. 


Also Y of Example 2 is (2,11) —SO (X) and if 
A={a} CY, then as shown In Example 4, — ' 


uc) * ^тәү( aav) uA = 
Theorem 8 (Bose [1]) Let ACY C(X,T,T;). ThenA is (Lj)—SO(X)>A is (i])— 
SO(Y), where i,j=1,2 and i Æj. 
Remark 6 Converse of Theorem 8 is false as is shown by the example that follows. | 
Example 6 Consider the bitopological space (ХТ,,Т 2). and the subset Y of Exam- 
ple 2. Then (c) (сҮ) is (1,2)—SO(Y) but is not (1, 2)—S0(X) апа (d) is (2,1)-SO(Y) _ 
but is not (2,1)—SO(X). : 
Theorem 9 Let ACYC(X,T,,T.). If YeT,, then A is (1,2)—SO (Y) if and only if A 
is (1,2)—SO(X). T К 
Proof. Let A be (1,2)-SO(Y). Then there exists |. (T) y. open set O such that 


0cAC (T) y -cl 0. Since Y Is T,-open, we have O «Т, and also OC A c (T2, О 


C Т,-сі 0. Hence A is (1,2)-SO(X). . = 
The other part follows from Theorem 8. 7 
Ветагк 7 It is evident that the indices 1 and 2 can be interchanged in. 


Theorem 9. 
Remark 8 Theorem 9 does not hold, in general, if we replace condition "Y e Т," 
by “Y e T," or by "Y є (1,2)-SO(X)”. ‘This is evident from the next example. | 
Example 7 Let us consider the bitopological space (X,T,, T;) and the subset 
Y of X of, Example 2. We see that. Y є (2,1)-SO(X) but {d} e ( (Tay, (T3)-SO(Y), 


whereas {d} c (Т,,Т,)-50(Х). Again Z of the same Example 2 is T,-open. Now (b) is 
(1,2)-SO(Z) but (b) is not (1,2)-50(Х). E mE | 
Remark 9 Let AC ҮС (ХТ, Ta). Then A is (1,2)-SCi(Y)'does not imply пог 
is implied by the fact that A is (1,2)-SCI(X). Іп fact, we have the following. 
Example 8 Consider Y and (X, T, Ta) of Example 2. Here {а} (cY)is (1,2)- -SCi (X) 
but it is not (1,2)-SC1(Y). = 
Again, {c,d} (CY) is (1,2)-SC1(Y) but is not (1,2)-5С 1(X). 
Theorem 10 Let A CY C(X, ТТ). If A is (i,i)-SC1(Y) and Y is(i,j)-SC1(X), then 
A is(i, j)-SC1(X), where ij=1,2 and i =}. | - Е 
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Proof. follows easily from Theorem 5 and the fact that intersection of two 
(i,j)-SC1(X)-sets is also so. і 

Remark 10 A subset А of Y с (X, TT) may be (1,2)-SC1 (X) but may not 
be (1,2)-SCI(Y), even if Y is pairwise semiopen, closed in both T, and T, and pairwise 
semi closed. 

This is seen in the example that follows. 

Example 9 Consider Y/and (X, T, Т) of Example 3. Then Y iis pairwise semi 
open, pairwise semi closed and closed in both T,, Т,. Now {b,c} is (2, 1)-SC1 (X) but it is 
not (2, 1)-SCI(Y). 

Remark 11 it follows from Example 9 that if A is (i, j)-SC1(X) and Y cX, 
then A п Y may not be (i, j)-SC1(Y) (i j—1.2; i Æj), even if Y is both T, and 
T,.closed (and hence pairwise semi closed). 

Definition 2 [1] Let AC (X, T, Т). The union of all (1, 2)-SO(X) sets, each 
contained in A, is called the (1, 2)-semi interior of A in X and is denoted by (T, T;)- 
SInt(A). Similarly (T,, Т,)-51п (A) is defined. lt is proved іп [1] that a set Ac 
(X, T, Tj is (i, j)-SO(X) if A—(T,, T,)-Sint(A), where i, i—1, 2and i =}. 

Theorem 11 Let AC Y C (X, T,, T;). Then 

(а) (T, Te)-SInt(A) C ( (T), (Ta) y)-Sint (A), where the reverse inclusion does 


not hold, in general, 
(b) (Ty Ta)-Sint (A) =( (Toy, (Ts) y)-Sint(A) if Y is T,-open. 


Proof. (a) By virtue of Theorem 8, obviously (T,, T,)-SInt(A) c( (T) T 


(Ta) y)-Sint(A). 
Now, let us consider (X, T,, Т,) and Y of Example 2. 
Let A—(c, d}. Then (T, Т.,)-51м (A) —(T,, T,)-SInt (A)—g. 
But ( (Toy, (Ty )-Sint (A)={c} and ( C2), (y) Sint (A) —(d). 


(b) follows from theorem 9. 

Remark 12 The converse of Theorem 11 (b) does not hold, in general. For 
example, if X is the real line and T,—T,—the usual topology and Ү=[0, 1), then the 
equality in (b) holds for every A c Y but clearly Y is neither Т, open nor T, open, 


‚ Theorem 12 Ina bitopological space (X, T, Ta), T, —S,, where $-( T-int А ғ 


A e (Ty Т)-80(Х)) (ij=1, 2 and i # j). 
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Proof. It is simple, | 
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ON NORMAL PSEUDO-IDEALS IN SEMIGROUPS. 


T. K. Dutta 


1. Introduction. 

A semigroup S is called normal if Sx—xS for all elements x of, S [7]. > A pseudo- 
ideal A of a semigroup S is called normal if A is a normal subsemigroup of S і. е, if 
XA —Ax forall x є A. In this paper we have studied some properties of normal. pseudo- 
ideals. The purpose of this paper is to give some properties which characterise normal 
semigroups and normal regular semigroups in'terms of normal pseudo-ideals and bi-ideals. 

Let NB(S) denote the set of all normal pseudo-ideals and bi-ideals of a semi- 


group S. Then "NB (S) is а semigroup under the multiplication of subsets and N (S), 
the set of all normal pseudo-ideals of S is a commutative subsemigroup of NB (S). ‘We 
have shown that a semig oup S is normal if and only if NB (S) is normal. Lastly we 
have characterised regula ity of all those semigroups in which all the pseudo-ideals are 


normal. 
2. In [8] Sen has shown that in a group every pseudo-ideal is d normal pseudo-ideal ra 


the result is also true in а commutative semigroup The following example shows that 
there ate also ser igroups which are neither groups nor commutative semigroups but 
contain normal pseudo-ideals. { 

2.1 Example. Let S=G XJ where G is a noncommutative group and Jis the set of 
all integers ; then $ isa semigroup with respect to the multiplication defined component- 
wise. Let A=G X J+ be a subset of S where J* denotes the set of all nonnegative 
integers Then A is а pseudo-ideal of S. Also for an; element x of S, xA=Ax. SoA 


is a normal pseudo-ideal of S. 
22 Proposition. A normal subsemigroup A of a semigroup S will be a pseudo-ideal 


if and only if xAx C A for every х є S. 
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Proof. Let a normal subsemigroup A of a semigroup S be a pseudo-ideal of S Then 
XAXzXXAÀ-x*A C А. On the other hand if for a normal subsemigroup A of a semigroup 
S, хАх C A then xX*A—xxA = xAx C A for every x e S. Similarly Ax? С A for every x eS. 
So A is a pseudo-ideal of S. 

2.3 Proposition. Every. one-sided normal pseudo-ideal of a semigroup 5 is a pseudo- 
ideal ( two-sided ) of S. 

Proof. Let A be a normal left pseudo-ideal of a semigroup S and х є S. Then Ax?=x?A 
C A. So A is also a right pseudo-ideal of S. Similarly we can show that if A is a right 
pseudo-ideal then A is also a left pseudo-ideal. Hence the proposition. 


2.4 Proposition. Let N (S) denote the set of all normal pseudo-ideals of a semi- 
group.S ; then N (S) is a commutative semigroup under the multiplication of subsets. 
Proof. <Let-A,,,A,-¢.N(S). Let aja, bib, є A;A, where a, b; e A, and a, b, € Ar 
- Then a,a,bib;e aba, b, e A,A, where a,b, = b,ag, ay є A; and also for any x є $ x? 
(AAs) = (XAL) А, € Ai Ar, -So A; A, is а. left pseudo-ideal of S. Since A, , А, are 
both normal, х ( АА, ) = (А Аз ) х. · Hence A, А, є № (5). Lastly let а, є A, then 
ap Ag = Аа,. SoA, А, =. А, А; : Evidently А, (A Aj) = (AL А») А,. Consequently 
N (5), is a commutative semigroup. | 

2. Б Proposition. Let. NB (5). denote ‘the ‘set of all ‘normal pseudo-ideals and bi- 
ideals of a semigroup, S; NB (S) is a semigroup under the multiplication of subsets. 
Proof... It follows, from the above proposition that the product of two normal pseudo- 
ideals is a normal pseudo-ideal. Also the product of two bi-ideals of S is а bi-ideal [3]. 
Let Ac № (5) and В є В (5), t the set of all bi-ideals of S. Now (АВ) (AB) = A (ВАВ) € 
AB and (AB) € (AB) = АВ (SA) ВС AB: So AB eB (S) C NB4S). Since A is normal 
AB = BA, So BA € du a Evidently A (BC) = (AB) € for A, В, ‘C є NB (S).: Hence 


the “proposition. 

2.6 Proposition. B (S) is an ideal of NB (S). 
Proof. Let B <B (S) and X e NB (S). "Then «BX) (BX) — (BXB) X C BX.and also 
(BX), $ (BX) = в (XŠ) BX C BX So ВХ isa bi-ideal of S і; е BX «В (S). Consequently 
B (S) is a right į ideal of NB (5). Similarly we can show that B (9) is also а left ideal of 


t 


` NB (S). Hence В (S) isan idsal of NB (5). A ш 

2. 7 Theorem. A semigroup S is normal if and only if NB(S) is normal. 

Proof; Let S bea normal semigroup arid ХА e NB- (S). Leta є A; then aX.C aS= 
Sa C NB (S). aand so A NB(S) C NB(S) A. Similarly: we can prove that the converse 
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inclusion holds. Thus we obtain that A NB (S) = NB (S) A for all A є NB (S) So NB (S) 
is normal. Conversely let NB (S) be normal. In order to prove that S is normal, 
let x є S. Then for some А є NB (S) we have xS C p S=A (х)в € S (9 C Sx where 


(0) = {хох U х U х2) is the bi-ideal generated by x and hence (х) В" В (5) C NB (S). 
Similarly we can prove that the converse inclusion holds. So S is normal. 


2.8 Theorem. Let S be a normal semigroup ; then the following conditions are 
equivalent i7 É 

(1) S is a regular semigroup, 

(2) АпВ = вл where A is a left pseudo-ideal and B is a bi-ideal of S я 
(3 АПВ = д8 where A is a right pseudo-ideal and B is a bi-ideal of S. 


Proof. (1) => (2). LetS be a normal semigroup which is also regular. Cet A, B be 
respectively a left pseudo-ideal and a bi-ideal of S. -Then BA C A. Lst b? SV BA where 
be B anda «A. Since Sis normal, bS = Sb. Soib?*a = bbae bbS = bSb C В. 


Consequently BA С B. Combining the above two inclusions we get BA СА nB. 
Conversely, let c є А n B, Since S is regular and-normal, c = cxc = схсхсхсхо (since 


m = z ° К NE 
xc is idempotent, x « S) CXX; C. CXX; C. С = ( CXx, С )? Ce BA (ce B implies that cxx,c 


PB Therefore ^n B C BA. Hence An B ВА. 


(2) = (1. Let ce S. Since S is a left pseudo-ideal we have S гу (с) =(c) S 1, 8 (c) 


а 


(c) S where-(c) denotes the ideal generated by c:and hence (c) is a bi-ideal of 'S. 
Since S is normal, (c)- (c u xc :x e $; Now ce (с) = (c) S implies that с=с^усог ' 


2 = 
(хс) z where x,y,zeS. Since S is normal, we can write c = схс for some x e S. Soc 


and hence S is regular. 
Similarly we can show that (1) and (3) are equivalent Hence the' theorem. 


2.9 Lemma. ( [6] , Corollary 11. 4. 12) For an idempotent semigroup S the following 


conditions are equivalent. uL гб ш T р 
x 1 A 


(1) S is normal 
(2) S is commutative 
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2.10 Lemma. ([1] Theorem 76 ) Following conditions concerning a regular semi- 
group S are equivalent. ` 

(1) S is normal 

(2) es- Se for all idempotents є of S. 

2.11 Lemma. ( [4] Theorem 2) For a semigroup S the following conditions are 
equivalent. | ' 

(1) Sis a semilattice of groups 

(2) 5 іѕ regular апа eS=Se for all idempotents e of s. 

2.12 Lemma, ([2]) Fora semigroup S the following conditions are equivalent. 

(1) S is regular. . 

(2) B(S) is regular. ` 

2.13 Theorem. A normal semigroup S is a semilattice of groups if and only if NB (S) 


is a semilattice. 
Proof: Let S be a normal ѕэтідгоир which is a semilattice of groups. Ther by lemma 


2.11 S is regular. Let A є NB (5). If A є М (S) апа a є Athena = аха — axaxa 
(since xa is idempotent, x є S) = ах?а, ae AA (a, € A) So A C AA. On the other 
hand AA C A `50`А = АА` Again, if A e B (S) anda САВА: а = аха = axaxa= 
а axxa (since S is normal, ха = ах, y є AA. So A С AA. Also AA С A. Hence 
forall A є NB (5), A —AA. Se NB(S) is dempak Since S is normal, by 
theorem 2,7 МВ (S) is normal. Hence by lemma 2.9, NB (S) is commutatiye. Hence 
NB (S) is a commutative idempotent semigroup i. e, a semilattice. Conversely, let NB (S) 
be, a semilattice. So NB (S) is an idempotent semigroup and hence regular. Since 
B(S) isan ideal of NB (S), B (S) is also regular. So it follows from lemma 2.12 th.t 
S is regular normal semigroup whence by lemma 2.10 and lemma 2.11 it follows that S is , 
a semilattice of groups., 

2.14 Theorem. For a normal semigroup S the following conditions are equivalent. 
(1) S is regular,” i 

(2) S is left regular, 

(3) S is right regular, 

(4) S is completely regular, 


n n—1 
(5) а =ах ога а < S and for every integer п > 2 ; 


(6) NB (S) is idempotent, 
(7) NB(S) is completely regular, 
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(8) NB (S) is regular, : : 28 
(9) B (S) is regular. 

Proof, It follows from theorem 6.6 of [1] - that (1) to (4) are ааа 
Now we assume (4). Let а є S. Then a=axa for some х є S and ax=xa. So 


32. 2 n n—T : 
а=а?х =аах—аа?хх = а x - eer this we get а=а х . for every integer n22 


| 32 2 2 
(5) > (6). Let A е NB (S). if A € N (S) anda є А then a=a x —a .. ах є 


AA. So AG AA Also AA G A. Thus A=AA. If A є B (S) and a « A- then 


:3 2 2 2 . i 
a=ax =aa ax =a aya e AA (since S is погтаі, ах =уа for some.y є Sy .. 


So A С AA. Also AA C A.-Thus in this case also A=AA. So NB (S) is idempotent. 
(6) => (7) => (8) are obvious. Next we assume (8). Since B (S) is an ideal of 
NB (S). B (S) is regular, Lastly: we assume > (9). «Ios B G is шы; it follows by . 
lemma 2.12 that 5 is regular. . | ; 
A semigroup S is' called viable if абба whenever ab- and ba are idempotents. ` 
A viable semigroup has been studied by M. S. Putcha and J. Weissglass [5] 
2.15 Lemma. ( [1] Theorem 7.6) For a regular semigroup S the following 
conditions are equivalent, - 
(1) S is normal 
(2) В (S) is viable - и Ме 
2.16 Lemme. ( [5] Theorem 6) Li a semigroup S is a semilartice of groups then 
it is viable. T 
2.17 Theorem.. A regular semigroup S is normal if and only if NB (S) 
is viable. 2 ^ : TES 
Proof Let S be a regular normal semigroup. Then NB (S) is also normal 
(Theorem 2.7), Also NB (S) is regular (Theeoem 2,14), So NB .(S) is regular and 
normal. Hence NB (S) is a semilattice of groups. So by lemma 24 6, NB (S) is viable. 
‘Conversely we assume that NB (S) is viable. Since the property of being viableis 
hereditary, it follows that B (S) is viable whence by lemma 2.15 it follows that S is 
normal. . 
2.18 Theorem. The following Conditions coricerhing a semigroup S are 
equivalent. 
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: (1) S is.a semilattico of groups, | 
(2) S is regular and normal, 
(3) МВ (S) is regular and normal. 
(4) NBS) is a semilattice of groups, - 
(5) NB (5) -is-régular and viable, 
(6) ‘NB (S) is a completely regular semigroup and every bi-ideal. -of S is two-sided.. - 
(7) B () Asa completely regular semigroup and every bi-ideal of $ is two-sided. 


Proof. (0). =: (2) follows from the lemma 2.10 and the lemma 2.11. 
- (2) > (3) follows from the proposition 2.7 and the theorem 2.14. 
(3) 2 (4): ‘follows - ‘from= the lemma -2.10 апа the lemma 2.11. (4) = (5). follows | 
from’ the lemma 241- and the lemma 2.16. (5) => (6). Since- NB (S) is regular and |. 
viable it follows readily that 'NB (S) is a completely regular semigroup. Also since В (S. 
is an‘ ideal of NB (S) it follows’ that B, (S) із also regular and viable. and so every bie 
ideal of ^S is two-sided (Theorem 7.7 of [1] ). (6) => (7) follows since B (S). is an | 
ideal-of NB (S). Lastly. (7) => (1)follows. from the theorem 7.7 of Pun Hence the theorem. 


3. In a' commutative : semigroup or in a group we have noted that every pseudo- 
ideal is-a normal pseudo-ideal. There are also semigroups which are neither commutative `` 
semigroups nor groups and in which every pseudo-ideal is normal. ‘In fact the semigroup 
aiven in example 2. : is a semigroup of this type. Now we shall study those semigroups : 
in which every pseudo- ideal is normal, Throughout :this article by a semigroup S we 
shall/mean a semigroup in which all the pseudo-ideals are normal... 


r 


3.1 Theore. f casnmigiauo S will be regülar if and only if A= AA where A is a 
. pastido- ideal x S. : 

Proof. ‘Let S be, a régufar Semigroup and А be.a pseudo-ideal of $;. Let 
a e A, Since S „iş Tegular a—axa for some x e S. Now a—axa —axaxaxaxa (since .xa is 
idemotent)=ax?: а, аха, ae АА (ѕіпсе A.is', normal, ax-xa,; for some A, -e A) So 
A GAA, Also. АА, CA Henca BA= A, Conversely we assume that АДА for all, j 
pseudo-ideals A of S. Let ае S and (ay be the ideal generated by a. -Since every 
ideal is, a pseudo-ideal (a)- (8j (a) “Now a e (ay=(a) (a) implies a—axa for seme, 
x e S (Since S is normal'as $ is а pseudo-ideal’ of itself). So а and hence S is. regular. 

3.2 Theorem. The following conditions concerning a semigroup S are equi- 


valent. | 
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(1) S is regular, 
(2) S is left regular, 
(3) S is right regular, 
(4) S is completely regular, 
(5) a-a"x* for every element a ef S and for every integer n > 2. 
(6) N(S) is idempotent 
(7) N(S) is regnlar 
Proof. Since every pseudo-ideal of S is normal S is also normol, so it follows 
frem the theofem 2.14 that (1) to (5) are equivalent, Now we assume (5). Let A « N(S) 
and ac A. Then a=a®x?=a®, ax? є AA. SOA С АА. Also AA С A. Hence A=AA. 
So N(S) is idempotent, (6) => (7)is obvious. Lastly we assume (7). Let а є S and 
(a) be the ideal generated by a. Since (a) « N(S) by our assumption there exists A 
in N(S) such that (a) = (a) A (a) Now a e (a)=(a) А (a) implies that a—axa for some 
x« S. Soaand hence S is regular. 
| am indebted to Dr. M. K. Sen for his kind help in the preparation of this 
paper. 
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GROUP-THEORETIC ORIGINS OF CERTAIN GENERATING 
FUNCTIONS FOR MODIFIED HYPERGEOMETRIC 
POLYNOMIALS—I 


Sarama Das 


1. INTRODUCTION : F 

in 1982, we [1] have discussed a unified theory of generating functions for 
hypergeometric polynomials Е (-n, 8 ; ? ; х) by giving suitable interpretations to n, В and 
y simultaneously. The object of the present paper is to investigate the modified hyper- 
geometric polynomials by giving a suitable interpretation to the index n only and we have 
observed that some generating functions obtained for Е (—n, 85 v ; x) by means of tripla 
interpretation are derived with little labour. Moreover, some new generating functions 
which do not appear in the investigation of the polynomial F ( —n, B; Y; x), are 


obtained. The main results are listed below s 





— n RO. — — 
ЛЫ ко» E x c em vides рады 


+k ; x) t* 
which is due to Das [1, (6.5) ] replacing y by y-+n in (1.1), 





1.2) ($7 ned ке NNI UNUM M 
( ) ( y) м (1—xy) F( n, B ГА y n ГА 1—xy X) 
ос 
xu as F (—n—k, В; y—n—k;x)y*, 


which is again due to Das [ 1, (6.6) ] replacing Y by Y + п in (1.2) 


(3) (1—yy-!-n (1—xy) Руму)" F |^ B;T—n; (1+ = ) 
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_ oc n (—n&(Y—n—B) 4 wv. 
рар ES 
ут ху k=0 KT m=0 


(wy)*-™ . F(m-n-k 8; Y—k+m;x) 


= 1+w—wxv \-8 / 1--w—Wy Nr7172 А ‚ 1—мху 
(134) wyne (у) у y" e [n в; ут; Go 
__itw—wy ос (wyy-* Кп (1—v4-n),(—n- m) (y-n—m—8) 
T+wo-wxyl = 2 "kr —Z (упт), m! ys; 
k=0 m=0 
F(k—n—m,8; ¥—m+k—n; x). 
(1.5) еу ‚Р, (658—741; y—xy) 
сс 
(1 —Yy)a (—y» я . 
= 5 —————————— il; :2y э " 
ne (=a) З A 
which do not seem to appear before. = 
1.6)  (1—y) (1—xy) Ó ex (=) F | rises C] 


оС -i 
== (1—У)„ _ . . B y : 
= rernm er 


which is a new bilateral generating relation parallel to a result of і, Weisner 


[2 ; (4.6) ]. 
x—1 n 
(1.7) x Pent ais (e; p—¥+1; 7x t ) 
à 
oc (1—7), 
= s (ун). пі Fí(—n8;v—n;x)(—-t, 
n=0 


where x Æ О and this does not appear before. 


2. LINEAR DIFFERENTIAL OPERATORS : 
Modified hypergeometric polynomials Е (—n, 8; Y—n;x) satisfy the 


differential equation 


(23) x(1—9 D + b-n-G-e 0 aeo nf =0. 


Replacing x by %2- ‚п by Lom 2 and y by о (x, y), we obtain from (2. 1), 


co 
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_ Qu 
(1 CY + (у— (8+1) х) SE + Ву-22. p 


of which u=y"F (—n, 8;7—n;x) is а NE. since F s B;y—n;x)isa 
solution of (2.1). 
As we know that F(—n, 6; y—ni x) satisfies the following. 








(22) x (1—x) P 





d- р . 
(1—x) d F (—n, 8; ?—n;x) 
=r B—9) F (—n4-1, 8; y—n+1 ; x)—n F(—n, f ; y—n ; x) 
mm 


and 
-8 F(-n В; уп; х) 
x(1—x) dx г pA > 


=(y—n—1) Е (-n—1,8; y—n—1; x) — [y--n-—1—(8—2n—l) x] F (—n, 6s y~n; x) 


we find two partial differential operators 


= i 0 
(2.3) В = (1-3y + 
and 
= x(1—x) 2 —y 2 t (›,—1— 
(2.4) С = x(1—x) ac ap + (у Вх)у 
such that 


(2.5) Bf, (х, y) MES foi (x, y) 


and 
(2.6) C fn (x, у) = (узе... (х, у), 
where f, (x, y) = у F(—n, B8; y—n ; х). 


3. LIE ALGEBRA : 
The set |, A, B, С forms a Lie algebra with the commutator relations 


[A,B] = —B, [A,C]=C 
($1) [B,C] = -2A+y—pB—1 
Now 


CB = (1—х) L + (y—-8—1)A, 
where L denotes the second order partial differential operator used to represent 
(2.1) in the form Lu = О. Thus A, B. C commute with (1—x) L. 
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The transformation groups generated by B, C are given by 


B _ | xy +b 
(бу) = I vsb | 





(3.2) 


cC ¥—l sexy)! af, Ire y 
f (x, y) = (I--c 14-cxy) f Д 588 
S ROTEN а L 1--сху “ 1+су 


Then as [B. С] = 0, we have 


cC. bB 


(3.3) ө°Се^% (xy) = (coy? 7! (lexy)? 


о bey. I+cy b+(I+be)y 
| Sac Беу |4-Cxy t--cy ] 


(3.4) y) = (1 4 ber cy) ” (1 +be-toxy)~? 


(b -xy) (1-+bc ey) y+b ] 
i y 


(b--y) (1--bce4-cxy) ° 1+bc+c 
4. GENERATING FUNCTIONS : 


PART-I: Genereting functions derived from the first order operator conjugate to 
A-n. From the previous considerations we know that и (x, y) = y^F (-n, 85 y-n; х) із 


annulled by L and A-n, where A — y i 


To obtain generating functions for Е (-n, 8; y-n ; x) we now transform и (x, y) by 


cC bB bB cC : . 
means of the operators е o anbe е . We consider ths following cases: 


Case — 1: b=1.c =0 

Case — 2: b=0,c= —1 

Case — 3: be 40. 

Case — 1: We have geile 


B n Ў 
ey F(—n, 8; y—n; х) 
= (1--y) F (=n. B; yon M) 


yc 
On the other hand 





Еца —n. В; уп; x) = = (n) (у— 8— п), ( — 1) 


yn-k £ 
: F —nh.p;y—n-c-R&; 
k—0 (п), I ч os DU SERI] 
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Equating these two and writing t in place of —y-, we get (1.1) 


в І x—t R (—nk(y—f—ns : | 
(4.1) (1—0)? F (—n, В; y—n; т) = МЕА — (упар РСК Bi y—n-+k; x)t® 
which is due to Das [1. (6.5)] replacing у by y+n іп (4.1) 
Case—22s We have 
e^ C [p F (=n, В; уп; х) 2v (12y) 2-9-1 (1—xy) Ê F (n, B; yn; 


П 
+ 





Also 


=e . 

® . [yF(-nB;y-n; x)- EA CLE yntk Е [—n—k, В; y—n—k ; x]. 
Equating these two we get (1.2) 

1—y 


——— X 
1—xy ) 


(4.2) (1-)*77—7! (15xy) Ê (п, 8; уп; 


oc 
= i s P F (—n—k, В; y—n—k ; x)y* 


which is again due to Das [1, (6.6)] replacing у by у +n in (4.2) 


Case—3 : bc 50. 
We consider b = w-! and c——1. Then from (3.3), we get 

ne] —В Dep n g.a n: C —Y(d —xy--wxy) 
(4.3) (1-9 (1—ху) | ( +(м—1)у) F[-n B; уп; (ху y} wy) ] 


со yk n (—n)Q(-—n-8),(n—y4-1—m), n—m 
= ХоД бп тк)". 
+ F ( —n—k4-m, B ; y—n—k--m ; x) 


and putting b=—w7!, c= —1. we get from (3.4) 
1--w—WyV,—n—1/1--w-—Wxy.—B ep met nha 
(ы). epo uy Oe) FR ePi ns 


' (1—wxy) (1 --w —wy) ] 
ay (1—wy) (1+w—wxy) 


$ (wy) Kc" (1—у+пу„ (—n—m) (—n-m—-). 
k«0 K! mo (упт), т! 


Е 


.y? F(—n—m-k, B ; y—n—m+k ; х). 
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PART—II: Generating functions derived from operators not conjugate to А п. 


C bB 


с zs 
Let S =e е , Then for each choice of b and c, S(A—n)S i 
represents an operator conjugate to A—n. 


Let R = nA + nB + nC + т, for all choices of the Coefficients except for 
T, = fg = [3 =O. Then Lu = О and Ru = О iff ¥ (x) L(Su) =O and SRS ^! 

(Su) = O. 

Now we have 


(4.5) 


(4,6) 


aA —8A —a aA —aA a 

eBe =e В, е Ce = е С 
bB —bB cC —cC 

e Ae =A+bB,eA e =A—cC 
bB —bB 

eC e = —2b A — b?B + C + b(Y—8—1) 
cC —cC А 
e B e = 2cA + B — cC + с (B—Y+1). 
Then Я 


—l cC ` —cC 
SAS =e (A+bB)e 
= (14+2bcy A + bB — c(1+bc) С + be(s—Y+1). 
Therefore, for R = nA + nB + rjC +r, A—n is conjugate to R if 


r? + 4nn = 1, sothat-A—n is not conjugate to the set of operators for which 
n? + Afters x 1. 


We choose r,? + 4rr, = О for which A—n is not conjugate to В = r,A + 


В + nC + г. Then the following cases may arise ; 





Case—1 n = О, г = 1, tg = О. | "E 
Case—2 : n= 2, =1,% = —1 
Case—3 : г, = О г =0, =1. | 
Part-II, Case—1 : We find a solution for the system (В +1) и = О 
and Lu = О, where 7 is a non—zero constant. 
Now i 
—1у —1 9, a. 


uze f(y—xy), a solution of (B49) u = О, B = (1—x)y ax ay’ 
is again a solution of Lu = O, where 


o? 


L д? 1 ð a д 
= X (1—3) x — (1—х)у —— — + (vy-(G-T1)x) a ЕЕ 


дхду 


Е 
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Then f (XJ, X = y—xy, satisfy the following ordinary differential equation 

Х (X) + (8— yc —2X) F 00— Bn f (X) = О 

which has a solution (for n = 1) F, (8; 8$—y4-1; X). 

Thus 

и = ey iF, (85 8—A 215; y —xy) is a solution for the system Lu = O, 
(6+1)u = О. This function can be expanded in powers of y, say in this form, 


F(—n, Ё; y-n; x) y^ 


e ‘4 F4 (8; В-у+ PEE m s 


Putting x — O and equating coefficients of y^ from both sides, we get 


-a (уь (—1)" 
n (В—у+1)„ nt' 


Thus we have 
— А © (1—y)n (—YF 

4.7) УЕ (B; B—y+1;y—-xy)= X С?» СУ) F(—n, B; y-n: x), 
(4.7) iF, (8 5 B—y+] ; y—xy) ig Boyt SET В; у ) 

which is believed to be new. 

Part-Il, Case 23 We are to find a solution for the system - 

(2A + B — C+ ")u = О, Lu ~ O. 

We avoid to solve actually, as 

с oaa 

еВе =2A+B—C4+8—y+4+1. 

C 

If и is a solution of Lu = О and (B--w)u =O, e u is a.solution 

of Lu — O and (2A + B — € +8—y +1 + w)u = O. 

Now from Part—ll, Case—1, 

wy 

uce Ё, (8; B—y+1; —w(1—x)y) 

is annulled by L and B—w. 
Then 

Cy = y-1 — В wy T . МУ (1 - x) 
eu = Ce T0 om) Powe (AY ara| #;8—у+1: yy P3) 
is annulled by L and 2A + B — C + B—y + 1 — w. This function can be expanded 
in powers of —y — t, say in this from 
Law nsa —P —wt T . (1—x)wt 1 
(1—0)*— (1—2xt) oxP( r Ji FB; B—-y+13 тру р) 


co B—y n 
= Er а F(a, B; y—n ; x) Ln (w)t. 
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Equating coefficients of t? from both sides, we get 


2 =n. , 
(£—y--1)a 


Thus, we obtain a new bilateral generating relation parallel to a result of і, Weisner 
[2. (4.6)] 

x = (1—x)wt 

ав) (—07—1(1—ху—# ex (155 my Fi[8: £771: 0026] 


о (1— Ja а á 
= PM Mna. — il; + а > L 
2329 гетен руи F(—n B y—n ; X) а (w) 


Part-ll, Case-3 : We find a solution for the system Lu = О and ( C4-5)u = O. 
From Part-ll, Case-1, 


и = e” ,F, (B;B—y415 (x—1)Y) 
is annulled by L and B—1. 
-B -C B Я 
AE e Bes Te = —C—1, we have 
-В С —p—1 y-1 "EE TS 
ө. e u = "E d exp y ) iF, (в: в y+1 , Xy ) 
is annulled by L and C 4- 1. 








This function can be expanded in powers of y' 


© (1—y)n 
69 — Z Wyn] F (=m Biyen) Cn 


z t, Then, we have 


== Bat F, (B; B-y+1; (1—x2)t), (xz 0) 
which dos not seem to appear before. 
Acknowledgement: | am grateful to Dr. S. К. Chatterjea, Department of Риге 
Mathematics, Calcutta University, during the preparation of this paper. 
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AN EXTENSION OF A THEOREM OF FISHER ON 
COMMON FIXED POINT 


5. К. Chatterjea 


1. Introduction : Іп 1977, B. Fisher [2] proved the following theorem : 
Theorem 1. Іп a complete metric space (X, d) if there exist two operators S and 
T mapping X into itself and satisfying the relation 


(М) [d (Sx, Ty) F 
< b d (x, Sx) d (y, Ty) + c d (x, Ty) d (y, Sx) 


for all x, y eX, where 0 < b << 1andc > 0, then S and T have a common fixed 
point. Further if O xz b, c «1, then each of S and T has a unique fixed point 
and these two points coincide. 


It may now be pointed out that the metrics d (x, Sx) and d (y, Ty) occur in the 
contraction mapping of R. Kannan [3] and the metrics d (x, Ty) and d (y, Tx) occur 
in the contraction mapping of the present author [1]. Thus the product of two metrics 
appearing in the right member of (11) may be varied in six different ways, viz. 


d (x. Sx) d (y, Ty), d (x Sx) d (x, Ty), 
а (х, Sx) d (у, Sx), d (y, Ty) d (х, Ty), 
а (у, Ty) d (у, SX), d (x Ty) d (у, Sx). 


H 


in view of the above fact, it may be of interest to remark that Theorem 1 can be 
extended as follows : - 


Theorem 2. In a complete metric space (X,.d) if there exist two operators S and T 
mapping X into itself and satisfying the relation 
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[9 (Sx, Ty) 
(1.2) <a, d (x, Sx) d (y, Ty) + «4 d (x. Sx) d (x, Ty) 
+ < (x, Sx) d (y, Sx) + «4d (y, T y) d (x T y) 
+ «s (у, Ty) d (y, Sx) + 4, d (x, Ty) d (у, Sx) 
for all x, y e X, where «, > 0 and 0 < «, + < +a, + «4 +-4; « 1, 
then S and T have a common fixed point. Further if «< 1 then S and T have a unique 
common fixed point. 


2. Proof of Theorem 2. 

It follows from (1.2) that 
(2.1) [а (Ty, Sx ) E 

< a, d (y, Ty) d (x, Sx) + «, d (y, Ty) d (у, Sx) 

+ 43d (y, Ту) d (x, Ty) + «, d (x, Sx) d (y. Sx) 

+ «s d (x, Sx) d (x, Ty) + < d (y, Sx) d (х, Ty). 

By virtue of the symmetry relation we obtain from (1.2) and (2.1) 
(2.2) [d (Sx, Ty) } 

< % d (x, Sx) d (y, Ty) + «s d (x, Ty) d (y, Sx) 


p i $s [ d (y, Ty) d (у, Sx) + d (x, Sx) d (x, Ty) ] 





+ эш Xa [d (y, Ty) d (x, Ty) + d (x, Sx) d (y, Sx) ] 


Now let x, e X and define 
Хы == Хы, n20, 1, 2, ... 
Xon = ТХ, n1, 2, ... 
Thus by (2.2) we have 


[ d (Хы, Xen) y 
-[d(Sx TX, .)T 
x € d (Xen, Xong2) d (Xen-15 Xen) 


zs Xa ic d ( Хәл, Xen) d ( Xon. 1, Xana ) 

4 ъа d (хаз, Xone) d (Xani, Хаана) 

bos 
2 


à tts d (хол, Xen—s) [ d (Xaners Ха) +A (Хә, Xo) J 


< [ { (Xen, Xon) P. + £d (Хә, Хан) Р] 


1 


+ DEG бш, Xea) E d бш, Xanta) +A (ш Kee) J 
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X 
x 2 [£d Gs Xs) P + (d (Xa, Хх) F] 
: a «, 
+ to t 45 2 © | d (Xen, X241) | зе [4 (Xens Xen41) | 


+ = t E [ (d Gs Xen) P+ {d (х, Хз) y ] 





+ SE Ed Qus хьы) P + (d (хы, хь) Y] 


i.e. ( -5 E аз -tE - аа) [ d (Хь, Xen) J? 


wo & x А : 
«( 5 + ot нае rep) [d (Xen , Xen—1)]?. 
Thus 


(2.3) d (Xo, Хә) <kd (Xeni Xen), 


€ 


2 
jos Е зве те 
2 2 


Xp ths | 41-95 1 9:94 
Ic HE ME 


where k?— Ti —— 71! 
tataa Xat xs = 
4 


4 
Similarly we can show 


(2.4) d (хы, Xen) Kd (Xsn.2, Хәл). 
So {x,} is a Cauchy sequence in X and X being complete, there exists 2 є X such that 
X,—Z as П->00. 
Now by (1.2) we have 
[d (Sz, x4.)]? 
= [d (Sz, Txen-1) I? 
«x, d (z, Sz) d Gau TXen..1) 
+x d (z, Sz) d (z, Txs«.) 
tag d (2, Sz) d (х,._:, Sz) 
ety d (Хол, ТХәа-л) d (2, ТХ.) 
+5 d (хе, TXpn-1) d (Хш, Sz) 
eg d (2, TXan-1) d (Xen—1- 52) 
Using n—o, we thus obtain 
(1— з) [d (Sz, z)* <0, 
which implies Sz —z. 
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Similarly considering [d (х=, Tz)]? we can show that Tz =z 
Thns Sz = z- Tz. 
Finally we prove that z is the unique common fixed point of S and T if «, <1. 
Let u be any point of X such thet Su — u, then we have by (1.2) 
[d (2, u)]? = [d (Su, Tz)? 
«s [d (z, u)]?, 
which implies that z =u, since «, <1., 
Similarly we can show that z is the unique fixed point of T. 
Lastly if v be any point of X such that Sv=v=Tv, then by using (1.2) we can 
easily prove that v=z. 
This completes the proof of theorem 2. 
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FIXED POINT THEOREMS IN BANACH SPACES 


Kanan Majumdar 


In this paper we have proved two fixed point theorems in Banach spaces, which 
are extensions of the results of К, Goebel and E. Zlotkiewicz [1] and К, Iseki[2]. First 
we prove the following theorem 2— 


Theorem 1. Let F bea mapping of. a Banach space X into itself .satisfying the 
following conditions s 
(a) F?-—1 where 1 is the identity mapping 
{ 
b _ < айх Е(У)  nv—FOO ! 
(b IFF (У) I aT 
+ bf || x—F(x) | + ll Y—F(y) 03 
+ 1 x—F(y) 1 + 1 Y—F(x) 1} 
+d x—y || 
for every x, y e X and xy, O<a,b,c,d, 3a+4b+4c+d<2. 
Then F has a fixed point in X. Further the fixed point.is unique if a--2c--d« 1. 


Proof. Let x bea point in X. We take y=4 (Е--1) (х), z=F(y) and u=2y—z. 
Now | 2—01 < t z—x || + I u—x Il 
Again, 1 z—x || = || F(y)—F%(x) || 
а ЛУ Ех) F(x) —F(y) I 
"S il Y—F(x) il 
+b (Il y—F(y) ll + [| F(x) -~ Р(х) il } 
ef || у FA(x) ll + i| F(x) —F(y) ll }+d ll y—F 09) || 


al y—x {i Fo)—vy il + ! y—F(y) и} 
= Пу F(x) || 


+Ы il y—F(y) + 1 F (х) —х li] 
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“bel ty—x i Е Q0—Y + РУР (Y) I} 
+d јр (F4) (x)—F (x) || 


H(I) x— F(x) || 
+b{ t y—F (y) It + x—F (x) їр} 
+c Xx—F(x) ft +0} y—F(y) it --d/2 px— F(x) || 


a + I x—F(x) li ta b Y—E (y) b +b y—F(y) 8 
+b | x—F(x) +c || x Р(х)  +¢ lE Y—F(y) || 
4-9 х) В 


_ eere) йх—Е(х) t (a-+b +c) ft y—F(y) I 


Thus 
I u—x I = E2y—2—x Ie I (F+ 99—F(Y)7x 1 
= (Que) (x)—Fy)—x ł 
= It Ех) — Р(у) it 
ғ E 
«STO SO eb x E x) + YFU) M 


ef ll x—F(y) ll + ll y—F(x) 13-9 | x—y It 


af x—y It + By—F(y) I} E v—F(x) В 
ху I 


--bíl x—F (x) # + У F(Y) I} 


$ 


ef xy + УВУ) I} -у FX FG) M 
+ Exc FG) В 

= 1 х Е(х) l-Faty- F(Y) i +b 0x - FG) I 
+b 1 y—F(y) I 49-1 Е) I +e у Ебу) I 


se 
$72 


d 
I x—F(x) ll + -y l x— F(x) I 
"(ose 1444) | x Е(х) | --(a--b4-c) | y—Fly) I 


Also || z—u || = || Fy) —2y+z || =2 В F(y)—y || 
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2 | F(y) -v 1 <2(a+b-+c) П y—F(y) 1 
d 
+2 (3-975 + b+) Ix-F09 1 
Or, i y—F(y) п <(a+b+c) | y—F(y) i 


| d 
tx +b+c) I x—F(x) || 
Or, (1—a—b—c) Il y—F(y) I <(F+ т +ә+е) | x—F(9 | 


a d 
c 5-+Ы+С 


Ог, —F ere ee m 
У-У) | & —— M — 


1 x—F(x) Il 
a+d+2b+2c 
22325 36 UX FOU 


__a+d+2b+2c 
«x | x—F{x) ll where « —45—5.—5p— 3: «1 


< 


slnce 3a+4b+4c+d <2 
Let 


1 
G= > (Е--1), then for any x e X, 
I G*()—G(x) Il = 1 G(y)—-y II 


= | y (F+!) (Y)—Y il 


1 <. 
=z || у (У) 1 < 5-1 x—F (х) 1 
2. 56% (х)}іѕ a Cauchy sequence in X. 


As X is complete, (G^ (x)} converges to some element x, in X, i.e lim G? (х)=х, 
i.e. G (хо) =Хо пос. 

Hence F(x,) —Xo. 

ie. Xo is a fixed point of X. 

Now to show that the fixed point is unique, let us suppose that if possible у, be 
another fixed point of X. Then 


ll Xo —Yo || = | Р(х) — FCY9) 0 
al x—F —F(xo) Il 
а ы | TY Food T bE Il Xo— F(Xo) ll + 1 Yo—F (Yo) 1 }- 


+0 1 Yo—F (%) 1 + Il xo— F(yo) Il ] +d ll xo— yo Il 
i.e. (1 —a—2c—d) || xy—yo || <O =X =Y, since a+2c-+-d<1. 
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Corollaries : 
i) If we put a=0, b=0, со, we get result of К. Goebel and E. zlotkiewicz. [i] 
ii) If we put a=0, c=0, we get result of К. Iseki. [2] 
Next we prove the following theorem : 
Theor em 2: Let Е; and Е, be two non expansive mappings of a Banach space X 
into itself and F, and F, satisfy the following conditions | 
| i) Р, Fa=l=F, F, where | is the identity mapping. 
and 
ii) 1 F(x) Е. (у) | <ê ll x—Fa (У) П i y—F, (x) || 
ll x—y il 
+Ы li x—Fs(x) ll + b Y— Fay) 113 
+c{ 1 Xx—Fe(y) ll + n Y—F,(x) 14 
+d ii x—y ll Í 
for every xÆy є X, O<a, b, c, d, and 3a+4b+4c+d<2. 
Then F, and F, have a common fixed pojnt. Further the fixed point is unique if 
a+2c+d<1. 


Proof. Let y=4 (Fa+1) (x), z—F, (у) 


u=2y—z. 
| Z—x || = li Fa (y) — Fi Fe (x) || 
<a ћу Ё, Fe (x) Й Fe (x)—F, (QI 
S Пу Ег (x) || 


+Ы l| y— Р, (у) 1 + ll Fe (х) —Fi Fe (x) 1) 
+cf{ Il y—F; Fo (x) H + Il Fa ()—F (У) H} 
+d у Р (х) I 
all (Fotl) (x)—Fi Fe (х) It 1 Ех) —Р, (у) I 
К RFF) (х) F: (x) Н 
+Ы Id (Fo+l) (х) —Е, (у) IE E Fa (х)—Р, Fe (x) 03 
+c E (Fal) (x) — Fi Fa (x) ll + Il Fe QO—F; (у) II 
+d i4 (Fo+!) (x)—F, (x) i 





-$ Рих)—х FO) ЕУ) I 





PEDI 


“ү x 
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+b{ ПУ Е, (Y) + 1 Fe (x)—x Il} 
+о{ | + (Fa+1) (x)—x I +c Il Р(х) —Е,(У) Il 


d 
+> {х—Б, (x) й 


а | х—Е, (x) HAW Fs (х)—у | + I y—F: (У) 1} 


< I х—Ё; Q9 | 





*bly—F, (у) +B X—Fe (х) + 5 xF: 9 
C d 
To 1х Ва (х) II Пу (у) Ї +-5- lix—Fs (x) 1 
a d i 
=(4 bee) [х Е, (x) | +(a+b+c) | y—Fs (у) 1 


Thus 

| u—x || = | 2y—z—x || 

= |} (Fe+l)(x)—Fily) —x I 

= |] Fo(x)—F,(y) 1 

< Al X—F,(y) | ll Y—Fo(x) || i 
| x—y I : 

+Ы ll y—Fi(y) 1 + I x—Fa(x) 13 

+ef{ il Y—Fe(x) + 1 x— F(Y) 1] 

-+d | x—y 1 


ati x—y в + Il Y—F,(y) 03 5- їй X—F,(x) || 


1 
> 1 x— F(x) n 


< 


+Ы || Y—Fs(y) Il + I x—Fo(x) 03 
+-5- | x—F4(X) 1 +e I ху 


Tcl y—F, (у) n +5 l| x—Fs(x) li 


= I x— Fe(x) 1 +a I y—F,(y) 1 +b I Y—F,y) II 


+b || x— F(x) 1 T {| x—Fe(x) | + li x—FaQ9 | 


$011 ¥—Fi(y) ld X509 I 
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=( 5+4 be ) i x—Fa0 I+ (@-+b++0) LY RD M 


i z—u ł <4 2—x | -+ i u—x | 


d 
< {5-+-g-+b+0) | X—F,(x) || 


+2(a+b+c) | y—F(y) ll et ee ee CY: 
Also, 
у z—u || = || F(y)—2y+z [| 
= || Fv)-2y- FQ) tt 
=2 ру Р.У)... ee oo (2) 


From (1) апа (2) we have 
a d : 
24jy-F() i <2-3+S4b+0) их) 


42(atb+c) Wy—Fily) I 
ll y—FiQ) n «(tH e) их) 


+(a+b+c) | y—F,(y) I 


2b+2c+a+d 
Or, WY-RO)N € Sarp ej PX ROO I 


= < || x--Féx)t where 


., 2b+2c+a+d | | 
puo es Ca s шаша TAS 
Ent G—— (Fe, then for any xeX, 


4 G2(x)—G(x) It I G(y)—y I 
= I-a(Fet+Dy—y i 


= ПУР) I 
= 2 y F;FiCy) - FA(y) 1 
x > l Fi(y)-y. I. :since Е, is nonexpansive. 


< -5- I X—Fe(x) i 
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.. (G*(x)) is a Cauchy sequence in X. Also by the completeness, 
{G"(x)} converges to some element x, in X, 


1. е. lim G.(x)=x, which implies 
n—« 


G(X) =Xp 
Hence Е,(хо)==хо i.e. xy is a fixed point of Fy 
Again, 


| GG) I L-5- I x Рх) I 
« 

= | FaF, (x) — F(x) Il 

<> || x—F,(x) || since Р» is non-expansive. 
Therefore we can conclude that 
Е, (хо)=хо ie. x, is a fixed point of F,. 
Hence F,(xo)==X)=F,(x,). Therefore хо is а common fixed point of F, and F, 
Proof of the uniqueness of the common fixed point is omitted for the sake 


of brevity, 
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SOME RESULTS ON THE DISTANCE SET OF THE 
CANTOR TYPE SET C; 


D. K. Ganguly and S. Ray 


ABSTRACT 

In this paper we construct a class of linear sets C,, which includes the classical 
Cantor set C(—C,) and whose construction and properties are very much similar to 
those of C. Also we have studied some properties of the distance set as well as 
mid-point set of C,. 


INTRODUCTION : - 

In 1917, Hugo Steinhaus [9] proved the remarkable property that the distance 
set of the Cantor set in the unit interval is precisely the interval [O, 1] ; and in 1920, : 
he [10] demonstrated that the distance set of any set with positive Lebesgue measure 
contains an interval with left end point zero. This result has also been established 


using alternative methods by S. Ruziewicz [7], T. Salat and T. Neubrunn [8], Bose 
Majumder [1] J. Randolph [6]. In 1947, Н. Kestelman [4] considered p-dimensional 
sets A with the property tnat every sufficiently small vector in Euclidean p-space is 
the difference of two elements of A i. e. the "directed distances" of A contains a sphere 
and hence Steinhaus' result is a particular case of Kestelman's result for p—1. Utz [11] 
has also proved the result D(C)=[0, 1] by geometrical way. 

In this paper we construct a class of linear sets {C,}, which includes the classical 


Cantor set C(=C,) and whose construction and properties are very much similar to 
those of C We have also studied some properties of the distance set of C,. 


DEFINITIONS AND NOTATIONS : | 
(1) The distance set of A(CR) denoted by D(A) is the set 
D(A)={ | x—y | /xeA, yeA)- 
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(2) The mid point set of A(CR) denoted by M(A) is the set 
XtY 
M(A) I. [xeA, УА} 


51. CONSTRUCTION OF A LINEAR SET (for a given positive integer К) in the closed 
interval [0, 1]. 


We first divide the interval [0, 1] into (2k+1) equal parts and remove the open 
intervals in the second, fourth, sixth, ......... ‚ 2k th positions leaving (k+1) closed 


. 1 ; 
intervals each of length RET" We shall call each of these iemaining closed intervals 


class 1 intervals and denote each by A, Let E,—UA,. Each А, is again divided into 
(2k4-1) equal parts and the open intervals in the second, fourth, sixth, ........., 2k th 


positions are again deleted, leaving (k-- 1)? closed intervals each of length TFTP А 


We call each of these remaining closed intervals class 2 closed intervals and each 
denoted by A,, Let E,—UA,. This process is continued inductively. During the n*^ 
stage we delete the open intervals at the second, fourth, ......, 2k th position each 


1 
of length key and denote each by A,. Let E,—UA,. Then E,(n-1, 2, 3, ... . ) 


form a monotone decreasing sequence of compact sets and thus, have nonempty 


со 


intersection. Let C,= i E, The set C,, being the complement of an everywhere 
n= 
dense set of non-overlapping, non-abutting, open intervals is а non-dense perfect 
set [3]. Now, total length suppressed at the first stage . 
Number of closed intervals left at the first stage—(k 4-1). 
Total length suppressed at the second stage rm к) 
: 0-1 
Thus, total length suppressed at the nth stage у-ү 
Hence total length removed 
k k(k+1) k(k-+1)? k k4-1)271 


SIRF E kp Т ORI oe FOR EE + 


Hence the Lebesque measure of C,—O. 
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The set C, for a given positive integer k may also be described in series notations 
as the set of all x such that 
со а 
б; ЧОКТУ 
It is easy to see that the set C, is symmetric і. е. if xeC, then 1—хєС,. 
D. Ganguly [2] proved that D(C,)=[0, 1]. We shall present an alternative proof 
of this result which seems to be shorter. 
THEOREM: 1. 1. D(C,)=[0, 1]. 
PROOF: Let K={x—y/x «C, y «Cx). 
To prove this result it is sufficient to show that K=[—1, 1]. 
со оо 
х= P токтуу "S у= 2 (уу 
where a, b,=={0, 2, 4, ......, 2k} for each i. 


8,—(0, 2, 4, ...... ‚ 2k) for ail i. 


2k 


Since 1= 3 
ince 1— (TS 


i=1 


, hence 


©  a,—b,--2k со 2c 
EYE e AD ke = qoa CRED 


where .2c,—a,—b,4-2k, c,-—(0, 1, 2, ... ... , 2k}. 


2 deny is any point in [0, 1]. 

Thus every pe[O, 2] may be expressed as p=x—y-+1, where x, y«C,. 

Thus [0, 2]--K--1 and hence K=[—1, 1]. | 
Theorem 1. 2: If dis апу point in (0, 1] then there exists a pair of points from C, 
whose mid point is d i.e. M(C,)—[O0, 1]. 
Proof: LetO « d < 1. Then 1—d «[O, 1]. By theorem 1. 1 there exist x and y in 
C, such that y—x—1— d. 

Hence (1—y)+x=d. 

As C, is symmetric hence 1—yeCy. Thus given any ає[0, 1] there exist x and 


hus ХУТ 
Thus 5 





y in C, whose sum is d. 
lf 0 < 2d « 1, then there exist x and y in C, such that x -y—2d i.e. а= XY. 
If 1< 2d « 2, then 0 < 2—24 < 1 and hence there exists a pair of points x, yeC,, 


such that x+y=2—2d. 
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Then (1—x)+(1—y)=2d 

or x’+y’=2d where x’=1—xeC, 

and y'=1—yeCx, 

Therefore, in any case, for every de[0,1] there is a pair of points from C, whose 
middle point is d. 

We shall now generalize the result 1. 2. Before going to prove the generalized 


result we shall now state a result due to Ganguly [2]. 
Result. Given any real number d and m such that 0<а4<1 and 





1 ; 7 $ 
KTS | m| < 2k+1, thera exists at least one pair of points (x, y)eC,xC, s.t y—mx--d. 
Theorem 1.3. Given two positive real numbers p and y satisfying = < a «1, 


each point: d in 0 <d <1, divides a segment [x, y] CTO, 1] in the ratio у: u whose 
end points x and у аге the points of C, 


; we now choose d' such that 





Proof: Let d be any point in 0 < d < 


uty 
d = L| d. 
0 





Hence d= —. 
ptr 


u 





Since 0 <d PE we have 0 < d' < 1. We now choose m= — 
v 


in above type of result on С,. 


zim] <1( <2k+1) and thus y=(—x/»)x+d", 





1 
Therefore WaT 


where xeC, and yeC,. 


Hence УУХ д 
У 


yy - ux = иу 


ог, 
y v 


d eu vy + px S 


or, 
ud» 


Taking — <d 
aking urs < 1, we get 


>_->1—4>0,0<1—-й<—#{ < ——\.` 
diia uy pv 





1— 





Some Results No The Distance Set Of etc. 77 


Hence, by previous argument, we get 


X 
xeC,, yeC, and i-a 2X TER 
о, p-v—d(u-Ey) vy + ux 
ог, (и+у)й=щ(1—х)+›,1—у) -ux'-Ewy' 
where x'—(1—x)«Cx 
and y'=(1—y)eC,. 
Thus а = АХУ 
` pv 


v 


where <d<l. 





v 

Hence the result follows. 

$2. We аге now interested to determine for a given d «[0, 1] how many 
pairs of points x and. у belonging to C, are there such that d=y—x. 

Let T=C,XC, апа let! denote the line y--x--d, 0 < d < 1. Since D(C,)=[0, 1] 
the line y=x-+d must intersect T at least in one point. 
Definition: Given 0 x d < 1, we define Aq to be the set 

{(х, у) / хеС,, YeCu, y—x-d) 
Note that whenever y—x-—d, then | y—x | = but also | x—y | =d, and the 


pair (y, x) c Aa. Aa describes precisely the number of distinct pairs of Cantor 
type points with the property that they are d unit apart. 


Theorem 2.1: For all but a countable number of d in C,, Ла=с. 
Proof: Let d є C, such that d is not an end point of deleted intervals in the construction 


of C,. Then we can express d as * $ а, A 
i—=1 Qk-«1)y 
where a,==(0, 2, 4, ..., 2k) for all i, and each of the values 0, 2, 4, ..., 2k occurs infinitely 
many times. 
Let x be a number expressed in the scale of (204-1) such that 
© х, 


= 2 „22334. 
s i21 Qk41) ' 


where 
X,—O if а,==(2, 4, ..., 2k) 
and 
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х1=(2, 4, ..., 2k) if а,=0. 
Then the number of distinct x's for a given d, attainable in this manner is the 
number of sequences O's, 2's, ...2k's i.e, с (cardinal number of the continum), 
According to the construction of x, ме сап say xeC,. If we let. y=x-+d, then since 


x and d never have the digit 2, 4, ..., 2k in the same position, yeC,. Hence Aes, 


Theorem 2.2: Fora dense set of d zC, Aa=c. 
Proof: It сап be easily proved that the numbers having a terminating expansion of 
the scale (2k-- 1) form a dense set in the complement of C, in (0, 1] Let d be one 
such number. There exists at least one pair of points (x, y) in Cantor type set C, such 
that y—x-d. As d terminates, x and y must have identical digits, from some, index m 
‘onwards when they are expressed іп the scale of (2k+-1).. 


Then х= S EL: ER andy = Z o B PN 
| ode] (2k+1)' р. Окт): 


where a, b,=(0, 2, 4, ..., 2k) with the ‘condition a,—b, for >т: 


We can choose a, and b, in (k-- 1) ways so that a=b, Thoratore the number of 


pairs of points (x, y) satisfying xeC, and y«C, and y—x=d is (k41) 7 == С [s]. Hence 


. 


Ла=с for a _ dense set of d € Су. 
We shall now state the following theorem which is proved by Ganguly to 
determine the number of pairs of points of C, associated with almost every de[— 1, 1] 


"such that d=y— X. 


Theorem 2.3: For almost all d e [0, 1), Aa=c. 

We now elaborate the theorem by " 
А Theorem 24: Forevery de [0, 1], the set Aa is either finite or perfect sêt, 
The followirg lemma is needed to establish the theorem. 


LEMMA: For every d in [0, 1], Aq is a closed subset of the unit square. 

Proof: Let A={(x, y)/xeC,. УєСк апа y>x}. Let f: A—[0, 1]-be a function defined 
by f(x, y)-y—x. Then obviously f is continuous. Let d be any point in the unit 
interval [0, 1]. Then f^ {d}= Aa and hence A, is a closed set. 

Proof of the theorem: By the lemma Aa is clo:ed. We have to prove that Aa is 
dense-in-itself. It has been proved by Gangaly [2] if there are ап infinite number of 
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pairs of points x є Cy, у є C, such that y—x=d for a given d e [0, 1] then each pair, when 
expressed in the form 


= 3 24 VJ 26, ` _ f9 
du Coy (Жу (wA = | (1) 
f | a4 
UJ 


has the property that «,=8, for infinitely many i. 

Suppose Aa is an infinite set for a given de [0,1]. Let (x, y) be any element 
of Ла, where x and y are expressed in the form of (1). ` 

Let €'(—0) be chosen previously. Then we choose a positive integer N such that 


cud cs gl ©. and «у аи ра = B. =0. th 2 2 
aN 2-5" yy Вы. If ay = By =O, t OX + opp 29У + сортун 


M 


are the points of Cy. If «y= Ay= (1,2,3...., К). ; 


then 
X ——— yq and oot are the points of C,. 
(2k + 1) (2k4-1) 
Herce | (у= —2—_ )— (Kt) 1 = 1 y—x1 =d 
(2k4-1) (2k+-1) 
Therefore (x + 255 у ИЕС ЕЕ 
(2k4-1) (20-1) 
2 2 


N) is an element of A,. Also 


or (x— ————— у—-——; 
; (2k+1)* ' (2k+1) 


[vt — e -yP +[@ + S х}? 
(2k+1)" (2k +1) ý 
== 2 ( 2 \ 


Кэ LEE TENA T < €. 

(2k--1N ) 

Thus (x, у) is a limit point of Aa. 
Hence the theorem. 
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ON COMPATIBLE TOPOLOGIES OF A GROUP AND 
THOSE OF ITS LATTICE OF SUBGROUPS. 


K. Das Gupta 


Abstract : 
A topology t of a group G which makes G a topological group will be called a 


compatible topology of G. Likewise, a topology t' of a lattice L will be called compatible 
if the upper semilattice operation of Lis continuous under t. It has been shown in 
this paper that a compatible topology of a group G induces a compatible topology of 
the lattice L (G) of subgroups of б, Conversely, under certain condition a compatible 
topology of L (G induces a compatible topology of G. | : 


Introduction : 

Topological groups as also topological latices have been studied by many 
prominent Mathematicians. The aim of this paper is to study them from different point 
of view. As a matter of fact, an attempt has been made to connect the-two studies 
and thereafter to study the topological groups by the lattice of compatible topologies, 
as introduced in this paper, of those groups. 

A topology t of a group G which makes G a topological group, will be called a 
compatible topology of G. Likewise, a:topology t' of a lattice L will be called compatible, 
if the upper semilattice operation of L is continuous under t’. 

Our aim is to study the topological groups by studying the corresponding lattices 


of the compatible topologies of the groups concerned. 


In this paper we have considered the problem as to whether -a compatible topology 
of a group G induces a compatible topology in L(G) and conversely ard'to this question 


we have a positive answer. 
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In fact, we have shown thata compatible topology of a group G induces a 
compatible topology of the lattices L (G) of subgroups of G. 
Conversely, under certain condition, a compatible topology of L(G) induces a 


compatible topology of G. 


1. Definition : 

A set G of elements is called a generalised topological group if 

(1) Gis an abstract group ` 

(2) G is a topological space. 

(3) The group operations in G are continuous in the topological space G. 

If the topology іп G isa t, space i.e each point set is closed then it is called a 
topological group. 

The set L of elements is called a topological lattice if 

(1) Lisa lattice 


(2) Lis a topological space 
(3) The lattice operations are continuous in-the topological space L; 
We first prove the following theorem: . i 


Theorem 1. Let б be an abstract group and L (G) be the láttice of all subgroups of G. 
If G bea generalised topological group, then the topology of G induces a "topology in 
L (G) for which L (G) is a topological upper semilattice. 


Proof: Let G be a generalised topological group. Let Z be the.complete system of 


neighbourhoods of the topological space G. 
Let UeX. We shall denote by U* the.smallest sugroup of G generated by U. 


Correspondingly, for Ves one gets V*. Let W*=U*UV*—smallest ‘subgroup of G 


containing U* and V*. 


We say that W* is the union of U* and V* and we shall denote this. union by ÙU, 
to distinguish it from the set union. 


We consider the set 2*={QU*, ү} 
we shall show that this 2* becomes the complete system of neighbourhócds of a topology 
in L (G) for which L (G) becomes a topological upper semilattice. 

Let H e L(G). 

Then H must have a system of generators, say, s 


On Compatible Topologies Of a Group Aad Those Of Its Lattice Of Subgroups 83 


Hence there exists an open set U | SCU and from U we an U*. So, H«U* 

Next, 2* satislies t e following conditions :— 

1) L(G)-UU*, yU* e Z*.^. o? 

It is obvious, as for every HeL(G), 3U*ex* | HeU* and so, L (б) = UU*, yU*ez*. 

(2) For any two sets U* and V*ez* which contain the subgroup He L (C), there 
exists a W*eZ* | НУС Ож рМ, 

It is obvious that U* and V» are open sets of G and as H«U*(]V*-3 среп set 
W containing a system of generators S of H | SCW апа WCV*[(]V*HeW*CU*[(. V*, 

Hencez* is a complete system of neighbourhood of the topological space L (G). 

The upper lattice operation is continuous i.e. 


(A) If HLÜH,cU&3H,cU,* and Н,є0,* | U,*UU,* CU* where H, and H, are any two 
subgroups of G. 


Let H,UH,<U* 
Let S, and S, are two system of generators of H, and H, respectively. 
Hence we can find two open sets S,CU, and S&U, U,CU* апа U,CU*. 


From U, and Us we get U,* and U,* and H,U, Н,є0,* | U,* UU, CU*. 
Hence L (G) is a topological upper semilattice. 
We note that x* satisfies the following condition : 
( B) Let acG and U* e Z*, then we can find a V* є Z* | aV*a~* CU*, 
As, U* is an open set in G and identity e«U* it follows that there exists а 
neighbourhood V of e such that for any element 'a'eG, aVa"!CU*-»aV*a-!CU*, 


2. Theorem 2: IfL (6) bea topological upper semilattice, the complete system of 
neighbourhoods of which satisfies the condition (B), then the topology of (6) induces 
a topology in G; for which G becomes a generalised topological group. 
Proof; Let Z* be the complete system of neighbourhood of L(G) setisfying 
condition (B). 

Let U*eZ* 

Let U, be the set of all subgroups of G contained in U*. 

Let U’ be the set of all elements of U u 

Let z'-(U', vU*eZ*) 

It can be easily shown that 2’ satisfies the following conditions : 
(1) Identity is a common element to all the sets. 
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(2) The intersection of any two.sets belonging to.Z"contains a third set-of the system 5”. 
(3) For any set U’ of the system Z” there exists a set V'eX' such that V'V'icu' 
(4) For any set U' of the system 2” and an element acU’ there exists a set V'ez” | Vacu' 
(5) If U'es' and а,б; there exists a set V'eZ" such-that .a^!V'aCcU'. 

(1), (2), (4) and (5) are obvious. , 
For (3), let Ue. We get a U*eX*, Let HeU* 


Now, H.H=HUH=H. 
As this lattice operation is continuous, for every neighbourhood U* of Н, there 


exists a neighbourhood V* of Н such that V*.V*=V*UV*CU*. Thus V'V'-1CU' 

Thus Z'satisfies all the conditions stated above. 

Hence Z' is'a complete system of neighbourhood of the identity and G is a 
generalised topological group. - 

3. A topology of th» group G for which the group operations are continuous will be 
called compatible, . similarly, the topologies of L(G) for which.the^ upper semilattice 
operation is-continuous will be called compatible in the lattice. | 

Thus, from a compatible topology t in G we get a compatible topology t*, say, 
in L (G) and from the compatible topology t" in L (G), we get a compatible topology, say, 
t in G. г 
Preposition 1: t'«t. 

It is obvious. l 
Proposition 2:-(3) t,xt,»t,*«t,* 

(b) tetti sts. 
Proof: (a) Lett;«t, 

Let X, and X} are.the.complete system of neighbourhoods of the topologies t, and t, 
respectively and let х,* and х,* be the complete system of neighbourhoods of t,* and taf 
obtained from 3, and 2, respectively. 

Let acG. and let Н = (а)* be the cyclic subgroup generated by a. 

Then (a)*«L (б). Let acU,ct,. From О, we get U,* and so, HeU,*. 

As, 1,<1,, therefore, 3 U, | aeU,CU > 
Hz (a)*«U,* CU, *—t,*«t,*. 

(b) It can be easily proved. 


Theorem 3 з The set T of all compatible topologies of G, is a complete laftice. 
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Proof: Now, the weakest topology J={G, $} where ¢ is the empty set, is a compatible 
topology. = = 
Let t,, tT. 


But t, Nt, we shall mean the largest compatible topology of С contained in t, and ї,. 


Let «CT be a non-empty set of topologies in T. 
Then N tie T, as Јєт. 


tiem 
As the discete topology.is the laagest compatible topology in G, it follows that T 
is a complete lettice. 


Theorem 4: The set L (T) of all compatible topologies of L (G) is a complete lattice. 


Proof: Now, the weakest topology J ={L (G), Ф; e (Т). 

Also the discrete topology belongs to L (T) Thus ift; andt, e (Т), then by 
t, П t; we shall mean the largest compatible topology contained in t, and tẹ}. Then as in 
the above case, L (T) is a complete lattice. 

4. The construction of the eystem X* of neighbourhoods of the compatible topoloy 
t* of L (G), from a compatible topology t of G, given by the system of neighboutrhoobs 
4, as in theorem 1, is unique. 

Hence one can define a mapping f: T—L (T) as f (t) = t, у {є Т. This mapping 
f is isotone, as has been seen in Prop 2. 

Also, the compatible topology t' of G, obtained from a compatible topology t* of 
L (G), as in Theorem 2, is unique. Hence we cao define a mapping f: L (T)—T by 
f* (t*)= Т, y t* eL (Т). 

This Р is isotone, by Prop. 2. 

We define a relation p in T such that t, p to, iff f (t) = f (t4) holds in L (T). 

p is an equivalence relation. 


We shall show that p is a congruence for the lower semilattice operation. 


Let t, p t; and t; p t; holds. 

Then f (t,) = f (ta) and f (t ) =f (th). 

As t N t < ty t, f(t, 1t) «f(t),f (t) by Prop. 2. 

i.e. f(t, t) «f (tj) П f (u) by Theorem 4. jet (1) 
So f ENDISE E NG) 
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Hence, f' (f (t) N Е) ) «f (f (t) ), f (F(t)) <te t 
So, f (f(tüf(t)) «tnt 


Hence, f (t) Nf (1) <f (t N t) by Prop. 2 “з (2) 
From (1) and (2) it follows that 


f (t, (1 t,) = f (t) N f (f) and similarly, it can be shown that f (te (1 6) = 
f (tj) (1 f (t). 
Hence it follows that f t; N t) = f (t) nf (t, —f(t f) t) 


` Hence, p is a congruence relation for the lower-semilattice. Thus we have : 

Theorem 5: The lower semilattice T/p is monomorphic to L (T). 
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EMBEDDING OF A REGULAR RING IN A REGULAR 
RING WITH !DENTITY. 


Jayasree Ghosh 


t Е - 


1. Regular rings were first introduced by J. V. Neumann. In his definition of regular 
tings, the presence of.identity was always assumed апа the whole theory was developed 
with that assumption Subsequently many prominent mathematicians avoided this 
assumption of identity. So the question naturally arises under what cohdition a regular 
ring can be imbedded in a regular ring with identity. In this paper, an attempt has been 
made to attack this problem. А 
2. Byaregular ring R we mean an associative ring in which axa=a is solvable for all a 
in R. UC 
Proposition 1. For any regular ring R, aR is a principal right ideal generated by 
aeR and aR=eR, where e is an idempotent in В. 
Proof: Let aeR, then 3xeR/axa—a. Put xa=f, then f*=f and af—a. Thus a=afe aR. 
Thus aR isa principal right ideal generated by a. 
Let zeaR, Put ax-e, then ea=a, e?=e. 
Thus zeaR=> z=ar, for some reR. 
=> z=eareeR, m 
-ThusaR C eR. * 5 c... (1) 
Now for any p «eR, 
epeeR=>ep=axp=aqeaR. .. f 
eR C aR гау. 
| Непсе aR=eR by (1) and (о). 
Proposition 2. For any two principal right ideals eR and fR of a maler ting n we have 
eR - fR — (e, +9) В, where g is an- idempotent with gR=(f—ef) R. 


Proof. As g=g.g=(f—ef)x, then eg=0, which shows e=(e+g)—(e+g)g. ` Put 
e+g=a, then acR-»3xeR :such that axa=a. Let хак, еп. К-К and aka. | 
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Thus e=ak —ag=a (k—g)=(e+9)(k—g)e(e +g) В. 
But f —ef—g(f—ef) as by proposition 1, (f—ef)egR. 
Therefore f-ef-rg(f--ef)--e(f—ef). 
=ef+(e+g){f—ef)e(e+g)R. 


Hence eR+fR С (e+9)R. SO, 
On the othe-hand e+g= + (f— NOM fx) анин 
and(e+g)RCeR+fFR 1... (2) 


From (1) and (2) we get (e--g) R-eR--fR. 
Proposition 3. For any two principal right ideals eR and fR of a reg.lar ring R, we 
have eRMfR=(f—fg) R, where g is an idempotent with Rg—R f—ef). 
Froof: Indeed f—fg—f (f—g)«fR P клы 7 
f—fg=(f—ef) + (ef —fg) == (f—ef)g+ (ef —fg) M 


[as by proposit on 1, (f—ef)eRg.] . 
-—e(f-—fg)eeR. NE RENE: 
Then (f—fg)RefR (eR. 00mm e (0), 


On the otherhand, let xe eRM#R. pes ы 

Then x=ex=fx and g—p(f—et). 

Thus x=x—fp(x—x)=x—fB(f—ef)x 

=x—fgx=(f—fg)x. Hence eR(1ÍRC(f—fg)R ......(2) 

From (1) апа (2) we have еН ЇН =(f—fg)R.-- 2. 
Proposition 4. Let e be a given idempotent in a regular ring R. Then ihe set of all 
idempotents feR such that eR—fR is exactly the set: {¢+(ey—eye) ; yeR}. 


Proof: First we prove that eR —fR if and only if e—fe, f—ef. Now these two equations 
themselves imply that f is idempotent, f?—f.f.—f(ef)— (fe)f —ef —f. 

Hence the equations alone characterize the elements f. 

Let us define x by the relation f=e+x. Then the relation e=fe, f—ef means 
e=(e+x)e; e+x=e(e+x) i.e. xe=0, ex=x. The latter two equations clearly hold 
if x is of the form x=ey—eye and conversely imply x=ey—eye with y=x:. Hence our 
elements f are given by f=e+(ey—eye), yyeR. 

Proposition 5. If Risa regular ring, ien an idompecent e is central if and only 


P 


if ey—eye=0 for every yeR. 


Proof: If e is central, then ey—eye= ey— ey= .0, у yeR , Conversely. let ey—eye 
‘=0yyeR eene (1) р 


з 
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Now ye—eye eR Thus by regularity of R, 3a«R 
such that (ye—eye) a. (ye—eye) =(ye - eye). 
Hence ye—eye= (yea —eyea)(ye— eye) 

= (yeaye— oyeaye —yeaeye + eyeaeye) 
=y(ea—eae) ye—ey(ea—eae)ye 
=0, (from 1). : 
Thus уе=еуе=әу, yyeR Thus e is central. 

From propositions (4) and (5) we get a principal right ideal eR is uniquely 


"am 


generated iff e is central, 
Thus by propositions (1), (2) & (3), for a regular ring R, the set (eR) of all principal 


right ideals forms a lattice {R (В), О, П) with respect to usual set inclusion relation. 

This lattice need not be complete. If for a collection cf elements (e Ry ot Ф (R) 
we can find a unique element e, for which eR is the lub of (e, R} and in that case, by 
propositions (4) and (5) e is central in R, we define lub fe; іе | 


Proposition 6 If C (R) is the centre of a regular ting R, then C (R) is also a regular 


- 4 €t 


ring, 


Proof: Leta«C(R) Then acR=>axa=a for some xeR. 
Define y=ax? then aya—a.ax?a— ‘axa)xa=axa=a. 
Also ueR=>yu=ax®u=x2ua = x*uaxa— x?a?ux. 
—xu(axa)x—xa?ux?—aux? = uax? —uy-»ye С (В) 


~ Thus C (В) is a regular ring. Я 


с 
Definition : By a complete direct sum ZƏR; of the rings R. we mean the set of all 


e 


iiri Y 
infinite rows ir where r eR. 
If. we define equality, addition and multiplication componentwise, 
c 
then ZOR, is aring. 


' 


Proposition 7. "If {RL} be any Collection of regular rings, then the complete direct 


C 
sum ӨН, of all regular rings Ra is also a regular ring. 


90 : Jayasree Ghosh 


C BEEN. 
Proof: Let tr, | be any element of ZOR where Eos RC then each Ry being regular, 


thatr > =f 
ax, eR, such tha a Ža la T'a 


Let us collect all x «В апа form the infinite row {x |... 
X^ «x x 


A 
Then ix, } e ZR, and {т } (x. Fir, j—(r, } 

c : 
Hence ZOR; is a regular ring- wo Sa g 


3. We now proceed to prove B main theorem viz, the theorem cf embeddability of 

a regular ring into à fegular ring with identity. 

Theorem 1. Let R be a regular ring with C (R) its centre such that annihilator (C(R)}=(0) 

in R. Then R can be embedded in a regular ring В“ with 1, where 1—lub (еу Запа {е, } ` 

denoting the set of all central idempotents іп В. 

Proof: Let R be any regular ring, C(R) is its centre. 3 
Let e«C (Я), then eR is a regular ring with e as the identity: 


© 
Let R'—Ze(, В), e, € C(R) 


By proposition 7, R' is a regular ring, with identity 
Now (...... Q9... *, sg... ) iS the identity of R, 
where (...e, ...f, .. g, ...] denotes the total collection of central idempotents of R. 
We define $ ; R—R' as follows : 

ajo (....., ёа, ......, fA, .. ...да, .. ...) 


Then (a4-b)$ = ( ...... , €(a4- b), ..... а+0),:......, g(a Fb), ...... ) 

==(......‚ өа,.....‚їа,...... ‚да, o CAC sane OO) igo FD, sana дб,...... ) 
=аф-ЕЬф | | 

(аһ)ф=(.....‚ e(ab), ..... , f(ab), ... .., о(аЫ), ...... ) 4 
=(... , (eaY(eb), ... .., (fab), .. ..., (ga)(gb, «hts 

SEC RTT Py Bd, ш. а, oo; 08, (ns 9D, es (Dy os | gb, жаз) 

= (афр) | | f OE uf 


Now to prove injectivity, 
let aġ=0. Now acR=>4xeR/axa=a. 
Put h=xa then h*«h and hd=(x¢)(ad) = 0. 
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Therefore (...... j; he; cv eo на , hg,....-.)-—0 
[е, f, 9......... ec(R), hezeh еіс] ' 


-he, =0, ye, « C(R) i is 


We have to show h=0 

Let peC(R), 3 idempoter.t leC (R)/pl—p. | ‚ ' 
Now hl=0=hp=0, 

thus h є Ann (С (В) )=>h=0 by hypothesis, 

Thus R is embedded in R'. 


Therefore from now on an element of R сап be considered as an element of R'. 


Thus eeC(R) will take the form e= ( ..., e, ..., fe, ..., ge, ... ) in R' 
AndeR'—(..,e,.., їе, ..., ge, o) R — 
Let { e, } be the set of all idempotents in C (R). 


Let Uf e, В’ }= | then I is a both sided ideal іп В’ ; 


We will show [=R’ 
To show this we will use induction to prove that : ES 


(8 nee Ё, oe Gree Jed, 


91 


Let „Д denote the set of all possible non-null rows obtained from the identity 


[і. e. the row (..., e, , f, ..., g, -..)] replacing some or none components by zero. 


Note that eA is a subset of В’, 
Also (., ө, ...,5,...,9. - Y eA 
Let A, Be о Д 


We define A<B, iff AB=A. 

Then A<A, as AA—A. 

Let A<B, BXA, then AB=A and BA=B. 

But A3=BA, therefore A=B, 

Let A<B, B<C, then AB=A, BC«B, 2 
thus AC-(AB) C=A (BC)=AB=A, `. ОРАР 
Непсе<в a relation of partial order. — - ғ , 


Note that the minimal elements-‘of eA are of the form (..., 0, .. , 0, ..., e, es) etc 


i. e. the rows obtained from (..., e, ees, Ё, see, 9, cee) 
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by replacing all but only one component by zero. 
We define a property P on A as follows : 


Ae A is said to have P iff Ac! 


Now the minimals of e have property P. 


Indeed (..., e..., ef, ..., eg, ...) el 


and (..., 0, е, ..., 0, .., 0, ...eR' 
1 being both sided ideal, the product of these two elements viz. 3 


(...‚0,...‚,е,..,0,...)! 

Suppose the property P holds for every X<A 

We will show that property holds for A. Let B be any element of A but B<A, | 
x 


then Bel by hypothesis. 

Put С=А—В[А, BcR'-»A—B is defined] - 

Evidently СА, | 

thus CA=(A—B)A=A—BA=A—B=C, 

thus C<A. But С5А. For otherwise С=А=>В:=0, contradiction as Bis a non-null 
row. К 

Hence Cel. That is, A—B 4-Cel. 


Н 


Thus by induction hypothesis every element of вА has property P. 


So (..., e, ...£, ..., g, .. Jel 
Hence |= В’ 
If possible U (e, R' j2gR' 


e, «C(R) 


Now R'zgR'12g.x-»g-g.x-1 ГТ 
Hence lub (e, }=1 d 


This completes the proof. 
4. Let us now study the situation, when a regular ring is embedded in a regular ring 
with identity. To do this, we start with the following proposition, i 
Proposition 8. Let C denote the set of all central idempotents in vum ring R, 
then C*. C*zC* . | s Ne Aide ee eM : 
Proof: Let efeC*. C*, then (ef)x—ef (x)—é (xf) è = > p 

=x(ef)=>efe cent R. "A ; E ox queo 
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Also (ef)? —(ef) (ef) —e?f?—ef 
Thus efeC*. Converseiy let e«C*, then e-e.e«C*, C» C*.C* —C* 
Theorem 2. If a regular ring R is imbedded in a-regular ring В’ with identity, then 
we can construct a regular ring D with identity having the properties. 
i) C (R) can be imbedded in D. 
i) Annihilator ( C (R) ) - (0) in D. 
Proof: Suppose R is imbedded in R' with identity and C (R) denote its cantus; We 


define a bina:y relation on R’ as follows a—b iff аё, cbe, ‚ We, є C(R) 


Then i) awa 

ii) a—b-»b—a 

ii) Let a—b, b—c hold 
Then ае, =be, ‚ уе, e C(R) 


be, =ce ‚уе, є C(R) 
Thus ae, e, = се e, , ve, , e, є C(R) 


Now by proposition 8, a e, —ce,, We,eC(R) 
Thus ac. 


Hence~defines an equivalence relation on R' and partitions elements of R' into 
disjoint classes. 

Let (a) denote the class corresponding to a. 

Let D—((a) 

We define in D, +, as follows. 

(a)+(b)=(a+b) "E 

(a) (b)=(ab) 

Operations are well defined. A r А E 

Indeed (b)=(c)=> be, —ce, „уе, « C(R). 


Also (a+b)e, = ae, + be, = ae, + ce, = (а+с) еу, v e, eC(R) 


=>(a+b)= (a+c)}>(a)+ (b) = (8)-- (с) 
od (ab) е, = (ае, e ( bey ) == (ae )(ce, )= Ge, уе, « C (В) 


“с uj 


> [T б— (8) (0). 
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Let (a) є р А 
Then ае, and by regularity, 3xeR/axa— a. 
Therefore (axa)=(a). Hence (a) (x) (a) —(a). " 
Thus D is regular. 1 

(1) іѕ the identity of D. Note that (1) contains these elements x«R' such that 


хе, = le, =e), V8 € C(3) 


Thus D is a regular ring with identity. 

i) Let a«C (В). i 

We defined: C(R)—D 

by ad=(a), yae C R) 

Now (a+b)ġ=(a+b) = (a) + (b)=a¢ + bé 
(аһ)ф==(аһ):=(а) (b)=(a¢). b¢) 

Let ad=(0), so (a)= (0), ае, =0, ve, e C(R) 


Now C(R) being regular, ҷеєС(В)/ае-=а, 1 
thus aee, = 0, ye, « C(R) f 


In particular ae=0, as eeC(R). 

=>a=0, thus ¢ is injective and C(R) in imbedded in D. 
п) Let (g) e Ann( C (R) ) 

=> (9) ( е, ) =(0), у еу € C(R). 


=> (ge) = (0) > ge, e, = 0, ve, , e, «C(R) 


=> ge, = 0, ve,cC(3), by propositions, 


=> (9) = (0) 

Lastly 1 thank Dr. S. P. Bandyopadhyay, Professor Dept. of Pure Maths, C. О. 
for his suggestion in preparing the paper. My thanks are due also to Dr. A. К. Dasgupta | 
and Dr. S. Chandra for their kind co-operation. 
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ОМ SEMILINEAR TENSOR PRODUCT | 
A. K. Maity 


ABSTRACT: The object of this paper is to introduce the' concept of semilinear 
tensor product of normed linear spaces over fields with real valued valuations and to 


consider norm on such tensor product spaces. 


1.1. INTRODUCTION : 

F.F. Bonsall and J. Duncun [2] have introduced norms in tensor product of normed 
linear spaces over the-field of real numbers. We have, in this paper, introduced semilinear 
tensor product of normed linear spaces over fields having real valued: valuations, using 
semilinear transformation [4] and finally we have discussed norm (weak) on such tensor 
product spaces. 


1.2. Normed linear space over a field with real valuation. 


DEFINITION 1.2.1. : І 
A linear space X over a field Е, with a real valued valuation р is said to be a normed 
linear space over F, if there exists a map X—R (denoted by || ||) s. t. 
е, i) IIxü20 1х1=0 iff x=0, xeX. | 
ii) [х+уй<[хї + iyi, vex 
üi) ex —p (x) I x il , (xeF) 
Remarks: 1) Under the above definition F is a normed linear space over itself 
where || «1| =p («). 
. 2) Itis known that [1], if К be a field with real valued valuation, then the Cauchy 
sequences over К form a commutative ring A-containing the identity element, and the 
null sequences form a maximal ideal N of A. Hence the quotient ring A/N is a field: Now 
let {a} be the sequence, every element of which is a « К, then {a} is obviously a Cauchy 
sequence, it is called a constant sequence, the corresponding class ((a]) is called the 
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principal class. It can be shown that the principal classes belonging to A/N. form a 
subfield isomorphic to k. Hence there exists an extension О of К isomorphic to A/n, 2 is 
called the derived field of K, Therefore, identifying the elements of K with the corres- 
ponding principal classes іп лім, К may be imbedded in A/N and 2 may then be considered 
to be identical with л/м. It can be verified that the derived field О of К, with real valued 
valuation 4, is a completion of K in the sense that 


i) О has a real valuation which is an extension of ¢, where ¥ (А) = Lt. $ (a), 
AUD 


for any {а; e A, 
A denoting the residue class in AJN. 
ii) Q is complete w.r. to У, 
- - fii) Kis dense in Q. 
Following remark (2), we have the following definition. 

4.22. A map Ё: ХЕ, X belng an arbitrary set and Е being an arbitrary field with a 
real valued valuation p is said to be bounded on X, if | [{f(x)}] | <M, M being an 
arbitrary real number and [{f(x)}] є 2, 2 being the derived field of Е. 

: вел p'[f (x)} <M, (f(x)) being a Cauchy Sequence over the set (f(x)) С Р, 
[(f(x))] є A/N, where A is the set of all Cauchy Sequences over (f(x), № is the set of all 
null (Cauchy) sequences over (f(x)) and p' is the extension of the real valued valuation p 
of F. : А 
1.23. А linear map f: ХЕ, X being a normed linear space over an arbitrary field of 
scalars F with a real valued valuation p is said to be bounded on X; if Г (ООЙ Il «M іх, 
v x eX, M being real. ў 

Since in the definition of О, each element f(x) є F has been identified with the 
corresponding principal class of f (x), norm of f(x) will be given by | f(x) 1 =p f(x), 
where p is the restriction of p' to the set (f(x)). Hence it follow: Чот the above 
definition that f is continuous on X iff f is bounded on X. І 

From now оп we shall mean by Х(Е), а normed linear space over an arbitrary field 
of scalars F, with a real valued valuation p. 

PROPOSITION 2. 1. 

` The set BL (X, F) of all bounded (continuous) linear maps from X(F) of F is a 
Banach space under pointwise addition and scalar multiplication and norm defined by - 

Hf =sup 1 Kx). xi <1. ` 
fe BL (X, F). EKZ] 02... J 
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PROOF: BL (X, Е) is obviously a linear space over Е under pointwise addition and 
scalar multiplicatlon. To show that it is a normed linear space, we note that, 
i) ПЕН 20, ЦЕН =0 iff £0 [By definition] 


i) НЕРОН < 1f -+ Igy (By definition] 
Й) af =p(«) ПЕП, for 


l| «f || sup p’ [((«f) х}]==вир e ЧОП by definition 


lx" <1 ИЕ 
—Ssup p'[(«) (f(x)) ], {x} being the constant Cauchy sequence {ar eere, 9) 
axi «1 
=sup p' [{<}] sup p' [{f(x)}] 
ixi <1 Ї{хї<ї1 
—p(x) Wf 


Hence BL (X, F) is a normed linear space over F. 
To show that BL (X, Е) is complete.  . 
Let (fn) be a Cauchy Sequence in BL (X, F), then 
il f,—f. [| «e, for m, n > N (intger). Hence for some fixed 
X e X, sup | [((£,—£) х ll =sup 1 [ffm (x)—fa OY ЇЇ 
Ixi <1 Exi <i 
=sup ll [£s 093]— [fa (x)] | <e, for m, n >N 
xi <1 
Thus the classes [{f,(x)}] form Cauchy sequences in 2, therefore, 2 being 
complete, the Cauchy sequence of [{fn (x)}] converges in Q. 
Hence [{f, (x)}] tends to [{f(x)}] є Q, as n >a. 
Since x є X is arbitrary, this defines a mapping f: ХЕ. It remains to show that 
f is linear, f is bounded and that f,->f as п->сс. 
But these are routine verifications by considering 2 as a complete normed linear 
space. Therefore, BL (X, F) is a Banach space over F. 
PROPOSITION: 2.2. We may similarly prove that the set B (X, F) of all bounded 
maps f: ХЕ, X being an arbitrary set and Е being an arbitrary field with a real valued 
' valuation is a Banach space over F under pointwise addition and scalar multiplication 
and norm defined by if || cum ї[{(х)}] 1 | 
Xe 


DEFINITION: 2.4. Let (Е,) and Y (Е,) be normed linear spaces over arbitrary 
fields Р, and Fẹ, which are respectively isomorphic to an arbitrary field F, with a real 
valuation, under isomorphisms £ апа £; then a map fs X x ҮЕ is called a bounded 


bi-semilinear map, if. 
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п (х, УИ UM [х dvi, 
xeX, ye Y, [(f(x, У) є 2, 2 being derived field of Е. 
[A mapping P : X x YF is called bi-semilinear if E | 
P mx +8Xe У)= ё Y^ (х,у) Ts V (xy) i ' Ж 
V. (x, rs tH S2Ye) £r F (x, Vi) +8252 P (x, Vo) : 
X, Xy Xo € X ; Y, Ур Vo EY 5 Su tre Fy; Ta, Sg € Fo. 
.Now proceeding as in Prop. 2.1, we may prove 


PROPOSITION: 23. The set BL (X, Y ; F) of all bounded bi-semilinear maps 
f: X x Y—F is a Banach space over Е under pointwise addition and scalar multiplication 


and norm defined by 
i fy =sup | f(x, vu, 1х1 «t, [у <1. 


3.0. SEMILINEAR TENSOR PRODUCT: 
3.1. Let X (F,) and Y (F;) be linear spaces over arbitrary fields Е, and Е, and let 


Y be a bi-semilinear map У: X (F4) x Y (Е,)->2 (F), where Z is a linear space over the 
field F, F, and F, being isomorphic to F under isomorphisms £, and £, respectively. The 
couple (Z, ¥) is called the semilinear tensor product of X and Y if (2, У) possesses 
universal factorization property [4] in the sense that for every bi-semilinear map 
fiXxYoS (Е), there exists exists a unique linear тєр о : ZS such that f =g o P. 


3.2. SEMILINEAR TENSOR PRODUCT OF NORMED LINEAR SPACES : 

Let X (F:) and Y (F,) be normed linear spaces over F, and Е; £,, £, be атаве 
E sms of F, and F, to F, which possesses a real valued valuation p. Let x (F1) and Y' (F;) | 
be linear dual spaces of X and Y respectively, i.e. f : X—F, and g : Y>F, where f e X' (Е,) 
Я and geY (Fs) and B L’ (X, Y' ; Е) denote the space of bounded bi- semilinear maps Y: 
XxY —F. Let (X @ Y)r denote an element of ВІ? (X' , Y' ; F) such that 
(X & Yir (f, 9)—& f (x) & g (у): feX g e Y. 
Then the semilineer tensor product (X (x) Y)r is defined to be the linear span of 
. (x @ Y)E іп BD (X , Ү'; Р) огт: Xx Y > (X @ ҮЕ being a bi-semilinear map. it can be 
show as below that (X @ Y ; т) has universal factorization proyerty. 


LEMMA 1. Given u e (X (9 Y)r, there exist linearly independent sets (:,), {у} such that 


u= 2099, 
1 
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n—1 
PROOF: If possible, let y, = ХЕ d, y, d, є F, 
: 4 


n—1 n—1 
Then u — а (х, @ Yigg + 2 (х. @ di Ye 


n—1 
pe x + A & (di) (Xa @ Vie 


n—1 
= m + 4 ё (c) (Xa @ Ур , 
[& (€) = & (d), с, є Fy] 
n—1 n—1 
= 2 (x: @ Vide + | (с, Xn Q Yip 


n— 


1 
== A ( 66 + €i Xn) @ У) 


which is a contradiction as n is minimal. 
Hence у; and therefore x,'s are linearly independent. 


n 
LEMIMA : 2. Let | (x: @ У) —0, where x, s are linearly independent. Then 


y,=0, i=1, 2. — i 
PROQF: We have, for f є X' (F;) and g e Y' (F,), 


n 
E (х, @ Vip ) (f, 9)=0 e F 
n 
е : (& f (x) 2 о (у) )=0 
n 
ге gtl z(e ££ 9 (00) ) х)=0 
n 

i. e. A (2172 {é> (g (Ya) )} х: =0 e X [f being arbitrary] 


i.e 2172 1£ (9 (ys) )) =O є Р, [x 's are L. 1] 
ie g(yj)) =Oe¢F,, ie у,==0 [g being arbitrary ] 


99 
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LEMMA s 3. If {x}; i=1, 2,........., mand (y; j=1, 2,--:, nare linearly independent 
subsets of X and Y respectively, then (x, (9 у;; 121,2, ae ..., m ;j-1,2,......, n) is a 
linearly independent subset of (X (S Y)r. 

Proof is immediate from Lemma 1 and Lemma 2. 
Now to prove that ((X $ Y)g ; т) has Universal factorization property, we 
consider à : X x Y —Z (F), any bi-semilinear map and show that there exists a unique 


linear map о: ( (X ® Y)g )—Z (Е) such that о ( (x Q Yep ) =$ (х, у); хєХ, y e Y. 
n 
Considering an element of (Х @ Ү)„ as( Z (х„@ уг) )р itis enough to show 
` r=1 


n en M 
that ( x (х. б) Y:))p =0 implies 2 ф (х, , У,) =0, if we claim that o is defined as 
r=1 


p= 


n n 

c(Z x*Gy)- Z ф (х,, Yr). The proof follows directly from Lemma 3. 

f= r=1 
3.3. Norms on semilinear tensor product spaces : 

DEFINITION : 3.3.1: Let X (F,) and Y (Е, be given nermed linear spaces over arbitrary 

fields F, and F, which are respectively isomorphic to another field F having a real. valued 


valuation. Then weak norm on и = 2 (х, @ Y:)p is defined by 
i 


w (и) sup || KS & f (x) & ө (vO I. 1#1<1, "al <1, 
| : feX',geY' 
Obviously о ( (x @ у) )= 1 хі ("y j| [Considering X and Y as linear dual spaces 
of X' and Y' respectively.] 
Since ВІ» (X' , Y' ; Е) is a Banach space, therefore (X @ Y)e is closed'in 
BL? (X', Y' ; F) & (X @ Y)g is complete іп ВІ? (x', Y’ ; F) under w. 

DEFINITION 3.3.2. 

The weak semi-linear tensor product of X and Y is defined as the closure of 
(X @ Y)g in BL* (X', Y' ; F) [i. e., the completition of (x @ У) р in ВІ? QC, y' ; F) and it is 
denoted by (X @),, Ү)є . 

PROPOSITION 3.1. Let X and Y be two non-empty arbitrary sets and F, and F, be 
two arbitrary field of scalars isomorphic to an associative field F (having a reel valued 
valuation) under isomorphisms £, and & respectively. Then there exists a linear isometric 
isomorphism T' of ( (B(X, Fi) ®, B (Y, Р.) ); —B (X x Y, F) such that 


А 
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(Т (f @ g)i=é, F(x) & g (у); xe X, ye Y, fe В (X, Fy), g e B (Y, F;) where T is the 
restriction of T' to B (X, F,) @ B (Y, F,). 
Proof: We first define a map Y : B (X, F) (9 B(Y, F.)>B (Xx Y; Е) such that 
(YF. g) ) (x, y) -& f (x) & g (у); Then ¥ is bi-semilinear as shown below : 


[F (fh, 9)] (х,у) —-&(f4-h) (x) 9 (v). 

оп (У) [By definition of f+g] 

=[é, f(x)2-& h (x)] & g (v) [£ being an isomorphism] 

=é f(x) & g (y) -£h (x) £g (y) [By distributive property of Е] 

zP(f,g)(x, y)-- V (h,g)(x,v) 

-[V(fg)-Y(hg) (x, y) [By definition of the sum im 
B (XxY; F) 


Hence V[(f--h), 9] = V(f, 9) + ¥ (h, 9) 
Similarly V (f, g+-k) = V (f, а) + V (f, К) 
Also У (xf, g) —£, («) Y (f, g) ; « e F; , for 
UP. («f, g)] (х, Y) = & (<f) (х) & g (y) 
=, [af (x)] é 9 (y) [By definition of «f in B (X, F,)] 
—[5 (<) é (f (x) )] é 9 (Y) [& being an isomorphism] 
=, (x) у (f, g), by associative property of Е. 
Similarly 4 (f, В 9) = & (B) 4 (f, g) ; Be Fs. 
Hence there exists a unique linear mapping T : (B (X, F,)@B (Y , Fe) ) F2B(XxY; Е; 
By definition of the tensor product, T is an isomorphism. To show that T is isometric, 


we consider 
uzE (fi ® 9) e(B(X F) ®B (Y, F ) Fi fie B (X Fy), gie B (Y, Р) and prove that 
i 


I T (u) || = (и); infact, denoting norm of the derived field О of F by (| °) 
Т (и) й = ПТ (6 9))1 
I 
=sup (| [IT (E (f, @ 9)) (x yR’ 
XxY i 
s=sup || [12 & f; (x) & gi C UL" 
XxY i 


==SUD || Z ё, 9: (у) f || 
Y i 


==80р sup |i [2 & g: (у) é & (fH IL, we (BCX, Fy) )’ 
ћеї<1 Y i i, e, u : B (X, F)—F, 
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==зир А lx 5 p (6) 9:1 


lell s i 
=sup sup ll Hz é ш (f) £& v. (8)]] I ve B 2 FAY 
[01 <1 [у] <i B(Y, Е) 


а f, @ 9) =о (и) 


Thus T is on isometry of B (X, Е,) ® B (Y, F,)>B (X x Y ; Е); also B(XxY:F) is 
a Banach space, hence there exists an extension T' : B (X, F,) e B (Y, F.)}>B(X x Y, Р). 


This proves the proposition. 
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ON A GENERALIZATION OF HERMITE POLYNOMIALS-I 


S. K. Chatterjea 


Some years ago H. W. Gould and A. T. Hopper [2] introduced a generalization of 
the usual Hermite polynomials by making the definition 


(1) Њ (хар) = (—1). x e PX ps хес)» Ds, 


which bears a close relationship with a generalization of the generalized Laguerre 


polynomials due to the present author [1], viz. 


(2) Н, (x, p)=(—1)" al T, (79) (x, р), 


where 
(«) 1 ,—« өрх“ ра (x * +N —px* 
(3) Ta (xp) = aT X (x e ) 
and 
(4) Ha (хор) =х® Ha (х, «, р), 


the reason of multiplying н,“ (X, x, р) by x lies in the fact that н, (x, «, р) is 


not a polynomial, while Hyn (©) (x, p) is a polynomial of degre kn, provided К is a natural 


mumber. 
Now from [2, p. 53], we notice that 


k . r z. т 
(Б) D* Hy (x, a, р) = (—1) Pan ( 5 ) Hg oap) Hass (x, a, p). 
{= 


Then operating е-*0 on Н,” (x,a,p), we obtain 
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т со т т r r 
(60 Н, (x—ta,p)— 2 A. X (ns. (x,—8,— p) Hoss (x, 8, p) 
meom! jo \J 
Q tm (x,—a,—p) % t 
Em ——Hmn е , 5 AEN Hass (x, a, p). 


The relation (6) can be easily verified by means of the followring two generating 
relations of Gould—Hopper : і 


n F a 
(7) S Eh (x, a, p)=x 9(x —t) e PX —(x—1t)) 
n=0 * 


a 





со n р —X a r r j 
в) $ t Hass (x, а, p)=x (x—t) S p(x?—(x—t)*) Hm (x—t, а, p) 


The relation (6), in terms of our polynomials Tyn (<) (x, p), 
reveals that 


a—n) 
(9) Tin (х—1, р) 


(—a—m) © ^+] ed 
em BF) coo Tua (9 


Next from [2, p. 53] we observe that 


n ч k 
ао qr = 2 c9 Be) Кш 


o2 m 
кт 2 (—х t) Tim 
m=0 


where &[) = D—pr х") +a/x. 


Then operating e =D on H, (x,a,p) we obtain 


—а a р{х—(х—1)') 7 


(11) x (x—t) e Н, (x—ta,p) 
со tm m m r (х,а р) к r (х,а 
= aum aoe k ahr ' р), 
neg MT peg ( k ) нез он, 


by means of the formula of Gould— Hopper : 


n TP P T(x—10Y 
(12) e Ф ух Macar е i (x—1). 
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The relation (11) when combined with (5), yields the relation 


—8 р(х—(х—1)') * 
(13) x (x—t)* e H, (x—t, a, p) 
о qe M m т Коу (ка, р) T (xa p) 
= FS — 27 Hm- a, КУН ы 777 Н, CS 
m=0 m 1к=0 ( k ) : o А Р) ido (9 Es n 


which can be easily verified by means of (7) and (8). 
Comparing (8) and (13) we get 


(14) Н 08) 
m т т А г г 
==, о ( 1 lia erm) = ( koj ) Ha-x (хар) Н: (х,—а,—р) 
j= =} . 


It may be of much interest to compare (8) and (11). Indeed, then we have 


(15) Haim (99 


m k r r 
= 2 (4) (2) Ha (ҳ,а,р) D* Н, (х;а,р). 


Now if we let r—2, a=0 and p=1 in (15) we find the formula for the classical 


Hermite polynomials 


m 
(16) Hi (x)= X c( t ) На (X) DE H, (x). 
k=0 | 


25 nt Н.к (X) 


; к 
Since D` H, (x) = пк) 


. ме obtain from (16) 


: min (m,n) 
Gn Hoan (9X) =F co) eem Hace 09, 


which is the well-known formula of N. Nielsen. 
Next suppose that 


co 1% 
(18) G (x, j= 2 а, ЕТЕ Н, (х,а,р). 
n=O i 


Then operating е) оп G (x, t z) we obtain by means of (12) and the following 
formula of Gould-Hopper 


r 


(19) 4D" н, (к, а, p) = (709 Hapa (х, а, р): 
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the bilateral generating relation 


—8 a р (Qx-—(x—t) 
(20 x (x—t) e | э а (x—t, t z) 
со фу» n as. 
2, ( 2 ato Н, (x,8,p) 





co 
E 
n=0 


oo со puta r 


= 7 ———— 8,2? H,,m (ха,р) 


The above bilateral generating relation can be easily generalized in the form of 
the follwing theorem : 
Theorem. lf there exists a generating relation of the form 





0 r 
21) G(x tu) = SET gu, (P) da (0), 
n=0 P 


| where qa (и) is any polynomial or function in и, then the following more general 
generating relation holds 
—8 a p(xr—-(x—t)l 











(22) x (x-t e G (x—t, tz, и) 

7 2 a Haan Pete) aol к) еш 
Proof. 

ER a Н (карр) 2 (t) ага, (u) 

= 2, Ter аа (0) Е наь Do 8: P) 


—8 a 
= p(x-—(x—ty) 99  (tz)* 
=x (x—t) e (х-ы 5$ ey а, Hie 


(x—t,8,p) ак (ч) 
i-a [By (8)] 


a a t r 
ax (кеду eU 079) с (х4, tz, ш) [By (21)). 


Again returning to the action of the operator e - on G (x, tz) defined by (18) 
we have by means of (10) and (5) 


a a p(x—(x—t)) 
(23) x (x—t) e G (x—t, tz) 
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о (zp co tm епу 
= € a2 — X Hg (х,а,р). 
n=0 P! ° m=0™! Au OO * 
k k I r 
КА ( i ) Be- (x,—a,—p) Haas (к,а,р), 


which may be compared with (20) and which can be easily verified by means of 
(7), (8) and (18). 
tD 
Lastly considering the action of the operator e on G (x, tz) defined by (18), we 
have by means of (5) and (8) 


—PQe—6crt) j 
(24) x*(x--t)^*e G (x--t, tz) 





о і n _ г г 
= 25 д^ С? ӨР ( р js z? Hy» (x, —a,- p) Н, (x-+t, a, р), 
n= Е p=o 


which can be easily verified by means of (7) and (18). we should like to examine 


one special case of (24). If we let a,—1 for all n and z=1, we obtain from (24) the result 


(25) ( 3 Js е—2Р (C007) 


xit) < 
Q ta n n—p n r r 
d nt » me t, a, 
Eo nt ar ( 1) (т) Has (x, a, p) H, (x4- a p) 
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ON A GENERALIZATION OF HERMITE- POLYNOMIAL-II 


S. K. Chatterjea е 


Some years ago H.W. Gould and A. T. Hopper [2] introduced a second generalization 
of the usual Hermite polynomials by making the definition 


(1) 9. (х, һу = DM D=d/dx, 
a particular case of which was studied by L. в, Bragg [1] 
In [1, p. 58] we notice that 


1 Y р n r 
(2) 09, (х, ћ) - j1V і jga (x, h). 
—tD т 
Now operating e on 9, (x, h) we obtain 


r со (—t)= m r 
ga (x—t, h) 2 mr D gn (x, h) 
m==0 : 


з) 77 = 2 m) (C70? б-а (x, h), 


which can be compared with the result (6:19) of Gould-Hopper and which has an 
interesting special,case when h— —1 and r=2, viz. 


А NE n 
e н) > m ) (08 n ea 


m= 





which can well be compared with the following result [3, p. 255] 


n 
(5) Н, (x+y)= EA + ) Ha (x) уу)" 


Next let 
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(6 G (x, t)= 
n 


j| 48 
e 


fto r 
ат Oa (x, h). 


tD 


Then operating e ~~ on G (x, t) we get after some calculation 


© t п (в ) mor X 
(7) G (x—t, t)= п=0 ар үс т (—1) n-m (X, ), 


which, when compared with (3), inplies that it сап be verified easily by means of 
(3) and (6). 
Next we consider the generating series 


paeem h). ^ 
m=0 туза (х, h). 
Here we have 
о {= т : 
5 mi Oum (x, ) 
A quo на 


—ehD" (ха tx y. 
Now from [2, p. 59] we know that 


Thus we obtain 


со іт r ^ ht t 
(9) 2 0 m! On4m (x, h)=D, (e ш е хз. 
m= 


When n=O, we get as special case 


co tm r т 
00) 3 T Om ( ee КТ 
m 


which is mentioned in the work of Gould-Hopper. Again when h = — 1 and r=2, 
we obtain from (9) the interesting special case of the usual Hermite polynomials, viz. 


Han (3/3) - D. gk?) 


qm 


a $$ 
mo"! 
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In other words, 


2tx—t? 


ae : 
ae om Haim (x)=D, (e ) 


=% D, e7 (3—t)? 


2 n —w? 
=e (—1 y D e [o—x—t] 
=e ec н, (9) 


E g2xt—t* H, (x—t), 


tD 
Let us now consider the action ofe on а, (x, h), 
we have 


where D = x--hr D 


m 


Now we know from [2, p. 59] 
(12) D On (x, h)=Gnem (x, h). 


Thus we obtain 


т со {= т 
(13А) e ол(х,һу= 2 mi афа (x, h) 
m= : 


n 


т tx ht, 
(13B) e qg,(xh)—Di(e e ) 
tD p һо, 
(13C) е а, (х, ћ) =е (x? ef). 


usual Hermite polynomials. 


When h =—1 and г=2, we have the following interesting special cases of the 
5 oo 
(14А) eQx-D н, (х) = X — 

т=0 : 


Haa ()—e^ 57 H, (x—t) 


which is the well-known form of the generating functon for Hermite polynomials. 


r-i 
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(4B). е25—0) н, (=D, (2tx—t) 


2 
— ux tx 
(140) e (2X D) Н, (x) =e D./4 (xt е), 
of which (14A) is a special case of the result (5.4) of Gould-Hopper 


. . 
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